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B 1637 rony Ilbep ne @epma namnucan Ha mnoygax «/luodantoBoit apudmMeTukus», 9T0
OH HAINEJT BOUCTHHY UyJIeCHOE JIOKA3aTeILCTBO HEpa3pelnmMocTu ypaBHerus JlnodanTa
a +b" = c", rae HarypasbHoe 1 > 2, HO y3KUE IOJIsi KHUI He IO3BOJIMIN €My IIPUBECTH
HOJTHOE JT0Ka3aTe/IbeTBO. COTHU CTPAHUI] OBLIN MOTPAYCHBI BBIIAIOIIMUACA MATEMATHKAME
BarmaHoro Mupa Ha IMOUCK J0KAa3aTeIbCTB, M HAYIHBIN MOUCK mpojtosrkaeTcd. OKa3aoch,
YTO KJIFOY K JIEMEHTAPHOMY J0Ka3aTeIbCTBY Haxoauaca B ¢pusuke. ['unoresa Pumana o
TOM, TO BCe HeTpUBHA/bHDBIE HyH ((S)-QyHKINT PaCIONIOKEHbI Ha MHAMOI ocH § = % + it
SIBJISIETCSI CJIEJICTBHEM KOPITYCKYJISIPHO-BOJTHOBOTO Jyasm3ma. ABC-rumnoresa, yTBepK iaro-
mast, 970 JiJIsi TPEX B3AUMHOIIPOCTHIX YUCE, YIOBJIETBOPSIIONINX COOTHOIIEHUIO 4 + b = ¢,
[IPOM3BEEHIE MPOCTHIX JeuTeseil a,b u ¢ 0ObIYHO HEHAMHOIO MEHBIIE C, PeIraeTcs
CpeJicTBAMU CTAT(U3UKU, PaBHO Kak u mpobsema [osbabaxa-Ditiepa 0 BOZMOKHOCTH
[peJCcTaBIeHNsT YETHOIO YHUC/Ia CBBIIE JIBYX B BHJIE CYMMBI JIBYX IPOCTBIX duCes. B 910i
pabore aBTOpP MPUBOJIUT METOJIbI JOKA3aTEIbCTBA, MOHATHBIE IIIKOJBHUKAM W CTYJIEHTaM,
Ha OCHOBE CHHTEe3a Psjia HayK, BK/o4das ¢pusuky. Cjenmano oboOIenne 0 Pou IPOCThIX
4unces1 BO BcesleHHOT.

M. A. Avdyev. Monograph ’An introduction to number theory from the
perspective of statistical physics. Prime numbers as the metalanguage of the
universe.’

Publishing by Union Siberian Center of mediation 2025

In 1637, Pierre de Fermat wrote in the margins of Diophantine Arithmetic that he had
discovered a remarkable proof of the unsolvability of the Diophantine equation a™ +b" = ¢,
where n > 2. However, the narrow margins of the book prevented him from providing a
full proof. Prominent mathematicians in the Western world have spent hundreds of pages
searching for proofs, and the scientific search continues. However, it has since emerged
that the key to the elementary proof lies in the physics. The Riemann hypothesis, which
concerns all nontrivial zeros of the ((s) - functions are located on the imaginary axis
s = % + it of the complex plane, is a consequence of particle-wave duality, symmetry.
The ABC hypothesis, which states that for three coprime numbers satisfying the relation
a+b = c, the product of the prime divisors a, b and c¢ is usually not much less than c, is
solved by means of statistical physics. The same is true of the Goldbach—FEuler problem
concerning the possibility of an even number greater than 2 being the sum of two prime
numbers. In this monograph, the author provides proof methods that are understandable
to schoolchildren and students, based on the synthesis of several sciences, including physics.
The author also makes a generalization about the role of prime numbers in the universe.

(c) CIIM
©@®@ Bce aBTopckue mmpaBa 3aluIleHbI.
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Penensus

1 Pernensusi Ha MmoHOIpaduio

M.A. ApabieBa «Teopust uncesr ¢ mo3unuu crarucTudeckoii pusukn. [Ipocreie uncia Kak
MeTtasi3blk Beenennoii. [Ipocthie unciia kak Merasi3bik BeesreHHON»

Hayunas monorpacdus M.A. AsabieBa «Teopus 4uces ¢ MO3UIUU CTATHCTHIECKON (PUIUKH.
IIpocreie uncia kak Mertas3blK Beemennoit. [Ipocthie umcita kak MeTasi3bik BeereHHOI
MTOCBSIITEHA TIONCKY KPATKUX JI0KA3aTeIbCTBA MATEMATHICCKUX [OJIOBOJIOMOK, BBI3BABIIIIX
MHTEPEeC y HAYIHOI'O COODINECTBa, IMIKOJIbHIUKOB U CTYIEHTOB:

» ABC -runoresa

» ['unoreza Pumana

» [Ipobsiema [onbbaxa-ditsiepa
» Bemkas Teopeme Pepma.

Borpeku obriennpuagTOMy B 3al1a/IHON HAYYHON JIOKTPUHE CKEIICUCY, OHU JIOKA3bIBAIOTCS
C TO3UIUNA CTATUCTUYIECKON (DU3UKU, CUMMETPUN, OIUpAIoIieiics Ha 0OOIIre MTPUHITUITHI
MuUpo3IaHus. V3/oxKenne compoBoXKIAeTCS CChIIKAMU Ha IIporpaMMmy obreo0pas3oBaTe b
HOMl IIKOJIBL., 9TO MTO3BOJISIET IOHATH OOIIUe MPUHIUIIBI J0KA3aTe/IbCTBA /sl ITKOJIbHIKOB
CPeJIHUX U CTapIINX KJIACCOB.

Tema mmeeT OOJIBIION TPAKTHIECKUN U TEOPETUIECKUI MHTEPEC, ITOCKOJIbKY B ITOCIEIHUE
roJibl ODIECTBO MPEIbABIISIET 0COObIe TPEOOBAHMS K MATEeMATUIECKOMY OOPAa30BaHUIO,
MHMOPMAITMOHHBIM TEXHOJIOTUSIM, CHHTE3Y TOYHBIX U I'YMAHUTAPHBIX HAYK, & TaKKe BO-
mmpocaM pedopMUPOBAHHUsI IIKOJIHLHOIO U BY30BCKOI'O 00PA30BaHMUsI, OTBEYAONIErO BBI30BAM,
CTOAIINM II€pe/I coOBpeMeHHbIM ob1ecTBoM. B 11, 2 moHOrpadun, rjie nzaaraercsa MOUCK J10-
kazaresbcrBa Besmkoit reopeme @epma (BTD), aBropom uciioib30BaHbl 3HAHUST TIPEUMYITIE-
CTBEHHO B paMKax IIKOJILHON MPOTpaMM KJIACCOB € yTIyOJIEHHOM (DU3MKO-MaTeMaTHIeCKO
IIOJIrOTOBKOI. ABTOp mM30eraer MCIO/Ib30BaHNe 3HAHWI BBIIIEH MaTeMaTUKH, OPUEHTUPYACH
B [IEPBYIO 0YEPE/Ib HA MMUPOKYIO0 YNTATEIbCKYIO ayauTopuio. C 9Toii 2Ke 1eIbI0 AaBTOPOM ClIe-
JIAH TIePeBOJI TeKCTa Ha aHTJINiCcKui si36lK B [71. 7-9 u 11 MmoHorpaduu. ABTOp UCIOIB3YeT
anajoruu u 3D — MozenupoBanue, IPOrpaMMHBIN KO, /I PACKPBITUSI aKCHOM MaTeMATUKI
U KOHIenIuil (pyHIaMenTaabuoil (hu3nKM, JIBUTagCh OT SKCIEPUMEHTA K (DyHIaMEHTaTbHBIM
00o0reHnsaM. Perias moctap/ieHHYIO TIearornIecKyio 3a/ady, aBTop oOpalnaeTcd u K JIpy-
UM ITKOJIBHBIM TIpejiMeTaM: (pU3NKe, apXUTEKTyPe U YePUYEHUIO, 3eMJIEBEJICHUIO, UCTOPUN
1 U300Pa3uTEeTbHOMY MCKYCCTBY JIJIsi TIOSICHEHUS BaYKHBIX KOHIICIIIU, BBIIABIINX U3 TOJI
3peHnst 3anaHoi HayKu, Oojiee OPHEHTUPOBAHHON Ha KOMIIETEHTHOCTHBIN U y3KOOTpac/ie-
BOI IIOXO/IbI. B pe3yJjibTaTe 9uTaTe/Ib BCJIEL 3a aBTOPOM MO2KET IIpO/JIe/IaTh CJIOXKHBIN IyThb
HAyYIHOI'O MOMCKA W B3IVITHYTH Ha IPUBBITHBIE BEIH ¢ HEOOBITHOI'O paKypca. DTO IMOMOraeT
B OCMBICJIEHUM KOH(DJIUKTA (DOPMBI U COJIEPIKAHUS, 3aJI0KEHHOT0, TI0 MHEHUIO aBTOPa, B



BT®. ABC-runoresa, nsnoxennas B [v1. 5 Ha pycckom u B [U1. 9 aHT/IMIICKOM sI3BIKaX,
COOTBETCTBEHHO, PAcCUUTaHa Ha OOJiee TOJrOTOBIEHHOIO YUTATE s, CTYJIEHTOB 2-3 KYPCOB
TEXHUYIECKUX BY30B WJIN IKOJIHHBIX IIPETojaBaresieil mpeaMeToB hpu3nkn, MateMaTuku. Ho
«KJIIOU€eBas njiesd» JI0Ka3aTe/IbCTBA MIPUBE/IeHA B HadaJsle KayKJI0i U3 IMePeINCIeHHbIX TJIaB
MOHOIpaduu, 1 3aKJI0UaeTCst 3Ta ujest B paccMorpernn popmyaupoBku ABC-rumoressr
C TIO3UIUH SKCIIEPUMEHTa U CJIyUIaflHbIX OMMOOK, HEM30EKHBIX B KasKJIOM U3MEpPEHUU, B
OCHOBE KOTOPBIX ITOKOUTCS IIPUHITUIT HEOIIPEIEIEHHOCTU U3 KBAHTOBOI MEXaHUKU.

Jlajee aBTOp paz/jMyaeT BayKHbIe KOHIENIIUA CBA3U M B3AMMOJIEHCTBHUSA, 000COOIEHHOCTH,
JieJieHust o0IIero pecypca, paccMaTpuBas MIPOCThIe YHC/Ia B KadecTBe KOHCTPYKTa (ha30BOro
IIPOCTPAHCTBA, MpHOeraeT K CTATUCTUYIECKON MaTPHUIE W SHTPOIHNH, AETAJTHLHO PACKPbIBas
€€ pacueT MyTEM MATPUYHOIO JIOTapUMMUPOBAHUSA U YCPEIHEHUA 110 XOPOIIO U3BECTHLIM
IPUHIUIIAM MaTEeMaTAYCCKON CTATUCTUKU, UCIIOJIb3YEMbIX U IIKOJIbHUKAMU U CTYICHTAMU B
J1ADOPATOPHBIX MUCCJIEIOBAHUSX [IPU OIEHKE TTOIPEITHOCTU U3MEPEHnil. DTO HABOJIUT aBTOPA
Ha HETPAJIUIMOHHBIIA BBIBOJ, O TOM, YTO II0KA3aTeJIb «KadyeCTBa TPOMKU», UCIOJIb3YEeMbIl B
dopmysmposke ABC-runoresnl, B AeifiCTBUTEILHOCTH ABJISIETCA «JIePEKTOM» U Pe3yJibTa-
TOM (PJIYKTYAIUHU - OTKJIOHEHUs CIYIafHON BEJTMIUHBI OT €€ MaTeMaTHIeCKOTO OXKUIAHUS.
Kaxk npaBumio, mokasaresyb «KadeCTBa TPOUKU» HE MPEBBIIMIAET €IMHUIIBI, a OTKJIOHEHUS
OrpaHUYEHbI CBEpPXY CJydaitHoll (byHKIMel, nMeroleii HopMaabHOEe pacIipejiejieHue, B
COOTBETCTBUM ¢ 3aKOHOM OOJIBINMX YUCE] — OCHOBHOM BBIBOJI aBTOPA, JTOKA3BIBAIOIIHII
ABC-runoresy, moJKpeIeH JeTaJIbHbBIMUA PACIETAMU, YUCTEHHBIMU OIEHKAME 1 TIPOTPAMM-
HOW cumysanuu. s nHTEepipeTanun HaiieHHOTO JoKasaTebeTBa ABC-rumoressr, aBTop
obpamaercst Takxke Ha [ n I Havaa TepMouHAMUKY, YpaBHEHUE a/inabaThl U TOCTOSTHCTBA,
SHTPOINU IIPU paboTe ujeanbHoil Mamuubl Kapao. Takoit HEOOBIUHBIN CHHTE3 HMIKOJIbHBIX
3HAHUN TEPMOIUHAMUKHU, OCHOB CTATUCTHYCCKON (DU3UKKM U MaTeMaTHICCKON CTATUCTUKH,
aJIreOpbl MATPUIL U JTMHEHHBIX OIIEPATOPOB, IIMPOKO UCIIOIL3YEMbIX B KBAHTOBOI MEXaHUKE,
IIOMOTAIOT aBTOPY CAEJIaTh MaTepruaJl JOCTYIIHBIM JJId MUPOKON YUTATEIILCKON ayJIMTOPUN,
00bsICHUTH OCHOBHBIE KOHIIEIIINH IITKOJIbHIUKAM CTapIIuX KjaaccoB. HoBU3HA aBTOPCKOTO
IIOJIXO/A 3aKJII0YAeTC HE TOJIBKO B PACKPBITAM CJIOKHBIX ITOHATUI MaTeMaTUICCKUX ITOHS-
TUl TIPOCTBIM A3BIKOM (MHOTJIA B YIepd MaTeMaTH4ecKoil ¢TpOrocTH), HO B IIOCTOSTHHOM
obpalleHnn K KOHIENusAM Gu3nku. ABTOD yKa3blBaeT HAa HEPA3PHIBHYIO CBSA3b KCIIEPUMEH-
Ta C «IUCTON MATEeMATHKON», ¢ (pyHIaMEeHTATBHON HAYKOH. DTO OT/IMIaeT MOHOTPAdUIO OT
«CYyXHUX» MaTeMaTHIECKHX J0Ka3aTeJIbLCTB CTPOro chOPMYIUPOBAHHBIX, HO YBbI, 3a4aCTyIO
HEJIOCTYIHBIX /i1 TOHUMAHUA IMAPOKON ayIuTOpHuei.

B I'it. 6 u 7 moHOorpacdun aBTop IPUBOJIUT PsiJi MHTEPECHBIX IPUMEPOB P yOesK IeHni B
HayKe, TOCIOJICTBA JIOXKHBIX HAYIHBIX TEOPUil Ha OIPEIeIEHHBIX NCTOPUICCKHUX IePHOIaX 1
PACKPBIBAET Pas3INInsd MEXKIY JeDUHUIUIMI «OOMETPU3HAHHBINY U «MCTHHHBI». O01I1e-
IIPU3HAHHOCTD HE SBJIAETCA KPUTEpHEM UCTUHHOCTU — 9TOT TE3UC aBTOP PacKpbIBaeT Ha
IpuMepe KOHKPETHOT'O Kelica 10 3allliTe IIPaB Pe3y/IbTaTOB MHTEJIEKTYAIbHON J1esITe/IbHO-
CTH, BBISIBUBIIETO IIPABOBbBIE JIAKYHBI B CHCTEMe JIeCTBYIOIEr0o HOPMATUBHOIO PEryIrHpO-
BaHMs, YKa3bIBAET HA HEMATUBHYIO IPAKTUKY 9KC-TEPPUTOPUATIHLHOIO IPUMEHEHUs IIpaBa
CIIA, a TouHee «HErJIaCHBIX MPaBWI». ABTOP yKa3bIBAeT HA HEOOXOIMMOCTD JaJIbHEHTIe
HOPMOTBOPYECKOI paboThl ¢ yaéToMm mojoxkutebHoro onbita CCCP B ycioBusax HaBs3aH-
HOI'O 9K3UCTEHINAILHOTO KOHMJINKTA HAIeill cTpaHbl ¢ sauTamu crpald O0beInHEHHOTO



Banasa. B amux ke riraBax MOHOpaduu paccMaTpuBaiOTCs (PUI0COMCKIE BOIIPOCHI O MECTE
IIPOCTBIX YHCE/I B MUPO3JIAHUU U COJIEPXKUT TIOTEHIINAJ JIJIsI JAJIbHEHIIero ucejieloBannii Ha
CTBhIKE MaTeMaTuKu, (pusuku, ruoceosoruu. MoHorpadust XopoIno CTpyKTypUpOBaHa, Ma-
TepHuaJl U CChLIKK Ha MCIOJb30BaHHYIO JTUTEPATypPy YA00HO 0T OpMaTHPOBaHbI, HanboIee
CJIOYKHBIE J[JIs MOHUMAaHUs BOIPOCHI KBAHTOBOW MEXaHWKH, CTATHCTUIECKON (DUBUKU BbIHE-
CEHBbI B NPUJIOKEHUS, ITPOCIEKUBACTCS JIOTUIECKas CBA3b MEXKJIy IJIaBaMU MOHOTpaduu
u npuiokenusaMu. OcobeHHO yI00HbI PA0OTAIONNE THIIEPCCHLIKA Ha PUCYHKH, TaOJIUIIBI,
GopMyJIBI U TPUJIOYKEHNS B 9JIEKTPOHHOI Bepcun. ABTOPOM HCIIO/IHL30BaHbI OOITIEHAY THbBIE
TepMuHbI. MoHOIpadusa COCTOUT U3 BBEJIEHU, OJIMHHAIATH YacTeil, JIBYX NPUIOKEHNUI,
[IOCJIECJIOBUS, COJIEPKUT CITUCOK JIUTEPATYPBI OKOJIO JIEBATHU JECATKOB HanMeHOBaHuUi. Mo-
Horpadust pekoMeHn,1yeTcs Jiid myosmkarnn B Hayaroit sjekTporHoit Oubimoreke u mevaTn
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2 ITouyemy ObLIM BHIOpAHBI IOJIOBOJIOMKU TEOPHH UKHCEJI!

[Touemy aBTOp BHIOpAJ B KadecTBe 0ObeKTa HccaeoBanus Bemnkyio teopemy Pepma (BTD)
n ABC-runoresy, ['unioresy Pumana o Tak Ha3bIBaeéMbIX HETPUBUAJIBHBIX HYJIAX (- DyHKIMN
u bmHapHYyIo mpobiaemy Lonpabaxa - Ditaepa? - Bee amu mpobsieMbl 00beHHSIET OJHO: OUCHDb
npoctas (popMyIUPOBKa, HO YpE3BBIYAIHO CJI0OYKHBII OUCK JIoKa3aTeabcTBa. [loxkasyit, et
TaKOI'0 MIKOJIbHIKA, KOTOPBII He cJiblmall Obl 0 Benkoit Teopeme, crpaBei/inBO OTHOCHMOMN
K MaTeMaTH9IecKuM Kemuy:knHaMm. He menbmmit marepec npeacrasiaser ABC-rumoresa,
KOTOpas OKa3a/iach He HACTOJIbKO IOIYJISIPHON CpeJid IMHUPOKON ayJuTOpun dnuTaTesei,
HO Tak»Ke 00pOoCcjia CBOMMU JIET€HIaMU, IIPEXKJIe BCEro m3-3a OecIpere/ieHTHO 00 beMHOTO
JIOKA3aTesIbCTBa TaJaHTInBeliero MmareMarnka u3 Tokuiickoro yausepcurera (cbime 500
CTPAHMI).

N3znavaiibHo aBTOpy yaasioch jgoka3aTh BTd ¢ momomibio BhICIIE MaTeMaTUKU, aHaJIl-
3a YCTOWYMBOCTU T'MIIOTETUYECKON KOHCTPYKIIUU B BUJIE TPEX BJIOKEHHBIX TMIIEPKYOOB.
OxkazaJjioch, uTo Jj10bast MaJteiinas GIyKTyarnus Hen30eKHO MTPUBOJUT K YHUUTOXKEHUIO
CUMMETPUU KOHCTPYKITUU.



DTO MOKA3AJIOCh OYeHb CTPAHHBIM, BE/Ib MATEPHUAJN3M MTOCTYJINPYET ITOCTOSTHHOE JTBUKE-
Hre. B aTom cioxkuOM Bujie aBTOp nepeckasdbiBag BT® mepen pa3zHbIMU ayJIuTOPUAMUI
cJIyImaTesieil, BKIodas CTYJICHTOB I'YMAHUTAPHOTO TTPOM UL, OJHOBPEMEHHO TPOJIOJIZKAL
MOUCK IPOCTOr'O JI0Ka3aTeIhCTBA IyTEM CO3/IaHusd yueOHbIX GuabMoB, 3D-MonenmpoBanus,
HaIMCaHUg KHUTU Bocxokjienne K Bepiimie runepkyoa, 3a09H0 CIIOPs ¢ aloJIoreTaMu Ipo-
aMEepUKAHCKOIl BepCHU JIOKa3aTeIbCTBa. VX JeCcTpyKTUBHAS KPUTHUKA, ITOPOI0 HA YCJIOBUAX
QHOHUMHOCTH, TaKzKe ChIIPaJIU IOJIOKUTEIbHYIO POJIb B IOUCKE IPOCTOI'0, HO OJJHOBPEMEHHO
MaTeMaTUIeCKN CTPOroro JI0Ka3aTe/IbCTBA - OHO IPHUBeJIeHO B [1aBe 2 KHUTH.

Tem He MeHee KpaTkast Bepcud jnokazareiabcTBa BT® - poccuiickas Bepcud BCTpeTHIa Ipo-
XJIAJIHBIN MTPUEM aJICTITOB IIpO-3allaIHoil Hayku. Bo3Hukasa HOBast mmpodJieMa - OTCYTCTBUE
CHCTEMBI TOCYJIAPCTBEHHO PErnCTpaIlni HayIHBIX OTKPBITHIT B Poccnn. Drta cucrema ObLia
ITOJTHOCTBIO YHUYTOXKEHA B ITEPHOJ] HEOIIPAB/IAHHBIX OXKUJIAHUN OT OPraHUYHON MHTerpaIun
poccuiickoit HayKu B OOIEMUPOBYIO - (qHTaﬁTe - B Bana/:LHon), €CTb JIUIIb OJIHA OUIIH-
aJIbHO MPU3HAHHAS CTa COPOKa CTpaHm4IHasd AMepuKaHCKas Bepcus JokasareabcTtBa BT,
u 3710 - VlcTuHa B KOHEYHON MHCTAHIINN!

B sT0it MoHOrpadnn N3I02KEHBI POCCUNCKIE BEPCUN JIOKA3ATETHCTBA BEJIUKNX MaTeMa-
THYECKUX KeMuIyKuH. OHU JTOCTYIHbI TOHUMAHUS IITUPOKON &y IMTOPUH - MIKOJIbHUKAM
CTapPIIUX KJIACCOB. DTO MULIMAp/bl Jogeit Ha 3emire. C 910l 1eb10 B MOHOTpadun -
Cnasbl. 2-6 u 10, a TakzKe MPUIIOKEHUs, TIepeBeIeHbl 1 Ha aHruiickuil s3bik (I1aBbr 7-9 u
11), ocratormuiicst sareinbio XXI Beka. Bmecte ¢ TeM 9KOHOMUKA, TOProBiist, (DUHAHCHI 1
TEXHOJIOTUU CTPEMUTEIHHO HAOUPAIOT TeMII B cTpaHax A3marcko-THX00KeaHCKOTO PernoHa,
a MUDP CTAHOBUTCS MHOTOIOJIIPHBIM. BBITH MOXKeT, Oy1aroiapst 9uTaTeIbCKOM MOJJIep:KKe 1
HEHpPOCETIM, TOABATCS TEPEBOJIbI U HA JIPYTUE S3BIKU.

ABTOp YOEXKIEH, ITO «OTKPBITHE IO TJIETy» KarXKJIOMY IMKOJBHUKY, YTO HCKYCCTBEHHBIIH
UHTEJUIEKT JIOJIZKEH CJIYKHUTh YeJIOBEKY, YCUIMBas €ro HaydHBbIN IMOTEHITNAJI, a He CTa-
HOBUTBHCSI MHCTPYMEHTOM BepUMUKAIINN JIOKA3aTEJIbCTBA U €JIMHCTBEHHBIM KPUTEPUEM
UCTUHHOCTU (Takasi HeraTUBHAsI TEHJIEHIIUsI TIPOC/IEXKUBAECTCs B 3ala/IHOH MAaTeMATHKE,
OPUEHTUPOBAHHON Ha TOMCK JIOKA3aTeIbCTB, JOCTYIHBIX [ MMOHUMAaHUS JUITH Y3KIM
KPYTrOM M36pPAHHBIX aBTOPUTETOB).

CoBpeMeHHasl IMIKOJIbHAA IIPOrpaMMa, JajieKa 0T cOaTaHCUPOBAHHOCTH, OHA IIEPErpysKeHa
pa3po3HeHHbIMU (haKTaMu, cBeJieHnaMu. [[ouck HArIgHOTO, KPATKOrO J0Ka3aTe/IbCTBa
BT® - sro oo 3ayMaThCsd HaJ| CHCTEMHOCTBLIO MKOJBHOIO 00pa30BaHMs, OTBEYAIOIIETO
Hyx)JjaMm XXI BeKa B yCJIOBHAX OCTPOro MPOTUBOCTOsiHUs Poccun co cTpanaMu o0be InHEH-
Horo 3amaja. 37ech UAYT B X0 HeJ0OPOCOBECTHBIE MPUEMBI: JIZKe-Hay IHbIE KCIIEPTU3bI,
nojiMeHa 00Cy2K/1aeMOro Te3uca, (IIpoIre TOBOPsi, IeMarorus), TMOCTOSTHHO N3MEHINBAs
MO3UITNS, AaHOHUMKH, JTUIHbIE BBIIAJIbI, OTKA3 OT JHaJIora U Jp. 371eCh MPUTOIUICA MHOIO-
setuuit onbiT Cotoza Cubupckuit [lentp mepuanuu o 60pbde ¢ «I'PA3HBIME IPUEMAMUI> B
KoH(mKTax. IMenHo OJrarojgapst moaIeprKKe 9TOi opraHu3annu ObLIa co3daHa JaHHas
MOHOTrpadus.

[[IkoMbHUKY N3YYAIOT CJIOUCTOE CTPOeHne 3eMHOI Kopbl, TeopeMy Iludaropa, ckaasproe
[IPOU3BE/ICHIE BEKTOPOB, 3aKOH COXPAHEHNd BeIlleCTBa IIPU XUMUYECKUX PEeaKIUAX, KOHI'DY-
SHTHOCTDb (PUTYD, CUMMETPUIO. Psij1 6a30BbIX MOHATHI U3 BBICIIEH MaTeMaTUKU, HAIIPUMED,



MOHSITHE OJTHOPOTHOCTH, M30TPOITHOCTH IMPOCTPAHCTBA TIPEIOJIAI0T Ha YPOKAX MPUPOIOBEIe-
uud, TpyJa u dusukn. C MoMOIIbI0 TPUHITUIIOB CUMMETPUN TIOJJIAIOTCS PENIEHUIO 33,/1a49H,
TpebyIoIIe B O0IEeM CJIydae 3HaHWs OCHOB MHTErpupoBaHus u uddepeHiinpoBaHus, yMe-
HUS PEIaTh CUCTEMBbI T depeHInajIbHbIX YPABHEHNAN B 9aCTHBIX POU3BOIHBIX. Hakowmerr,
YPOKHN Y€pYCHUA U aCTPOHOMUU, U3YyICHUE ITaMATHUKOB MUPDOBOI'O KYJIBTYPHOI'O HaCJI€InAd,
OCHOB JIOTUKHU ¥ (UIOCOMUH — BCE ITO MMOMOKET B ITOUCKe JloKkazaTesbeTBa BT® ¢ omopoit
Ha IIKOJIbHBIE 3HaHUs. Haymio npenmMyIiiecTsa MeK IMCIUILIMHAPHOTO MTOJIXOIA.

ABTop yOex1€H, 9TO u3IaraeMast B JaHHON myOsmKanun kparkas Bepcus BT® criocoberBy-
eT KOHIIeHTPAIINN BHUMAHNUs, CTUMY/IIPYET HHTEPeC K TBOPUECKOH y4ué0e y MKOJbHUKOB 1
crynentos. Ho ecth u Oojiee Beckast mpuunna - 60pnba ¢ npepaybdexaenneM. U ne ciaydaitino
rinaBa 6 KHUTH MTOCBsIeHa O0pb0e ¢ omubOIHBIMEU Tpeydexk ieHussMu B Hayke. C 3Tux
nosunuit Bemkas roJioBoJIOMKa MOYKET PAcCMaTPUBATHCH KaK WHIMKATOD CYBEPEHU3AINN
poccuiickoil HayKu. 3aKOHOMEPHO BParKeOHOe OTHOIIIEHHUE All0JI0reTOB 3alla IHbIX CTPaH
K TaKOMY JIOKa3aTeJIbCTBY, TIOCKOJIBbKY OHO OCHapWBAET T'OCIOICTBYIONINE CTEPEOTUIIBI O
nugepckux nosuiusx CITA B Tounbix Haykax. O6 3ToM Oyzer pacckasano B riase 6.

[TomuMo 1TIMTAT HUXKE B TEKCTE KYPCHUBOM JIMOO ITBETOM OTMEYEHBbI HAYYHbIE T€PMUHBI,
3HAYEHUE KOTOPBIX MMOJPOOHO PACKPBITO B CIIUCKE MPUJIAraeMoii JTUTepaTypbl U Ha CIelra-
JIN3UPOBAHHBIX caiiTax, popyMax, MOCBAINIEHHBIX TOUYHBIM HayKaM.

Preface

3 Why were the number theory puzzles chosen?

Why did the author choose Fermat’s Last Theorem (FLT) and the ABC hypothesis, the
Riemann hypothesis about the so-called nontrivial zeros of the C function and the binary
Goldbach-Euler problem as the object of research? - All these problems have one thing in
common: a very simple formulation, but an extremely difficult search for proof.

It is also noteworthy that the ABC conjecture has not gained widespread acceptance among
the general public, despite the impressive proof presented by the renowned mathematician
from the University of Tokyo.

The author initially demonstrated the validity of FLT through the application of advanced
mathematical techniques, specifically by analysing the stability of a hypothetical structure
comprising three nested hypercubes. It was demonstrated that the slightest fluctuation
inevitably results in the destruction of the structure’s symmetry. In this intricate form,
the author recounted the FLT to diverse audiences, including those of a humanistic
inclination, while persisting in his pursuit of a straightforward proof through the creation
of educational films, 3D modelling, and the authorship of a book entitled "Climbing to
the Top of the Hypercube". Additionally, he engaged in absentia with proponents of the
pro-American interpretation of the proof, offering arguments in response to their criticisms.
The destructive criticism, which was sometimes expressed anonymously, also had a positive



impact on the search for a simple yet mathematically rigorous proof, which is presented in
Chapter 2 of the book.

Nevertheless, the author’s version of the FLT proof — the Russian one — was met with a
lukewarm response from those who adhere to pro-Western science. A new issue emerged:
the absence of a system for registering scientific discoveries at the state level in Russia. This
system was entirely dismantled during the period of unwarranted expectations regarding
the integration of Russian science into the global scientific community (that is to say, the
Western scientific community).

It would appear that a definitive proof of the FLT does not exist. This may be due to
a lack of understanding of the subject matter, as there is only one officially recognised
version of the FLT proof, which is a 140-page American text.

This monograph presents Russian versions of the proof of the great mathematical gems.
They are accessible to a wide audience of high school students. There are billions of people
on Earth. For this purpose, the monograph contains Chapters. 2-6 and 10, as well as
appendices, have also been translated into English (Chapters 7-9 and 11), remaining Latin
of the 21st century. This equates to a global population of billions. For this purpose, the
monograph, specifically Chapters 4 and 5, has been translated into English. The term
"21st-century Latin"is used to describe a particular style of writing that emerged in the
early 21st century. Concurrently, the economies, trade, finance and technology of the
countries in the Asia-Pacific region are experiencing accelerated growth, and the world
is becoming multipolar. It is hoped that, thanks to the reader’s support and the use of
technology for the preparation of scientific texts, translations into other languages will
appear.

The author is convinced that every student has the potential to make a significant discovery.
Furthermore, the advancement of artificial intelligence should be directed towards enhancing
human capabilities, rather than solely focusing on verifying evidence and establishing a
singular criterion for truth. This approach is evident in Western mathematics, where the
emphasis is on the pursuit of evidence that is limited to a select group of experts.

The contemporary school curriculum is, in the view of many, unbalanced and overloaded
with disparate facts and information. The search for a clear and concise proof of the
fundamental theorem of calculus provides an opportunity to reflect on the consistency of
school education that meets the needs of the 21st century.

The preparation of this monograph was made possible by the Siberian Centre of Mediation,
the Union and the support of this organisation.

The curriculum includes the study of the layered structure of the Earth’s crust, the
Pythagorean theorem, the scalar product of vectors, the law of conservation of matter
in chemical reactions, congruence of shapes, and symmetry. A number of fundamental
concepts from advanced mathematics, such as the notion of uniformity and the isotropy of
space, are introduced in the natural science, labour and physics lessons. The application
of symmetry principles enables the resolution of problems that typically necessitate an
understanding of fundamental integration and differentiation concepts, as well as the



capacity to solve systems of partial differential equations. In conclusion, the curriculum
includes lessons in drawing and astronomy, the study of monuments of world cultural
heritage, and the basics of logic and philosophy. These will assist students in searching for
evidence of the FLT based on their school knowledge. It is evident that an interdisciplinary
approach offers significant advantages.

It is this author’s conviction that the concise exposition of FLT presented in this publication
will foster concentration, stimulate interest in creative learning among schoolchildren and
students. However, there is a more compelling rationale for this approach, namely the
fight against prejudice. It is noteworthy that chapter 6 of the book is devoted to the fight
against erroneous biases in science.

In addition to the quotations below, scientific terms are marked in the text colortealin
italics or in color, the meaning of which is disclosed in detail in the list of attached literature
and on specialized websites and forums dedicated to exact sciences.
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Vmenno ¢ nosunnn Pusuxu!

MokHO 3HAYUTETHHO YIPOCTUTH JOKA3ATEIHLCTBO TEOPEMBI I COKPATUTH 0OBEM MCKOMOTO
pelenus 3a CYET NpUMEHEHUs PAaa PU3MICCKUX TPUHITATIOB:

N30TponHocTh u OHOPOTHOCTD TPOCTPAHCTBA;
BrrsiBenre moBTOPSIEMBIX CTPYKTYP U CHMMETPHUH;
Mexannyeckas aHAJIOTUs U IBPUCTUIECKUI TTONCK;
[Ipumenenue npuHIUIa 1M0100MA 0O BHEKTOB;

vVvyyvyyvyy

Bribop majiexkarneit cucteMbl KoopauHat u ¢hopm GUTYD, aJIEKBATHBIX UCC/IELyEMbIM
o0beKTaM;
» MbIc/IeHHBI 9KCIIEPUMEHT.

CKenTukn mpojIo/KA0T canTarh, 9To [Ibep me Pepma, BeposiTHEe BCero, 3a0 Ty K 1aICH.
Mexk 1y TeM, 1ocjie0BaTe IbHOe TPUMEHEHNe OCHOBHBIX IIPUHIIAIIOB (DU3UKH, T€OMETPUN
3aCTaBJISIOT JIyMaTh nHade. Pabora Hajr Teopemoit Pepma mpuaia UMITYIbC PA3BUTUIO
TEOPUU THCEJI, KOTOPasi TAKXKe OMHUCHIBACT 3aKOHDBI (DU3UIECKOTO MUPA, HO OMOCPEIOBAHO.
CMmeHa mapaJiurMbl TO3BOJISET YBUIETh 3Ty CBA3b B HAIVIAIHOM IpejcTaBieHun. /Ipamaru-
YeCKad MCTOPpUA OTKPBITHA TE€OPEMbI CDepMa 1 IIOUCK HalJIdJHbIX J0Ka3aTeJIbCTB JOJIZKHBI
CTaTh YaCTBIO MIKOJIBHON / BY30BCKOii moAroToBKu. [Ipomokaer TemMy Teopun duces B
sroit Mmororpacdun ABC-runoresa (ABC conjecture). Ona Takzxe JoKa3aHa, IIPEXKJIE BCETO,
C TO3UIUHU (DUBUKH, ITO MO3BOJISIET 3HAUUTE/IHHO YIIPOCTUTH U3JI0KEHUE U HE MOTEPATH
IJIABHYIO UJICI0 JIOKA3ATEeIbCTBA: IIPOCThIE YUC/Ia CBI3BIBAIOT MAKPOMUDP ¢ MUKPOMUPOM,
KOTOPBI B CBOIO OYepPe/ib, MOIINHACTCH 3aKOHAM KBaHTOBO# (pusuku. Paszsutue 3Toro
[IO/IX0/Ia OKA3aJI0Ch ILJIOJIOTBOPHBIM IIPU MTOUCKAX JIOKA3aTETLCTBA THIIOTE3bI PuMana o
PACIIOJIOYKEHUU TaK Ha3bIBAEMBIX HETPUBUAJIbHBIX HyJIeH C-DYHKIUN HA OCH S = % + it
SIBJISICTCS CJIEJICTBUEM KOPITYCKYJISTPHO-BOJIHOBOI'O JIyaJIN3Ma, CHMMETPUN ¥ BO3MOXKHOCTH
OTOOPaXKEHUsT MEXKILy JABYMsI aJireOpandecKuMU CUCTEMAaMH, KOTOPOEe IIEPEHOCUT MHOKe-
CTBO 9JIEMEHTOB OJIHOW CHCTEMBI B JIPYIYIO (IPOCTHIE YHCIa), COXPaHsis BCe ONepalui u
OTHOIIICHUSI.

Bunapnas mpobsiema ['obi0axa -Ditepa 0 TOM, 9TO KaxKI0€ IejI0e IeTHOE DOJIBINe IBYX
PaCKIaJIbIBAETC Ha CYMMY JIBYX IPOCTBIX YUCEN, UMeeT OYEBUIHYIO CBA3b CO CTATUCTUYE-
CKOIT cyMMOii, ¢ mpeobpazoBanusMu Pypbe n paBercTBoM IlapceBasis - CrekoBa.

B ocHoBe Bcex mepedmnceHHbIX J0Ka3aTeIbCTB JIeyKaT ITPUHIIAIBI CHMMETPUN W aCUMMeT-
puH, BO3BMOXKHOCTB BBIJICJIEHUA YaCTHOI'O U3 I1€JI0I0 U IIOHNMaHNEe TOHKOI I'DaHU MEXKTy
CBSA3bI0 U B3auMojeicTBrueM. OObITHO 9TH BOIPOCHI PACCMATPHUBAIOTCS € UCIOIL30BAHIEM
CJIOZKHOTO MaTeMaTu4IecKoro amnmnapara u ¢pusuku. Ho B HAII BeK MOYTH KarKI0T0 YeI0BeKa
Ha 3eMJie OKPYZKaIT yCTPONCTBA, TJIe NCIOIB3YIOTC HA3BAHHBIE TTPUHITUITEI, & MTKOJTbHA
IporpaMmMa yzKe HPUBBIYHO OIEepUPYET TAKUMH ITOHATUAMHU Kak Jia3ep, KBAHTOBBI KOM-
nbtorep. CTaHOBUTCS MPUBBIYHBIM JTUCTAHIIMOHHOE B3aUMO/IEHICTBIE C MOCY/IapCTBEHHBIMI
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opranaMu U 6aHKaMU C MTOMOIIbIO KBAJTU(MUITUPOBAHHON 3JIEKTPOHHOM TO/IITHCH, (DPUHAH-
COBBIE TPAH3AKIINHU Y2Ke ceffuac 3aluIaioTcd ¢ IIOMOIIbI0 KBAHTOBON Kpurrorpaduu u
T.7.. I 103TOMY PUCKHEM UBJIOKHUTH MaTepHasl S3bIKOM, JOCTYITHBIM JIId caMO#l MUPOKOi
ayJINTOPUN.

st ynobersa nmoHUMaHUs MaTepuas pasouT Ha IIaBbl (CEKIUU) B OTJIMIHOM OT XPOHOJIO-
TUYECKOTO TOPSIJIKA MTOUCKA J0Ka3aTeIbCTB. V3/107KeHne COIpoBOXK IaeTCs CChIIKAMU Ha
IporpamMmy o0IeoOPa30BaTE/ILHOMN MKOJIbI.

It is possible to significantly simplify the proof of the theorem and reduce the amount of
the desired solution by applying a number of physical principles:

Isotropy and uniformity of space;

Identification of repeatable structures and symmetries;
Mechanical analogy and heuristic search;

Application of the principle of similarity of objects;

vVvyyvyyvyy

Selection of the appropriate coordinate system and shapes of shapes adequate to the
objects under studys;
» is a thought experiment.

It is the position of this author that the aforementioned Pierre de Fermat was erroneous in
his conclusions. Conversely, consistent application of the fundamental principles of physics
and geometry engenders a shift in cognitive processes. The endeavours undertaken in the
pursuit of Fermat’s theorem served as a catalyst for the advancement of number theory,
a field which, albeit indirectly, also elucidates the laws that govern the physical world.
The paradigm shift facilitates the visualisation of this connection. It is submitted that the
dramatic story of the discovery of Fermat’s theorem and the subsequent search for visual
proofs should form part of the school and university curriculum. The ABC hypothesis
is an extension of the theme of number theory in this monograph. Evidence has been
presented which demonstrates the validity of the proposition from a physical perspective.
This allows for a significant simplification of the presentation without compromising the
core idea of the proof. The argument posits that prime numbers serve as a bridge between
the macrocosm and the microcosm, with the latter being subject to the laws of quantum
physics.

The development of this approach proved fruitful in the search for a proof of the Riemann
hypothesis about the location of the so-called nontrivial zeros C-functions on the axis
s = % + it is a consequence of wave-particle dualism, symmetry and the possibility of
mapping between two algebraic systems, which transfers a set of elements from one system
to another (simple numbers), preserving all operations and relationships.

The binary Goldbach-Euler problem, which states that every integer greater than two can
be decomposed into the sum of two primes, has an evident connection with the statistical
sum, Fourier transforms and the Parseval-Steklov equality.

The foundation of these proofs is predicated on the principles of symmetry and asymmetry,
the possibility of separating the particular from the whole, and an understanding of the fine



line between connection and interaction. Questions of this nature are typically addressed
through the utilisation of sophisticated mathematical apparatus and physical principles.
However, in the current era, the vast majority of the global population is surrounded by
devices that utilise these principles, and the school curriculum has already incorporated
concepts such as lasers and quantum computers. The utilisation of qualified electronic
signatures for remote interaction with government agencies and banking institutions
is becoming increasingly prevalent. Financial transactions are already protected using
quantum cryptography, among other methods. Consequently, we will endeavour to present
the material in a language accessible to the widest possible audience.

In order to facilitate comprehension, the material has been organised into chapters (sections)
that are not arranged in the same chronological order as the search for evidence. The
presentation is accompanied by references to the general education school curriculum.
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1 Bsejienue

[TouTn veTsipe cToseTUS MUp OUJICS HAJI pertenneM Beankoit
TeopeMmbl Pepma. EcTh H0Ka3aTe/bCTBO COTHIO C JIUIITHUAM
CTPaHUIL JJIsi CIEIUAJIMCTOB B TEOPUH HUKCEJI, HO €r0 HeBO3-
MOXKHO T1epecKasarh. [lompodbyem paccmorpers Teopemy Dep-
Ma ¢ o3uIy hU3nKu 1 reomerpun. VIMeHHO ¢ 9TUX mo3uIuit
[Ibep ne @epma Mor HallTH pelennre, OCHOBHBIE HJIEU KOTO-
pPOTO CXeMAaTHYHO YMECTUIUCH OBl Ha JOCTATOYHO MIMPOKNIX
[OJISIX KHUTH, B HECKOJIbKUX pUCYHKax. OJIHAKO MOCIIOJICTBY-
IOIIe Ha MPOTSZKEHUU CTOJIETUN B MaTeMaTHUKe IapaIurMbl
OKa3aJIi CUJIbHOE TIPEISITCTBIE B HAXOXKIEHUU PEIIEHNs] B TOM
HAIIPABJIEHUN, KOTOPOE, BHIPAXKAICH COBPEMEHHBIM S3BIKOM,
sBysgercst 3bdekTuBHbIM. CKENTUKHU TPOJIOJIZKAIOT CIUTATD,
1o [Ibep e Gepma, BeposgTHEe Beero, 301y aasics. Mex iy
TeM, ITOC/Ie/I0BaTe/IbHOe IIPUMEHEHe OCHOBHBIX ITPUHITUIIOR
dusnKM, reoMeTpUN, MBICJIEHHOTO SKCIIEPUMEHTA, 3aCTABJISIIOT
nymarh uHade. Vcropus oTkpeiTrs TeopeMbl Pepma, T0TKHA
CTaTh YaCTBIO TIKOJIbHOI / BY30BCKOIl MOAroToBKH. B caMom
Jiesie, CyTh J0Ka3aTeIbCTBa YKIabIBAETCH B OJHON dopmyiie
1 OJTHOM PHUCYHKE.

Baxkno ormeruThb, uTo Hapsay ¢ Benukoit Teopemoit Pepma
cymecTByeT Takxke Mastasg Teopema PepMa B TEOPUH YHCET.
3nech peub ujeT Tobko Besmkoit Teopemoii @epma
(Fermat’s Last Theorem).

[Touemy map u Ky6 romeomopdubl? U 1T0o Takoe romMeomMop-
duzm? Kakyo posb urparoT OJHOPOIHOCTD U M30TPOITHOCTH
IIPOCTPAHCTBA, CAMMETPHUs B TIOMCKAX MaTeMaTHIECKOIO JI0-
kazarenbcTBa’ [louemy B Besukoit reopeme @epma BOZHUKA-
eT daTaabHBIN KOHMINKT MeXK Ty (hOPMOil U Co/leprKaHueM !
OO6cyauB 3TU BOIIPOCHI, MBI ClIeJIaeM 00ODIIEHNsT U BBIBOJBI O
dyHIaMeHTaAIBHBIX CBOMICTBAaX Halell BeeneHHOI.

B nanuoit mybsmKarnmy npuBeIeHo J0Ka3aTeIbCTBO Besnkoit
teopembl Pepma (BTD) Ge3 maremarnaeckoro dhopmaamsmMa.
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ABTOp IPUBOJIUT BEPCHUIO KPATKOTO JoKazaTeabcTBa BT
C OTOpOil MPEUMYIIECTBEHHO Ha MIKOJIbLHBIE 3HAHUS (Hu3u-
K, THOOPMATUKA U JIpP. MIKOJIBHBIX mpeaMeToB. C mo3urun
MHKEHEPHOTO IMOJ/IX0/Ia TOHUMAaHe OCHOB TEOPUU MHOYKECTB
u akcruoM EBK/IMIa MOXKHO HPOWLIIOCTPUPOBATH € IIOMO-
mpio 3D- Moje/impoBanust, KOHCTPYUPOBAHUS U 0O0OIIUTH
pe3y/IbTAThl Ha MHOIOMEPHOE IIPOCTPAHCTBO.

2 QopMyIUpPOBKa TEOPEMBI

Bemukas Teopema @epma 6nuta cchopmysmpoana [Ibepom
e @epma B 1637 1. OnHa yrBepKIaeT, 9To caeayrormee Jlno-
danToBo ypasuenue:

a +b" =c" (2.1)
HE UMeeT PEINIeHUl B IE/IbIX Ynucjiax Z, 3a UCKIIOTICHUEM
HYJIEBBIX 3Ha4YeHUil, g n > 2. Ciyvail crernenu n = 2 u3Be-
CTEH B MIKOJBLHOM Kypce oj] Ha3BaHueM Teopema [ludaropa.
Ditep B 1770 romy mokasan teopemy (2.1) mst n=3, dupu-
xJjie u Jlexxanap B 1825 roay - g n = 5, Jlame - gy n =
7. B 1994 roxy npodeccop IIpuncronckoro yauepcureTa
Duapio Yaitic [Wil95], [BG94| mokazan (2.1) st Becex n, HO
9TO JIOKA3ATE/ILCTBO, cojiepzKarliee HoJiee CcTa CTPAHUIL, TOHAT-
HO MaTeMaTHKaM, CHEeaTIu3UPYIONIMc B 00IaCTH TEOPUN
quces u NuimHApudecknx dyukiuii. Bosaukaer mpobsema
BepuUKAINN JTOKA3aTETHCTBA aMEPUKAHCKON BEpCUN.

K gucny InocdantoBbix ypaBHeHuilt ornocsaTcs Beynkast Teo-
pema @Pepma u Teopema lludaropa. B 1900 r. memernkuit
maremaTuk Jlasua ['misbept chopmyaupoBast Crimcok n3 23
MaTemaTuieckux 3a1ad4, [1 Mex 1ynapoiHoM Konrpecce MaTe-
MmaTuKoB B [lapuxke, Bkiodas lecaryio mpobiiemy, KOTOPYIO
B HECKOJIBKUX CJIOBaX MOXKHO BBIpa3uTh Tak: «llycTh 3ajiano
JuodanToBo ypaBHeHHE ¢ TPOU3BOJILHBIMUA HEU3BECTHBIMU
U TEJILIME PAIMOHAILHBIMUA YUCJIOBBIMUA KOYMDDUIIMEHTAMU.
VYKazarb CIoco0, Ipu MOMOIIU KOTOPOr0 BO3MOXKHO ITOCTIE
KOHEYHOI'O YHC/Ia OMEPAINNl YCTAHOBUTD, PA3PENINMO JIH ITO
ypaBHEHNE B IEJIbIX, PAIMOHAIbHBIX unciax.» Cmycrs 170
ser Coerckuit maremaruxk FOpuit Baagumuposua Matu-
sICeBUY JIOKA3aJI, YTO OOIIEro aJropuTMa He CYIIECTBYET
[Mar70] eM. TakzKe HOIYJISIPHYIO TTyOJIUKAIUIO B YKYyPHAJIE
"Kpant"[Ma193] Tem He MeHee, /15 HEKOTOPBIX CJIy4YaeB, MO-

[Wil95]: Wiles (1995), «Modular
Elliptic Curves and Fermat’s
Last Theorem»

[BG94]: Boston u np. (1994),
«The World’s Most Famous
Math Problem (The Proof
of Fermat’s Last Theorem
and Other  Mathematical
Mysteries)i By Marilyn vos
Savant»

[Mar70]: Matusicesua (1970),
«/TrnodaHTOBOCTb  ITE€PEUNCIIN-
MBIX MHO>KECTB»

[Mar93]: Maruacesna (1993),
«ecsaras mpobsema ['minbep-
Ta»
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[MA20]: M.A. (2020), «Teope-
ma @epma ¢ nosunun GU3NKA B

IITKOJIE >
[Ino07]:  Huodanr  (2007),
Apudmernka u  KHATA O

MHOTI'OYT'OJIBHBIX YHCJIaX

[21880]: Dasapac (1980), Ilo-
crenasasa Teopema Pepma
[Cun00]: Currx (2000), Benu-

Kas Teopema Pepma

[Pu603]: Pubentoiim (2003), Ilo-
cnenasaa teopema Pepma st

JrobuTeseit

[Harl7]:  Hartnett  (2017),
«Mathematicians Explore
Mirror Link between Two

Geometric Worlds»

HATH paspenumo Jin /[nodanToBo ypaBHeHHE, MOT'YT IKOJIb-
HUKH, He NIpuderasi K BbIYUCJIEHUSM, OIMPAsiCh Ha METObI
reoOMeTPUIECKON aJIreOpbl, CAMMETPUIO, aHAJIOTHIO U (PYH-
JlaMeHTaIbHble CBOMCTBa MHOTOMEPHOTO ITPOCTPAHCTBA, CM.

[MA20].

BT® chopmynuposana [Ibepom e Pepma Ha MOJIAX KHU-
ru Apudmeruka Jlnodanra Anekcanapuiickoro (11T HD)
[/Trn007|. TIbep me Pepma HaIHCAT HA Y3KUX TOJISAX KHUTH,
YTO OTBICKAJ BOUCTHHY UyJIeCHOE JOKA3aTe/]IbCTBO, HO Y3KHE
T0J1s1 He MTO3BOJIAIOT €My IPUBECTH JI0KA3aTEILCTBO B IIOJTHOM
obbeme. BriocsecTBuu moToMKu 000/ra i (hpaHILy3CKOTo
MaTeMaTuKa, U IMOCIYUTAIN ITO OH JIOIMYCTUJI JIEI'KOBECHOE
CYyKJIeHIe, TIPOIIe TOBOPs, XBacTas u jarajg. OcHOBaHUEM J1jTst
TAKOI'0 YTBEP:K/IEHUs CTAJIO KAHOHU3UPOBAHHOE JOKA3aTE b~
CTBO DHJIPIO Yailjica, Ha CTO C JIMIITHUM CTPAHUIL, 38 ITO €My
ObLIa IPUCY K IeHa TpecTi:kHast AbeeBckas npemus B 2016T.
Brocnencrsun Duapro Yaiiic crail JeKaHOM MaTeMaThde-
ckuit pakyaprera [IpUHCTOHCKOTO YHUBEPCUTETA, BXOIATIETO
B JIury Ilmoma. Ho maydnblii 1monck Hejb3s OCTAHOBUTH
JlazKe T0CJIe pa3/iadn CaMbIX IMPECTUYKHBIX HArpaJl, a JIUCrap-
MOHUsI MezKJIy KpaTkoii hopmyiuposkoii 91880 u c1oKHBIM
nokazareabctBoM BT® smms nonzamopusaer |Crnl0] aeps-
Kux uccaegoBanuii. - [louemy OB 1 He J0Ka3aTh HpoIe?
[P1603] Ucruna - 910 mnporece, a He duHaI.

3 Yenosedeckuit pazym IpOTHB

NCKYCCTBEHHOI'O MHTEJIJIEKTa

CymiecTBYIOT Jin KOPOTKUE U IIPOCTBIE CIIOCOOBI JOKA3ATE b
crBa Bemmkoit Teopembr @epma? HyzxHO jin 17151 9TOrO Tpa-
TUTH CTO UJIM OOJIee CTPAHMUIL U IIPUOETraTh K IMOMOIIU UCKYC-
cTBeHHOrO MHTe/LIeKTa?! Poccuiickue KpaTkue BepCUn JI0Ka-
3aTeJILCTB 00ENX TEOPEM B TEOPHUH UHCE]I OCHOBAHBI Ha " 1py-
rom mojxojie 0 KoropbiM mwmer Munbén Kum (Minhyong
Kim), maremaruk n3 OkcdopICKOro yHUBEPCUTETA, CIUTALT:
Ucrnionb3oBars ujien GpU3NKOB JJIs PEIIeHns 3a/1a9 TeOPUN
YUCeST MOYKHO, HO MBI €II[e HEIOCTATOYHO XOPOIIO POy Ma-
7, Kak co3/arh Takyio ocuoBy [Harl7]. U eme omua ero
nuTara: Mbl HAXOMMCS B TOUYKE, KOTJIa HaIlle TTOHUMAHUE
pu3MKN TO0CTATOYHO 3PEjIO, U €CTh JIOCTATOYHO TEOPETUKOB
qHCeJI, 3aMHTEPECOBAHHBIX B HEll, YTOOBI CJEIATh TOJIYOK
(Tam xe).



4 Mpic/ieHnble SKCIepuMeHThl | 9

ABTOp mpuEPKUBACTCA IPUHIIAIA IPOCTO O CIIOXKHOM, IIPO-
JOJIKasl TPAJIUINK OT€UECTBEHHBIX YUEHBIX B TEOPUHU HUCEl,
nanpumep B [Xun23|.

OTBer Ha BOIIPOC, CYIIECTBYET Ji OBICTPBII U IIPOCTOI CII0CO0
JoKazaTesnbeTBa Beskoit teopembr Pepma yTBepIuTEILHBII.
N stor criocod BKIOUAET B cebsi CEPUIO MBICJICHHBIX IKCIIEPH-
MEHTOB, & TaKKe (PUII0COPCKOe OCMBIC/IEHNE OCHOB HAIIIErO
MUPO3/IaHUA.

PaccmoTpuM KOHCTPYKITHIO U3 TPeX KOHIEHTPUYIECKUX BJIO-
JKEHHBIX N-KyOOB WJIM IIApPOB C IEHTPaMH B HadaJje KOOp-
JIMHAT, PEOP WM PaINyChl KOTOPBIX PAaBHBI HATYPAJIbHBIM
qucaam a, b, ¢. 3amMeTuM, He MeHsist OOIIHOCTU, YTO HATY-
paJsibHbIe dncia B dhopmyiie (2.1) cBa3aHbl Kak a < b < ¢, a
cUTyaIs paBeHCTBa pedep a = b uckJovYeHa B CUIy Uppa-
nnonasbHocTH V2. Cilyuail OTpUIATE/bHBIX THCE MOKHO
paccMOTpeTh IyTEM TepeHoca djieHa B APYIYI0 YacTh ypaB-
Henust (2.1) U 3aMeHbI IEPEMEHHBIX - JOCTATOYHO JOKA3AThH
Teopemy s ciaydas a, b, ¢ € N (umgekc 1 obosnagaer
MHOXKECTBO HATYPAJbHBIX YUCE]I, UCKIIOYasd HOJIb, B OTJIMIHE
No B s11oxy nmdpsl, riie Te »Ke MacCUBBI B Psijie IPOrpaMM-
HBIX SI3BIKOB HYMEPYIOTCsI C HyJIsT) U 0OOOIUTE pe3y/IbraT Ha
1eJble ducia Z.

4 MpicieHnble SKCIIEePUMENTHI

MpIC/IEHHBIN SKCIEPUMEHT - 9TO TUIOTETUYIECKas CUTYAIIUH,
UCIIOJIb3yeMast Jijist O0bsICHEHUs sIBJICHUSI, Yepe3 KOTOPbIE
MOYKHO OBIJIO OBbI TIOJTyIUTh PE3YJIbTATbI, €CJIN Obl SKCIEPU-
MEHT JIEHCTBUTEILHO COCTOSICHA. DTO PECYPC BOOOPaYKEHUS,
00J1aJIAI0IINIA JIOCTATOYHOM JIOTUKOI, ITOOBI MOXKHO OBLIIO
IIPEJICTABUTH cebe CBA3HBIE PE3YIBTATHI.

[Torpobyem coznars Ha ocHoBe BTd HeKOTOPYIO KOHCTPYK-
0. PaceMoTpuM TIPOEKT COCTOSIINI U3 TPEX BJIOYKEHHBIX
[EeHTPUPOBAHHBIX N-Ky6oB (mapos), a-Mauibiit, b-Cpenuii u
c-Bouibinoit, obmuit MeHTp KOTOPBIX COBHAJIAET ¢ HAYAJIOM
Koop/HAT ¢ pébpamu (pajguycamu) a, b, ¢ € Ny, npu ycio-
BUU CJIEJIYIOIIEr0 COOTHOIIEHUSIMU MEXKTy 00bEMaMu (pUuryp:
V(B;) = V(B{) = V(B}). V — s10 obosnauenne obbéma. 3a-
METHUM, UTO JIJIs N > 3 BMECTO 00bEMA CJIe/IyeT UCIIOIb30BATH
MepPY, OIPEIeIEHHYI0 HUKE.

[Xun23|: Xunaun (2023), Tpu
JKEMUYKUHBI TEOPHU UHCeNT

Puc. 3.1:
[Ivep ne Pepma 1607-1665 .
I'maBHOIT 3acayroit Pepma 1o
[IpaBy CUYUTAETCS CO3JaHUe
Teopun dnces. PDepma MUPOKO
n3Becten Osaromaps Bemmkoit
Teopeme  Pepma. Teopema
ObLTa cHOPMYIUPOBAHA UM B
1637 roxy, Ha TOJSAX KHUTHU
«Apudmernka» Huodanra c
MPUITUCKOI: T HAIIE TyIeCHOe
JIOKA3aTeJIbCTBO 3TON TEOpEeMBbI,
HO II0JIsI KHUT'U CJIUIITKOM Y3KWH,
9TOOBI U3JIOKUTH €rO0.
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[Bup10]: Bupo O 4 Nsanoe O
A (2010), DyemenTapHas TOLO-
JIorust

A uTuBHOCTD (or JIaT.
additivus — npubasisiembrii) —
CBOUCTBO BEJIMUUHDI, COCTOSIIIEE
B TOM, YTO €€ 3Ha4YeHUe, COOT-
BETCTBYIOIEE [EJIOMY OOBEKTY,
PaBHO cCcyMMe e€ 3Ha4YeHWUid,
COOTBETCTBYIOIIHAX JACTIAM
obbekTa 1Ipu JF0O0M pa3bueHnn

€ro Ha 49acCTu.

BameTnm, 4TO JII0OOH KyO MOXKHO IIyTe€M HEIPEPHIBHBIX U
obparumbix gedopmarmii (romeoMopdusn) MpeBpaTuTh B
map u Hao6opor [BuplO] - T'n. 2 § 10, 4. B romosoruu ta-
Kre pUrypbl Ha3bIBAIOT romeomopdunivu . [Tosromy Huzke
U3JIOKEHHE [EePEXOJIUT OT N-Kyba K MHOIOMEPHOMY Iapy
(B MaTemaTnKe MpUHATO 0OO3HavYeHue B!l riae a — pajmyc
mapa, I — pasMepHOCTh IPOCTPAHCTBA) TOrJA, KO 3TO
[IO3BOJISIET YIIPOCTUTH U3JI0KEHUE.

[TomuumMm, uTO /JIst N > 3 BMECTO 00bEMA, CJIE/IyeT UCIIOIB30-
BaTb aKCHUOMaTHUYIECKHN OIIpe/Ie/igdeMOoe IIOHATHE MEPbI, BazK-
HBIM CBOMCTBOM KOTOPOTO SBJISETCH MOJIOKUTETHHOCTD 3HA-
YeHUl U aJINTUBHOCTD, T. €. Ipu 00beuHeHnn (GUryp ux
MePBI CKJIJIbIBAIOTCs, YTO HE IPOCTO YIA0OHO It (busude-
CKUX M3MEPEHUNl MacChl, JJIMHBI, ILUIOMA/H, 00bEMa, HO U
BBIDAzKaeT CBOWCTBO MaTepUH HAIEro Mupa (HampuMmep, 3a-
KOH COXpaHEHUs KOJMYECTBA BEIeCTBa B XOJe JIBUKEHUA U

P XUMHUYICECKUX peaKHI/IHX).

Puc. 4.2: CiieBa - KOHIEHTpUYECKHE N-KyObl U CIPaBa - Iaphl € MEJOYNCIeHHBIME DEGPMHI / pajinycaMu a,

b, ¢

Mp! momyunam KOHCTPYKIHIO, He CYIIECTBYIONIYIO B IPUPOJIE
JUIs cydas n > 2, 9ro yausuresnbo! Hecitoxxuo yoe -
cs B HEOCYIIECTBUMOCTH PACCMATPUBAEMOI0 MHKEHEPHOTO
IIPOEKTA.

Definition 4.1 Nwmsa Esknuga B XXI Beke. B coBpemenHOM
MMOHUMAaHUU TI0]T €BKJIMJIOBBIM ITPOCTPAHCTBOM TIOIpa3yMe-
BaeTCd OJIMH M3 CXOJAHBIX M TECHO CBA3AHHBIX OOBHEKTOB:
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KOHEYHOMEPHOE BENEeCTBEHHOE BEKTOPHOE MPOCTPAHCTBO
C BBEJEHHBIM Ha, HEM MOJIOYKUTEIBHO OITPEAEIEHHBIM CKa-
JISIPHBIM [TPOU3BEIEHIEM JTUO0 METPUIECKOE ITPOCTPAHCTBO,
COOTBETCTBYIOIIEE TAKOMY BEKTOPHOMY IIPOCTPAHCTRY.

B camom geste, eciin kKoHCTpyKIus Ha Puc. 4.2 cymectBy-
er, 9T0 0003HAYAETCA KBAHTOPOM d, TO B CUJIY IIOCTYJIUPY-
eMOIl OTHOPOIHOCTH €BKJIMIOBa ITPOCTPAHCTBA MOYKHO ITe-
PEMECTUTH, KAK 9TO CUMBOJIU3UPYIOT CcTpeku Ha Puc. 4.2,
[OMEHSITH MECTaMU, COIIOCTABUTD V- JIIOOYIO TOUKY | eJuHIY-
HBIIT KyD U3 MAJIOro Iapa B COOTBETCTBHE JIPYTOil TOUKe /
€JIMTHITIHOMY KYyOy MCCJIelyeMOTrO TI0JIMHOYKECTBA ITPOCTPAaH-
CTBa MEXKJIy CPEJIHUM ¢ OOJILIIUM ITapaMu Tak, YTOObI He
pPaspyInTh CAHMMETPHUIO KOHCTPYKIINU, HE JOMYCTUTH HEO -
HOpozHOcTel 6o mycror. Ho stu nogmuozkecTBa, (mpoire
rOBOPSI YaCTH KOHCTDYKIUH) HEe 9KBUBAJIEHTHBI, 8 UX 00bE-
MBI (Mepel) we OytyT pasnbt: V(Bg) # V(BY) — V(B,). W
Ha A3pIKe Teoprn Muoxkects By # (BE)\V(B)) , rae smak \
O3HAYAET BBIUUTAHUE MHOXKECTB, & 3HAK = - TOMEOMOP(hU3M,
0 KOTOPOM elrie OyJIeT CKa3aHO HUKe.

Teopust mHO)KecTB - yepe3 3D mozempoBanue

Ha Puc. 4.2 cripaBa ucmoJib30BaHO KPocc-IL1aTdopMeHHoe
npusoxkenne OpenScad, KOTOpoe MOMIUMO YUCTO UHIKEHEP-
HBIX [IPUAJOXKEHUN ABJIAETCA IPEKPACHBIM HHCTPYMEHTOM
JUTS U3YYeHNsT TEOPUU MHOYKECTB, Ollepaliuii HaJl MHOZKe-
crBami, acconparuBHoro 3akona [Kum|. Camblii 0ObIU-
HBIA METAJIJIMYECKUIT MOJIOTOK Ha JEPEBAHHON PYYKE MOXK-
HO PacCMaTPHUBATDH KaK PE3YJILTAT OIepallnii BbIMUTAHU
a1 muoxkectBamu difference, o6benaenns - union, rme-
pecedenue intersection pydku u COOCTBEHHO MeTaJLIUIe-
CKOIf IaCTH MOJIOTKA. Y 9eOHBIX IIPUMEPOB KOJIa ITPOrpamMm
MIPEOCTATOYHO JIJI HATJISITHON M3JI0YKEeHUs MOHITHN MHO-
JKECTBO, TIOJIMHOZKECTBO, YHUBEPCAJIbHOE MHOXKeCTBO U,
IIyCTOEe MHOXKeCTBO U, JIONOJIHEHNE MHOXKeCTBa U T.J1.. He
nopa s B XXI Beke m3ydarTh B IIKOJIE OCHOBBI TEOPUU
MHOKecTB 1depe3 3D mojenupoBanue?

5 Ilpoext, mogemmpytomuii BT

MozkHO 1 TOCTPOUTH KOHCTPYKITUIO B BU/JIE TPEX KOHIIEH-
Tpudeckux (rumep)Ky6os, momenupyiomnmit BT®? Tomyctum

[Kun]: Kunren (), OpenSCAD
- 3TO IporpamMma JJjs CO-
371aHUSA  TBEPAOTEJbHBIX 3D-
mogeneit CAIIP. 9T1o cBobos-
HOe IIpOrpaMMHOe obecliedeHne
pPACIPOCTPAHSETCS TOJT JINTIEH-
sueit GPL paboraer mos omepa-
[MOHHBIME cucTeMaMu Linux /

UNIX, Windows u Mac OS X
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Citoxkerne / Bblunranue / co-
KpAIlleHHe Mep - UMEHHO TaKue
OLIEPAITUN JIOIYCTHMBI B OJ[HO-
ponuaoMm martepuage. OTHOPO/I-
HOCTH €BKJINJIOBA IIPOCTPAHCTBA
HOCTYJINPYETCST

0 3aKa3y "Kalpu3HON POK-3Be3bl" HEOOXOIUMO MTOCTPOUTH
JIOM 13 TPEX KyOMIeCKUX KOMHAT: CTY/IMHU, OXBATHIBAIOIIEH
eé KodeliHI, 0XBaThIBAIOIIEr0 KOoMeilHIo 3UMHEro cajia, J1a
TaK 9TOOBI 00BEM CTYIMH OBLT paBeH 00bEMY IIPOCTPAHCTBA
MEeXKJIy 3UMHHM CaJIoOM U KodeifHell B Mesblx KyboMeTrpax,
JauTpax, Kyomdecknx oiiMax u T.1.7 - Kak Oyjer jqokazaHo
HIZKE, 9TOT IIPOEKT HEOCYIIECTBUM B JIIOOBIX €IMHUIIAX U3Me-
peHus IIUHBI pedpa KOMHAT 1 00bEMa IPOCTPAHCTBA KOMHAT
- OJIHO U3 PEOEP TPEX MEePEUNC/JIeHHBIX KOMHAT 00A3aTeTbHO
JIOJIZKHO OBITH UPPAIHOHAJIBHBIM UHUCJIOM.

[IpernarcTBre 3aK/II0YAETCA B TOM, UTO (bUTypa, MOJACTHPYe-
Mast popmysoit (2.1) mosmkHa 061a1aTh CBORCTBOM IEHTPAJIb-
HOW CUMMETPHUU U HE MOZKET COJEPzKaTh HEOTHOPOHOCTEN.
OTHU OrpaHUYeHUs MPUBOJAT K TOMY, 9TO B PE3yJIbTaTe KayK-
JeIit cyioit na Puc. 4.2 He comocTaBUM HU ¢ KAKUM JIPYTUM
CJIOEM B IIPOCTPAHCTBE pa3sMepHOCThIO 1 > 2. CBOMCTBO aJI-
JINTUBHOCTHU W aKCUOMa, MEPbI 3/IeCh He IPUMEHNMbI — Herpa-
BOMEpPHA caMa MOCTaHOBKA BOIIPOCA O TIOCJOWHOM CPABHEHUHU.
C apyroit cTOpoHbI BOBMOXKHOCTDH IOCJIOWHOIO CPaBHEHUS
CJIOEB TpeOyeT CUMMEeTPHA KOHCTPYKIINHU, JOIYCKAIOIIasd CJI0-
JKeHne,/ BerauTaHne / cokparenue mep (00bémoB st 3D-
ciydast, mwiomazeit st caydas 2D, jpuH i caydast 1D)

Maremarukn Jpesneit ['penun BBeIM MOHATHE HECOU3MEDU-
MOCTI JIMHEfIHBIX OTPe3KOB, Kak Haupumep V2 u 1. 31ech
MBI CTOJIKHEMCSI C TIOJIOOHBIM, HO U OJHOBPEMEHHO HOBBIM
dABJIEHUEM. YOeauMcst, ITO IIPecieays YCJI0BUEe PaBEHCTBA
0OBEMOB MTOJIMHOKECTB UccseryeMoii Konerpykuuu V (Bl) =
V(B{) = V(B}) u nenTpa/ibHOil CHMMETPHH B3aUMHO HCKJIO-
JaloT JApyT JApyra. B obieM cirydae 9TH MOJIMHOXKECTBa He
9KBHUBAJIEHTHLI. B 3TOM U 3aK/I09aeTcs OCHOBHAS Uest J10-
KazaTe/bCTBa.

6 Cummerpus. VM3oTponHocTb 1

OJIHOPOJIHOCTB IIPOCTPaHCTBA

Bysiem pazimmyarh OTKPBITBIN MIAP U OTXBATHIBAIONLYIO €0
chepy. Chepa gBisgercss TaK HA3BIBAEMBIM CJIOEM JIJIST 3aMbl-
kaemMoro uM/ero mapa mwin n-kyba. Cdepa numeer pasmep-
HOCTb Ha €JIMHUILy MEHbBIe, 9eM Imap. DTU YTBEPKIIeHUS
M3BECTHBI U3 IIKOJBHBIX YPOKOB MaTeMaTuku. BeromunTe
dopMyJIBL [T JUTMHBI OKPY2KHOCTU 27TR ¥ 1101ma/m Kpyra
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nR?, mwromamn chepol %nRS‘ n obbéma mmapa. MarepecHo
[IPEJICTABUTH, YTO B OJIHOMEPHOM MUPE MbI HOJIYIHIU Obl
OTKPBITHII IIap B BAJE OTPE3Ka, UCKJIOYas ero KOHEYHbIE
TOYKH, WA HYJbMEPHDbIE CHEPBI, PACIOIOKEHHDBIE HA PACCTO-
sSHUU T OT HadaJia Koopaunat. Huxke rokazana cdepbr s
3D, 2D mrapos - Takue MHOTOOOpa3usi UMEIOT Pa3MepPHOCTH
Ha eJUHUILY MEHBIIE, YeM 3aMblKaeMble uMu hurypsbl. He
CJIyYaITHO 37IeCh CTOUT 3HaK roMeoMopdu3ma = puryp.

[IpencraBum cebe, 9TO MBI pacceKaeM Hallly N-MepHyIo cde-
Py THIEPILIOCKOCTSIME, HAYUHAS C IPOCTOTO CJIydasi IeThi-
pexMepHOro npocrpancTsa. Uto Mbl yBuaum? - Tpexmep-
HyI0 cepy ¢ MEHTPOM B Hada/e KOOPJUHAT, KAK PE3Y/IbTAT
repecedeHns YeThIPEXMEPHOil cdepbl ¢ TPEeXMEpPHBIM 1101
npocrpancrsor R3. Pasmmuaatorcst orkperreie CeBeproe u
FO:zxHO€ mostymapust, mpu 3TOM SKBATOP UCKIIOYAETCSI. DKBaA-
TOP CTAHOBHUTCS MEPHUIUAHOM, €CJIM ITOBEPHYTH (PUTYPY IO/
npsaMbIM yriioM. g 3D ciydas mosryauM OOBIYHBIN TIIap,
HaIIOMUHAIONIHH (DyTOONBHBIN M4, 3aMKHYTBII 2D cdepoii
I OKPY2KHOCTHIO. VIck/mouaem u3 chepbl MPOU3BOJIbHBIIM
MEPUINAH.

fator Sute | [ Gatry - I

SN\ 80 = R~

Puc. 6.3: PazmeprocTu nosrycdep u rumnepriiockocTeit

Hanee, s cirydas ABYMEPHOI ILIOCKOCTH, OTKPBITOM cde-
pOil CTAaHOBUTCS TIPUBBIYHBIN KPYT, UCK/II0YAsT OKPY2KHOCTb.
Haxomnerr - oTKPBITHII OTPE30K, UCKJ/II04Yasi KOHEYHbIE TOY-
KH.

Definition 6.1 B pe3y/ibrare mojiyauTcst mMoC/Ie10BaTe b
HOCTH HE TEPECEKAIONUXC T€OMETPUIECKUX IJIEMEHTOB
Ha cdepe psga pazmeprocteit or 1 10 n-1. 9to Tak Ha-
3bIBaEMblE THIIEPMEPUINAHbBI, KOTOPBIE MIPUTOJAATCS HAM B
JTaJIbHENIIIEM.

" Teneps npejicraBumM cebe KacKa,| HEMIPEPBIBHO CJIEIYIOIINX
cep 1 MepuIMaHOB, OXBATHIBAIONINI KaXKYIO U3 STOTO MHO-

13
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»kectBa. JlomycTuM, 9T0 OThICKaIach J - TPoiika HATYpaJIb-
HBIX 9HCeT &, b, ¢ , yaoBiaerBopsiomux (2.1), Torga B 9T0M
cllydae KaxkJias TOYKa MPOCTPAHCTBA B MHTEPBAJIE MEXKLY
cpejeit u 6obIoi cdhepaMu 0TOOPa3UTC B MAJIYIO chepy
k fbc " ldr = k fo ‘ " 1dr, rne k - HekoTOPBI KO3 HUIIEHT,
3aBUCAIINI OT pa3MepHOCTH POCTPaHCTBa N. B cuty cum-
MEeTPUU KOHCTPYKIINK JII000€ MHOYKECTBO THUX CGhep MOKET
OBITH 0TOOPaXKEHO B MHOYKECTBO JIPYTrux cep MEHBIEero pa-
JIyca, YUCJI0 MAJIbIX c¢ep, 09eBUIHO, JIOJKHO OBITH OOJIbIIE
B CIJIy YCJIOBHUSI PAaBEHCTBa MED.

[Ipu oObsicHeHNU UHTEIrpaJa MIPenoaBaTe/ Il 9acTo Olepu-
pyIOT noHATHAME pasbuenns durypsl, mapa B} na otens-
Hple sacTn mn gaddepennuanta S"An, (3necs An = 1)
KakK IIpU pa3pe3aHuu JIUMOHA, KOTOPbIE 3aTeM COOMPAIOT-
ca B enuHOe 1iesi0e. Ho npumenenne BBICIIEH MaTeMaTHKU
3Jiech OyjeT u3JuIHuM. BMecTo 3amnmcn MHTErpaJioB st
[IOCJIOWHOTO CPaBHEHUsI MHOYXKeCTBa cdep JT0CTATOYHO 3a-
nrcaTh IPUBEJIEHHOE 3/IeCh YPaBHEHUE B TEPMUHAX TEOPUU
MHOKECTB M OTHOINEHUH SKBUBAJIEHTHOCTU. 3aMETUM, ITO
S™M\S"=1 = R™ dim(S™\S" 1) = m, rae R™ - pazmeprOCTD
MIPOCTPAHCTBA M, YTO HAIJISAIHO ceayeT u3. Puc. 6.3, koTo-
PBIif MOXKHO MHTEPIPETUPOBATH KAK OTCJICKUBAHUE TPAEK-
TOPHH JIyda CBETa, UCITYIIEHHOrO U3 TOYCYHOTO UCTOUHUKA.
OueBHIHO B3aUMHO OJIHO3HAYHOE OTOOParKeHHe TOUYKH B TOY-
Ky B oOpase u mpoobpase.

{S]'} — {....5;} (6.1)

9TO 03HAYAET, YTO MHOXKECTBO U3 OJIHOI'O 3JIEMEHTa, COIePrKa-
1ee eJIMHCTBEHHbII ¢JIoft Sj, 0TOOpazKaeTcs Ha MHOMKECTBO
CJIOEB, COJEPIKAINEr0 HECKOJBKO 9JIEMEHTOB S; C ITOMOIIBIO
byHKINN SKBUBAJICEHTHOCTH, TIPA 3TOM TOYKa OTOOPAXKAETCS
B TOUKY, 9JIEMEHTAPHBIH Ky0 - B 3j1eMeHTapHbIi Ky0: 17 +— 1",
Jlpyrumu cjioBaMu, CyIIECTBYeT HEKOTOpasi (PYHKIUS IKBU-
BastenTHOCTH f(X) — Y, oro6pazkalonias OTKPBITOE MHOKe-
cTBO X Ha MHOXKeCTBO Y. B oTHOIIEHNAX 9KBUBAJIEHTHOCTU
KaXKJIBIil 00pa3 UMeeT 1mpoodpas.

B mameit KOHCTpYKIINM MHOXKECTBO HEIPEPBIBHO CJIETYIO-
IUX JIPYT 3a Apyrom cdep ¢ MeJOUUCTEHHBIMU PAJInYCaMHU,
00pa3yioT OTKPBITHIE MIAPHI.

[Ipumepbl MHIYIIMPOBAHHON TOIOJIOTHH
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B mavasbHOI MIKOJIE n3ydaeTcsl TEKCTYpa CIUJIEHHOTO Jle-
peBa, cJIoNcTasd CTPYKTYypa 3eMHOIT KOPbI B pa3pese, CJie/bl
CJI0EB Ha 30H/IE, U3BJIEUEHHOM U3 CBEPXTJTyOOKOI CKBaXKU-
HBI - BCE 3TO NPUMepPhl MH/IYIIMPOBAHHOII TOIIOJIOI'UN.

Benmukas Teopema @epma UCKIIOYAET CYIIECCTBOBAHKUE TAKOM
CUMMETPUYHON KOHCTPYKITUU IIPU COOJIIOJCHIH YCJIOBUIT K-
BUBAJIEHTHOCTH U HernpepbiBHOCTH. [louemy? UToOBI MOHATH
9TOT PpeHOMEH, HEOOXOIMMO TPOAHAIN3UPOBATH yDABHEHNE
(6.1) 10 y1eMEHTAM:

Tabauna 6.1: Jliobas cdepa n3 mpoodpaza oToOpazKkaercsi B 00pa3 OTIEIBHO 10 KAXKJIOMY JJIEMEHTY.

n-1 Cepa | S"2-runepmepuman | ... | Duement S>-cdepa | ST -oxpyx. | Pamuyc
sn-l Sn=2\5n=3 - S2\S! ST\s? j
{L ] ] 1] 1]
S?_l S?_Z\S?_B’ e S?\S} S}\S? i
n—1 Sn—Z Sn—3 52 \Sl Sl \SO i1
S S \S e i-1\2i-1 i-1\2i-1 -

Kaxkiprit cjoit cojiepKUT 3J1eMeHThl pa3MepHOCTbI0 OT 1
J10 n-1. 37ech ucceyeMast CTPyKTYpa 3aI0JIHAIAChH CJIOs-
Mmu ot nepudepuu j... i, (i-1) K HeHTPY, TO3TOMY HUHIEKCHI
MepedncIeHbl B ops ke yobiBanus. OyHKIMS SKBUBAJIEHTHO-
CTH COIIOCTABJIAET KaK/Iblil 3JIeMeHT €10 Sj B OT/IC/IbHOCTH
C MHOYKECTBOM 3JIEMEHTOB COOTBETCTBYIOIIEH Pa3MEPHOCTH.
[Ipu sToM B cmty cumMmeTpun u3 JFOOOTO JIEMEHTa CJIOS
ruriepMepuual 0ojiee HU3KOM Pa3MEPHOCTA MOXKET OBbITh
BBIOpAH TPOU3BOJILHO, TIOJ0OHO TOMY, KaK ITPOU3BOJILHO BbI-
6upaercs rpanb /| pebpo Kyba.

Ob6ecreunTsb 0JIHOBPEMEHHOE COOTBETCTBHE JIEMEHTOB CJIOSI
HoJtee 4eM 110 OJTHOI Pa3MEpPHOCTN HEBO3MOYKHO M3-33 Hepas-
PEIMMOCTH JJId N > 2 ¢cPOPMYIUPOBAHHON HUZKE CUCTEMbI
n3 n-1 ypaBHeHUi, 171€ 1 U j - HaATypaJIbHbIE PAJIUYChl KOH-
HEeHTpUYecKux cdep:

[ Lt S (R § Lot

6.2
P2+ -1+, (6.2)
j=i+(@-1)+...

Kaxkoe ypaBHeHUe COJIEPKUT JiBa U 0OOJIEE CJIaraeMbIX CIIpa-

Ba. DTOT psiJl YPaBHEHUI TPOJIOJIZKAETCs OT N-1 JI0 cTerneHn
1. JIro6oit 371eMeHT MPON3BOJILHONW PA3MEPHOCTH MOXKET OBIThH
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[Tpe01]: Tpeasdamms (2001),
Tomostorust. 3eiidepr I' Tpesb-
dauts B

oTobOpazkeH (PyHKIMEH SKBUBAJCHTHOCTH TOJBKO Ha SJIEMEHT
Toit ke pazmepuoctu [Tpell]. Crpykrypa cioes ompeesis-
eTcsl TOJIbKO Pa3MEPHOCThIO IPOCTPAHCTBA U HE 3aBUCUT OT
PeOMETPUYIECKOTO Pa3Mepa CJIOS.

YcsioBre 5KBUBAJIEHTHOCTH WJIM PABEHCTBA OOBEMOB (TOU-
Hee MOIIHOCTH MHOXKECTBa TOYEK It JII0OOTO N-MEePHOTO
[IPOCTPAHCTBA) 0TOOPaXKAEMBIX CJI0OEB O3HAYAET, UTO JIHOOOIT
IIPOM3BOJILHBIN CJI0M OOJIBINON chepbl MOXKeT OBITH 0TOOPa-
JKE€H Ha MHOYKECTBO TOC/IE/IOBATE/ILHO CJICTYIONINX MaJIbIX

cdep.

Yucjio cjioeB B 0Opasze B IPaBoil YaCTU KarxKJ0r0 ypPaBHEHUS
> 2, MOCKOJIbKY 2 - HAaTypaJbHOEe YHCJI0, caejyiomee 3a 1.
DTO IPUBOIUT K CHCTEME YPaBHEHMI, KOTOpasl Hepa3pelnma,
Jlayke B BEIIECTBEHHBIX unciax R. DTo MOKHO IIPOBEPUTH C

e+ yll < 1201+ [l

JJId €BKJIMJIO0BaA IIPOCTPaHCTBa, /e CyMMa JJIMH KaTETOB

IIOMOIIBIO HEPABECHCTBa TPEyroJibHUKa
IPpAMOYT'OJIbHOI'O TPEYT'OJIbHUKaA boJIbIIIe JJIMHBI TUIIOTCHY 3bI.

CayuJail paBeHCTBa HACTYIIAeT TOJBKO IPU HYJIEBOM KaTeTe
U UCKJII0YaeTcd 1Mo ycaoBuaM Bennkoit Teopembr Pepma.

B CHUJIy aCCOIIMaTHUBHOI'O 3aKOHa

[Ipu uucite wneHoB B cucreme ypaBHeHuit 6.2 0oJIbIe JIByxX
MOKHO COCPEIOTOYUTLCA Ha IIOCJICIHEN IIape YPaBHEHUI,
IIpeJICTaBUB cebe OTePaIuio CJIOXKEHUsI JIBYX U OoJiee op-
TOIMOHAJIBHBIX 10 OTHOIIEHUIO APYT K JIPYTy BEKTOPOB B
I MEPHOM €BKJIMJIOBOM IIPOCTPaHCTBE: X, Y, z, W . ... Ilog-

z KBaJpaT AJUHBI BEKTOpa, a X -

pasymeBaeM IOJ X
MIPOEKIINIO 3TOT0 BEKTOPA Ha, JII0OYI0 (PUKCHPOBAHHYIO OCh,
obozHadaeMylo Kak Xp,. B cuiy oproromanbHocTH HTO-
roBas CyMMa BEKTOPOB Oy/JIeT MMETh KBaJIpaT MOJLYJId,
PaBHBIN CyMMe KBa/IPATOB MOJIyJIel UCCIEIYEeMbIX BEKTO-
poB x2 + y? + z% + w?..., a MPoEKIUs Ha BHIGPAHHYIO
OCb Xpr + Ypr + Zpr + Wpr + ... cymMme mpoeknuii. Tasee
OCTaéTCs MPUMEHUTH aCCOIMATUBHBIN 3aKOH JIJIsT UJIEHOB
OJINHAKOBO# Pa3MEPHOCTU M CBECTHU 3aJa4dy K y¥Ke Pac-

CMOTPEHHOMY HEPaBE€HCTBY TPEYI'OJIbHUKA.
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7 Iludaroposn! 3-ku 3 Tosbko Ha 2D

IIJIOCKOCTH

[Tucdaroposnt 3-ku cyriecTBy0T ToIbKO Ha 2D 1mrockoctu. 3a-
KOHOMEPHO BbITeKaeT Bonpoc: mouemy? [ludaropossr Tpoiikn
UCIIOJIb30BAJIUCH JIJIS BHIYUCIEHUI €I JIpeBHENTTIel IMBUIIN-
zarnueii [IlymepoB 3a ThicgdesneTus 10 poxkjaeHus camoro Ilu-
daropa 115 pereHnsi TPUTOHOMETPUIECKUX 3a,/1a4, BKII0Yas
cJIoXKeHue |/ BeIYMTaHUe YIJIoB. B uem ocobeHHOCTH JBYMEpD-
HOM TIJIOCKOCTH I10 CPABHEHUIO ¢ N-MEPHBIM ITPOCTPAHCTBOM
n > 37 IludaropoBam TpeyroJbHUKAM IOCBSIIEHA KHUTA,

[Ceph9).

Y10o0bI HAWTHU IPOCTENIITII OTBET, MOYKHO BOCIIOJIb30BATHCS
CTapbIM JJOOPHIM MArHUTO(GOHOM, B KOTOPOM JIEHTA IIepeMa-
TBIBAETC C JIEBOI KATYIIKK Ha IIPaByIo Win Ha0060poT. B arom
caydae CyMMa ILIONIA/Iel JIeBOil 1 mpaBoii OOOMHBI JIEHTHI
OCTaeTCs MIOCTOSTHHOM M paBHA TOJIIUHE JIEHTHI, YMHOXKEHHON
Ha ee JIJINHY.

[Ceph9]: Cepnmuckuii (1959),
IIudaropoBsl TpeyrobHUKT

Puc. 7.4: DxBuBajenTHOCTD c0eB Ha 2D-110CcKOCTH J1jTsT KPYTroB U KBajaparoB. Copasa - dororpadus
rpanu aBropckoro 3D-kyba corsiacHo 3asiBKe nareHTa Ha mpoM. obpazer; Ne 2021501435/49 or 20.03.2021

JlommycTum, Mbl 3apUKCHPOBAJI MOMEHT, KOT/Ia JIeBasi KATYIII-
Ka,/ 600OuHa nMmeer pajuyc j Gosbmit, yem npasast 1. Korga
MbI TOBOPUM O HEOOXOIUMOCTH COXpPAHEHUsSI CUMMETPUU pu-
TypbI TIPUA HEMIPEPBIBHOM OTOOparkKeHUN WA ITepeMeIeHun
CJI0s1, 9TO O3HAYAET, UTO OJIUH 0DOPOT JIEHTHI CJIeBa JIOJIZKEH
YKJIQJIbIBAThCA B IIeJI0€ YUCJI0 000POTOB OOOMHBI CIIpaBa;: JiBa,
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TPH, Y€ThIPE U T.JI., HO He JPOOHOE YUC/IO, MHAYe OyJieT Ha-
PYIIIEHO YCJIOBHE COXPAHEHUs] CUMMETPUN IIPU TIepeMelleHnn
W OTOOPazKeHuu CJ1oeB. JleficTBUTE/IbHO, YaCTUYHO 3aI10J1-
HEHHBIN cJI0i mMeeT 1edeKT CUMMETPUN, OH aCHMMETPUYIEH.
[IperoioKuM Mbl MOXKEM M3TOTOBUTDH JIEHTY ITPOU3BOJIb-
HOI TOJIIIWHBI, TOT/Ia JJIS JII0OOTO 33/IAHHOT'O COOTHOIIEHUS
PaJIMYCOB OKPYKHOCTEH KATYIIeK MbI JIETKO JI0ObeMCs CUM-
METPHUU B 3TON MOJEN, & UMEHHO: OJIUH CJION WM BUTOK
Ha OOJIBINON KaTyIIKe SKBUBAJEHTEH MHOYKECTBY ITOJTHBIX
BUTKOB WJIN CJIOEB HA MAJION KATYIITKE.

B obmem cirydae, pedb ujer He 00 OTHOM CJIOe, & YIIOPSI0TeH-
HOM MHOXKECTBE CJIOEB {S]'...} — {....5;}. 3nech 3amucanbl B
npoobpase S; - HepBbIil 3/IeMenT, a Ha obpase S; - Hoc/ e IHui
ssiement. (I[TomHuM, uTO HCCIEyeMast CTPYKTYpa 3aI0JIHSI-
Jach cjosiMu ot nepudepnn j... i, (i-1) k menarpy. 13 storo
CJIEJIy€eT, YTO IEJIOYUCIEHHbIE PAJINYCHI CIOEB | > 1 JOJKHBI
OBITH He MeHee | = i + 1, HHAYe MOXKHO IIPOCTO IIepEMOTATH
JIEHTY WM TIOMEHSITh KATYIIKH. )

OrMmernm, 9To B caydae n-Kyba (ompejiesieHne JaHO HUKE)
Pa3sMepHOCTH 2 WJIK, TPOIIE TOBOPs, KBajpaTa Ha IJIOCKOCTH,
KapTHHa aHajaorudHa. B cuny cuMmMerpun ymo0HO cocpesoTo-
YUThCA Ha N3Yy9YeHNN eMHCTBEHHOIO CerMeHTa, 00pa30BaHHO-
ro JiydaMu, UCXOJSAIIIMA U3 IeHTpa N-Ky0a, COBIIAIAIONIErO
¢ HAaYAJIOM KOOPJMHAT, B BEPIIMHBI OJHOI IpaHu 3TOro Kyba,
U IPUMEHUTH (DOPMYJTY JIJIsi ILJIOMIA/ U TPAIEIMH 110 ITPOU3-
BEJICHUIO JIJINHBI CPeJIHel JMHuM Ha ee Bbicory (Puc. 7.4
cripaBa). Jlerko ybeuThest B coXpaHeHnn o0béMa Mephl O/~
MHOXKECTBa, CJIOEB IIPooOpa3a, 0TOOparkeHHOT0 B 0Opa3, Ha
MHOKECTBO II0CJ/IEI0BATE/IbHO U HEIIPEPBIBHO CJIEIYIONINX
CJI0EB, PACIIOJIOKEHHBIX OJnzKe K Hadasy KoopauHat. OHo-
BPEMEHHO COXPaHETCsI CUMMeTpHUIHas (popMa UCCIeryeMoi
KOHCTPYKIINH. DTOT Caydail YHUKAJEH JJIsT IIPOCTPAHCTBA
pa3MepHOCTH JiBa N = 2 ujn 11ockocTu. Jis mpoctpancTs
MHOIT Pa3MEPHOCTH OJHOBPEMEHHOE COXpaHeHne Mepbl (00be-
Ma) U cuMMeTpraHOil (hopMbI B 06pasze u mpoobpase HeBO3-
MOKHO. [lodemy 9T0 Tak 00bsICHSAETCS HUZKE.

He obs3areibHO yMeTh HHTErPUPOBATH

He obs13aTeibHO yMeTh MHTEIPUPOBATH, YTOOBI BHIYUC-
JIUTH 06bEM (TUIep ) IUPAMEJIBL - JIOCTATOYHO HAYIUTHCSI
paccekarhb (rurep)Ky6 Ha UJICHTUIHbIE TUIEPIIAPAMYJIbI
1o guciay (rumnep)rpaneit. Vl He orpaHUIMBATHCS TOJBKO
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IPaBUIBHBIMHA (THIIED) IHpaMuIaMu. st 9T0ro MOKHO

MBICJIEHHO, 3aIIOJTHUTH MTUPAMUTY YKUJTKOCTHIO, TTOMECTHB
€€ B OJIHOPOJIHOE I'DABUTAIIMOHHOE I10JIe, MOXKHO IIpUMe-
HUTH 3aKOH [lackasist U 3aMeTUTD, YTO JaBJICHHE Ha OCHO-
BaHMe IUPAMUJIbI 3aBUCHT OT Beca, MacChl, 00bEMa TTHUpa-
MUJIbI, HO B KOHEYHOM CYETE, OJHO3HAYHO OIPEJIE/IAI0TCS
BBICOTOI ¥ TLJIONIA/IHI0 OCHOBaHUS, HE3ABUCUMO OT (DOPMBI

nupamuasl. [IpumeruTe moaydeHnyo Gopmyry ES K 2D,
3D, 4D . . . u ybeauTech B €€ COOTBETCTBUAN I/I?geCTHbIM
13 MIKOJIBHON TTPOrPaMMBI ILIOMIAIN TPEYTOJbHIKA 1 00b-
émy nupamuabl. [loMHITE, 9TO IIOMIAAbL S COOTBETCTBYET
Mepe rpaHu pasmepHocTr n-1. TBopueckoe BooOpazkeHue
VIIPOIIAET BBIUUCJICHUS U Je/aeT NHTErPHPOBAHIE B PIIe
CJIyYIaeB HEHYKHbIM!

g n -mepnoro mpoctpancTBa [Tudaroposs! Tpoiiku MoryT
obITh B Bujie /lekapToBa Mpou3BeieHus] Pe3yJ/ibTaTa BhIUUTa-
HISI KBaJIPATOB Ha HEKOTOPEIi Kybomm: (c2\b? = a?) x d"2
rae a,bc -sro Iludaroposa Tpoiika Ha JIBYMEPHO ILJIOCKO-
CTHU.

Puc. 7.5: IIpumep ITudaroposoii Tpoiiku B 3D. Cobirogena Juinb oceBast cummerpusi. Purypa, cooTBer-
CTBYIOIIAs! C MO3HUIUE TEOPUH MHOYKECTB apudMeTHdeckoMy Buipazkennio (52\42 = 32) x 5!

Pucynok 7.5 manomMmHaeT MHOTOXKU/IBLHBIN Kabeb KBaIpaT-
HOT'O CeYeHUsI, IJle COOIOeHa NI OCeBasi CUMMeTpPHs, HO
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2 3Bauem mikosabHuKy BTO?

He IeHTpaJibHad CUMMETPUL.

B mkose n By3e Ha ypokax (DU3NKM, F€OMETPHUH, YepUeHNs,
MHKeHepHO# rpadukn mim 3D MojeanpoBanus ydariecs
IIPUBBLIKJIN pabdoTaTh C OCEBOM cUMMeTpHeil, cumMMmeTpuei
OTHOCHUTEJILHO IIJIOCKOCTH, IIOCTPOECHHOM Ha OIpeaesIeHHbIX
0CHX, a TaKZKe C IeHTPaJIbHOI cuMMerpueil. Jlerko 00061muThH
[IPUBEJIEHHYIO BbIIIe TaOINILy Ha N-MEPHBIN crydail.

Tabauna 7.2: CuUMMETPUIHOCTH B YeTHIPEXMEPHOM IIPOCTPAHCTBE N = 4.

CummerpuyanocTs | CUMMETPUIHOCTH
Bo 4ro orobpa-
OTHOCHUTEJILHO BJI0JIb 1OJ1-
CummeTpust OTHO- 3UTCS  TOYKa C
HIOJIIIPOCTPAH- [IPOCTPAHCTBA ||
CUTEJIbHO: KOOPINHATAMUI
crBa L pasmep- | PazmepHocTbio
(xll X2, X3, x4)
HOCTBIO (cTenens cuMM. )
I II IIT =n-1II v
Kyba mo ocam
3 1 X1, X2, X3, —X
Xl,Xz, X3 ( 1,42, A3, 4)
[Tiockoctn (X7 X
X 2 2 (xll X2, —X3, _x4)
2),
Ocu X1 1 3 (xl, —X2,—X3, —X4)
Toukn B Haua-
Jle KOOPJWHAT W
0 4 (=x1, —x2,—X3, —X4
B IIEHTPe BCEX I'i-
IepKyOoB

Hoxkazarenbscteo BT® cBoauT-
Ccsl K pa3pelieHuro BOIPOCa
O HEYCTPAHUMOM KOH(MJIMKTE
MEXKJIY [EHTPAIBHO CHMMETPIYI-
HOI POPMOIi U CoJIeprKAHUEM B

KOHCTPYKIIUU U3 TPEX KOHIIEH-
Tprdecknx mapos BY\Bj # Bj)
C TEJOYNCTIEHHBIME PAINyCaAMU
a,b,c € Q gna caydaa pas-
MEPHOCTH TIPOCTPAHCTBA 1 > 2,
[TOCKOJIbKY CUMMETPUS U YCJIO-
BUe cOXpaHeHUsi Mepbl (00be-
Ma) P OTHOIICHUSIX IKBUBA-
JIEHTHOCTU JIOJIZKHA ObLIa ObI
TaK>Ke BBINOJHATHCS JIJIs IPO-
U3BOJILHOTO "GouibIoro" ciios,
0TOOPAaXKAEMOTO B MHOXKECTBO
"Masbex"c10éB, HO 7 {S]-} —
{...S;}. Dror koudauKT chop-
MyJIMPOBaH Ha MEPBOi CTPAHMUIIE
O0JIOJIZKKY MOHOT'PaUN.

Yro mpensiTcTBYeT I cirydae TpEX u H60jiee MepHOro mpo-
crpancTBa - "HamaThiBaTh" CJ10di 38 cioeM (cdepy 3a cdepoii)
¢ OOJIBIIIOTO Tapa Ha MAaJIBI ITOJ00HO PACIyCKAHUIO BI3aH-
HOH Bemu u3 mepcraroir HuTH! [lompobyeM paccMoTperh
9TOT BOIPOC C MO3UIKN "YIHCTON MATEMATUKH JIJIsI TOI0 HE0O-
XOJINMO KPaTKO PACCMOTPETH HEKOTOPbBIE IMOHSATHUS TEOPUN
MHOXKECTB, HEIPEPHIBHOCTH (DYHKITMH, METPUIECKON TOTIOJI0-
I'U#, roMeoMOpdu3Ma, MOMAPHO He MEePECeKAIOIINXCsT KIacCOB
9KBUBAJIEHTHOCTH.

8 HenpepobiBHocTb. 'omeomopdusm.

Kiracebl a3KBUBaAJIEHTHOCTH

Poccuiickass ¢purypucrka Kammina BaimreBa BeI3bIBaeT BOCXH-
IeHne, IPAIMO3HO UCIIOIHSISI IIJIaBHBIN TaHell. TaHel, cocTouT
U3 Pa3JIMIHbIX (PUTYD, IJTABHO MEPEXOJIAIINX JPYT B JpPyTa.
MozxHo tpourpaTth (pUIbM 38/I0M HAIEPe]] - 38 UCKII0UEeHNEM



9 CeeneHust 3 TeOPUN MHOXKECTB

IIPBIXKKOB 0TOOpaxkKeHust puryp OyayT oopaTtuMbl. AHaj0-
IUYHO, TIpejicTaBbre cebe HekorTopyio dynkimio f(X) = Y,
0TOOPAarKAOIIYI0 OTKPBITOE MHOYKECTBO X Ha MHOXKECTBO

Y.

Fomeomopdusm muOXKecTB X = Y

¥ kaxkgoroodpasa ectb 11poodpas. BeibepeM B obpasze o1-
KPBITYIO OKPECTHOCTh TOYKU B, Hampumep, B BUE IIapa.
[Ipemmosioxkum, 910 TOYKa A TMOJTHOCTHIO OTOOparKaeT-
¢l Ha 9TY OKPECTHOCTH TOUKU B. DTO u ecTh onpejerie-
uue HenpepoisiocTu. [lyers Takke cyImecTByeT obparHas
nenpepeieiag bynaknug fH(Y) — X. Mpr nosyamm ro-
meomopdpusm X 2 Y.

o666
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Puc. 8.6: T'oBopst 0 romeomopdusme, oTMETUM HHTEPECHOE IPEOOPA3OBAHNE KPYKKA B TOP U HA0OOOPOT.

B TepMuHax TONOJOrMYECKOil TeOpUH, MOHATHSA T'OMEOMOp-
duzma jmokazaresbctBo BT® cBoguTcsa K HEBO3MOXKHOCTHU
HOCTPOEHUS TPEeX OIPEJIC/JeHHBIX BbIIIe KOHIEHTPUICCKIX
IAPOB C HEHTPOM B Hadaje KOOPAUHAT U C HEJOIHCICHHbI-
MH pajinycamu, Tak, utodbl B{\B; + BJ B oanoponom
(4TO O3HAYAET OTCYTCTBHE Pa3pPBIBOB |/ MPOGETIOB MEXKTy
HOCJIEJIOBATEJIBHO CJIEJYIOIIUME CJIOSIMHE ), CUMMETPUIHOM
npocrpanctse R" s cirydast pasMepHOCTH IPOCTPAHCTEA,
n > 2. BMecro cTpeskn B IOCIEIHEM BBIPAXKEeHUHM MOYKHO
HOCTABUTDL 3HAK = roMmeoMopdusMa.

9 CpejieHusI U3 TEOPUU MHOYKECTB

3D-moieiupoBaHue IPeIoCTaBIsIeT MUPOKNE BO3MOKHOCTU
JUIA IEMOHCTPAIIIN OllepaIiil mepecedenns, oO0beMHEHUsT 1
BBIUMTAHUS MHOXKeCTB. [IpuMep obo3HadeHme mycTOro MHO-
»kecTBa: (). Bor obo3nadenne yHUBEPCAJILHOIO MHOXKECTBA!
U. Ha muarpamme Diiiepa-Bena yHUBepcaJbHOE MHOXKECTBO
COOTBETCTBYET BCEMY IPSIMOYTOJILHUKY. Ba3oBbie 3HAHUS O
JOIIOJIHEHN MHOZKECTBa 6y;LYT IIOJIE3HHI. ma,XMa,THa.H JTOCKa
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Puc. 9.7: Ilpumep lexaprosa
npousBeeHnst MHOXKecTB. OH
HAIIOMUHAET IMaxMaTHYI JI0C-

KY.

[Bunl8]: Bunorpajos (2018),
OCHOBBI TEOPUU YHUCEJI
[Byx13]: Byxmrab (2013), Teo-
pus gucest

[Hos04]: Houkos (2004), Tuc-
KpeTHasl MATEMATHKA, JJIsA IIPO-
PaMMUCTOB

- 9TO XOPOIIIO U3BECTHAas UJLIIOCTpalns /lekapToBa mponsse-
Jiennsi, 0003HAYAEMOT0 KakK X.

1 2 3'_..5

X L) | 2Y | (x3)
AxB

vl ) w2 (3 |

Z( \z1) | {z.2) | (z.3)

Ho mouemy Tosibko uncsa? Camblit OOBITHBIN MeTa L TIeCK it
MOJIOTOK Ha JE€PEBAHHON pyYKe MOXKHO PacCMaTpUBaTh KaK
pe3yabTaT ollepaluil pas/jmunsd Ha/i MHOXKEeCTBaMU, TaKUX
KakK oObenHenne U, mepecedenue N, BBIYUTAHUE \ PYYKHU 1
COOCTBEHHO METAJJIMYECKON YaCTU MOJIOTKA.

ABTOp HpU3BIBaeT YUTATEIs OOPATUTHCA K CIICHHAJILHOI
mureparype [Bunlg|, [Byx13] maremarndeckum dopymanm,
OHJIAMH-KypCaM 1 CIPABOYHUKY IS IOJIYYEHUS HAYaIbHOM
uHbOpMAIUY B [IEPEIUC/IeHHbIX obsacTsax 3Hanuii [Hos04].

[Ipu MosieupoBaHuy TPEXMEPHBIX (PUTYP MOXKHO YOETUTHCS
B IIPEUMYIIECTBAX 3HAHUS OCHOB TE€OPUH MHOYKECTB M, KPOMeE
TOr'O, TIPOBEPUTDH JICHCTBUE ACCOIMATUBILIX MPABUJI, KOT/Ia
BBIPAXKEHMS MOYKHO TepeNucaTh aJbTePHATUBHBIMU CIIOCO0a-
mu. Hampumep, cMoeimpoBaTh 1elb MHOXKECTB U3 CJIOEB |/
cdep, em. dopmyry (13.2) Hike.

10 MommuocTs MHOKeCTBa, 1 (DYHKIIIA

IKBUBaJICHTHOCTU

MoImHOCTh MHOZKECTBA - 3TO HE UTO MHOE, KaK KOJIMIECTBO
9JIEMEHTOB B HEM. DTO IIOHATHE JIEMKO IOHATH Ha IPUMepax.
Paccmorpum MuoxkectBo A = {A, A, A} TPEYrOJILHUKOB U
muoxkecTBo B = {3, %, %, } 3Be31. DTU MHO)KECTBa HA3BI-
BAIOTCS PABHOMOIIHBIMI, TaK KaK MMEIOT OJMHAKOBOE YHCIIO
9JIEMEHTOB, 0003HATAEMBIX STUMU CUMBOJIAMIA A SKBUBAJIEHT-
Ho B wm |A| ~ |B|. Jlerko Bujerh, 9T0 MHOYKECTBO HATY-
paJbHbIX Yrcea N 3KBUBAJIEHTHO MHOXKECTBY IIEJIbIX YUCET
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Z, tak Kak Kaxkjas mapa: 1 +— +1, 2 +— +2 3 — 3 u
TaK Jlajee HyMepyeTcs OJIHUM YUCJIOM. TaKoe MHOXKeCTBO
Ha3bIBaCTCA CHCTHBIM. MHO}KGCTBO HaTypaJIbHBIX YHCEJI N
SIBJISICTC CICTHBIM. U MHOXKecTBO paruoHaabHbIX uncest ()
TaK>Ke ABJIdeTCAd CHETHBIM.

HeobxomumocTh cIUTATh TIPEIMEThI BbI3BAJIA MTOSBICHNE
HATYPAJIbHBIX, TO €CTh IIOJIO2KUTEJIbHBIX IIEJIBIX YHCEII.
Jlpobu 1osiIBUINCH NIPU TOPIOBBIX pPacyueTax W IPHU U3Me-
peHnsAxX Bem4nH. Pa3BuTme reoMerpum IpUBEIO K BbI-
SICHEHUIO TOTO (pakTa, 9TO JUArOHAJL KBaJIpaTa CO CTO-
POHOI eMHUIIA HE MOXKET ObITh M3MEPEHA TOYHO Palli-
OHAJIBHBIMH YHUCJIOM, XOTS MOYKET ObITh M3MepeHa UM C
[IPOU3BOJILHOI TOYHOCTHIO. Takum obpa3a, BHyTpeHHee
Pa3BUTHE MATEMATUKHU IIPUBEJIO K IMOABJICHUAIO JIJINH, HEA3-
MEPUMBIX TOPHU IOMOIIX PallMOHAIbHBIX unces. CieroBa-
TeJbHO, U3 BHYTPEHHUX MOTPEOHOCTE MaTeMaTUKU BO3-
HUKJIA HEPAIIMOHAJIBbHBIC YNCJIa, KOTOPBIE CTAJIN HA3BIBATH
APPaIMOHATIbHBIMU.

Tax koporko u sicho mmrrer JI.C. Iloprasrun B [[Ton86].
U3 Bcero crnmcka JuTepaTyphl, MOXKaIyii HMEHHO 3TO KHUTY
[IPOCTO HEOOXOAUMO HPOYUTATH JJId TOYHOIO THOHUMAHMUS
Marepuasa Mororpadun.

MaremaTtuk ['eopr KanTtop npeijioxkuni opuruHaIbHbIN CIIO-
cob 00X0/1a KarKI0T0 PalioHAJILHOTIO YHC/Ia B BUIE JIPOOHOIO
p senuth Ha (. [IpegcraBum cebe OeCKOHEUHBINT KMHOTEATP
CO CTPOKAMHU - PSJAMU P U CTOJIOIAMU - MEeCTaMU (.

OueBniHO, 6€30MUIETHUK B Psijie p HA MecTe ( OyIeT HaCTHUr-
HYT KOHTpOJIEpOM. TakumM 06pa3om, MHOXKECTBO PAITHOHAb-
ubix qnces Q saBisiercs: cueTHbIM. B cirydae BemecTBeHHBIX
qncest R, BKIIOYAIONNX UPPAIMOHAJIBHBIE YUC/Ia, KOTOPHIE
HE MOT'YT ObITh IIPEJICTAB/IEHBI B BUJIE JIpOOU, STO HE TaK.

Kontposep ciemayer 1o 6eCKOHEIHOMY 3a/1y B IOUCKaxX 0e3-
OmJIeTHUKA, 110 JIMaroHaJIIM HauCKOCOK MECT W PsJI0B, Ha-
IpUMep, CTapTys C JE€BOT'O BEPXHETO yIJIa, OH JBUTAETCH IO
3Ur3aroo0pa3HoOil JINHUY, ITOCTEIIEHHO PACIIUPss 30HY J0-
CMOTpa B BHJI€ HAKJIOHEHHOIO TPEYTOJIbHUKA C PACTYIIEei
THIIOTEHY30# U KaTeTaM, PACHOJIOKEHHBIMHI BJIOJIb CIIEHBI 1
JIEBOT'O Kpas 3aJIa.

Baxkno noMHUTE, 9TO, TOBOPsi 0O OTHOIIEHUAX, 33/ 1aBaEMbIX
HENPEPLIBHBIMU U B3aUMHO OOPATUMBIMUA (DYHKITUSIMEU, MbI

[[Tou86]: TlonrTpsirun (1986),
O600menns yuceJ

>

',

N By iy By iy

Puc. 10.8: Cuermocts wmHO-
JKECTBa, PAIMOHAJIBHBIX HTHCET
CueTHOCTh MHOXKECTBa, PallO-
HaJbHBIX unces CY4eTHOCTh MHO-
JKECTBA PAIMOHAILHBIX THCENT
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[FO12]: TO (2012), DaemeHTHI
TEOPUU MHOXKECTB M MaTeMaTHU-
YeCKOil JIOTUKN

Puc. 10.9: (1845-1918) Hau-
OoJiee mM3BEeCTEH KaK CO3/ia-
Teib Teopun MHOXKecTB. OCHO-
BaTejb U IIEPBbBIA IPE3UJIEHT
T'epmanckoro maremaTmaecko-
ro obIecTBa, NHATMATOP CO3/Ia-
Hus MexXayHapoHOro KOHrpec-
ca MaTeMAaTUKOB.

Puc. 11.10: Biioxkenubie n-KyObl
U IIapbI

MOXKEM CPaBHUBATH TOJBKO MPOCTPAHCTBA OJMHAKOBOW pas-
MepHocTH. BoszbMmeMm, Hammpumep, Kapangair. MoxKHO TIpei-
CTABUTH ce0e TOUEUHBII NCTOYHUK CBETA, OCBEIIAONINI ero
CBEPXY, U 9TOT BEPTUKAJIHLHO OPUEHTUPOBAHHBIN KapaHIaIll
0TOOPA3UTH B TOUKY, HO OOpaTHOE IIPeodpa30BaHue U3 TOUKU
B KapaH/AIll ¢JIeJIaTh HEIb3sl, TaK KaK HAPYIIaeTcs TPUHITAI
B3aMMHOI OJIHO3HAYHOCTU. AHTHUIIOAOM B3aMMHOI OIHO3HAY-
HOCTH sIBJISIETCsI, HAIIPIMED, onpe/easgeMast akcuomoit [0 12]
mepa f @ R" = R Haj MHOXKeCTBOM M/ 00bEM Urypsl st
TpexMepHoro ciaydast. Mepa objagaer CBOMCTBOM a/[JINTHB-
HOCTH, 9TO HE MPOCTO YJIOOHO J/Isi (PU3UIECKUX U3MEPEHUit
Macchl, 00bEMa, HO U BbIPpaXKaeT CBOMCTBO MaTEPHUH HAIIETO
MEpa (BCIOMHUAM 3aKOH COXPAHEHHsI KOJMIECTBA BEIECTBA
[PU XUMHUYECKUX PEAKIIUSX ).

11 Merpudeckas Tonosorus. KoHCTPpYKITIS

ObpaTumcst K TeOprn MHOYKECTB, OMHAPHBIX (DYHKITUI 1 OCHO-
BaM ToroJiorur. COBOKYITHOCTh MHOYKECTB B BUJIE OTKPBITHIX
n-ky6oB e”" ¢ MeHTpoM B Havaje KOOpJuHaT, T.e. /lekapToBo
IIPOM3BE/ICHIC OTKPBITOro oTpeska e = (=5, —5)" onpeze-
Jster Oazy Tomosoruu () B MeTpUIeCcKoM IpocTpaHcTee R”.
DKBUBaJIEHTHAS TOIOJIOTUS 33/1a€TCsI HAOOPOM MHOXKECTB B
BIJIE OTKPBITHIX IIAPOB - PA3JINYIAIOTCS TOJIHKO UX METPHUKU:
max(x;) < r ams mepsoro m X7 sz < r? ana Broporo [m.4.3.
B 5|. Huzke 1oy cjioBaMu runepky6 u cJIoil 6yJyT Takxke
HCIIOJIb30BaThC OTKPbITas cdepa pasMEepHOCTU N, PaJIy-
car B! u ee zambikanme - cdepa S"! pasmeprocTn n-1 n

pajuyca r.

CTpyKTypbl, onpezensemMbie STUMU l

6a3aMu coBNafatoT Muoxecrso acex B4r)
Kybbi ecTb ba3a Tononormm

Pmax(x, y) <r Px2+y?2 <r2

P max(X,, X, - . .X,) PX2+X2+ X 2<r?

> Sin-1)
0eZcRe
& ...

L

CTpyKTyphl, onpeessieMble STUMEI Oa3icaMu, COBIIAIAOT.
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[oBopsT, ¥TO 3/1€CH OIpEie/IeHAa METPUIECKAs TOMOJIOIHS
[Bup10], u 3agan0 Merpudeckoe npocrpanctso. C mo3umuu
torostoruu cdepa u Kyd6 romeomopdusl. (CpaBauTe KyOUIe-
ckuit apby3 u oKpyrJiblil Kyd Ha pucynke 11.10.

[IpencraBum cebe BIOXKEHHBIE JIPYT B JIpyra OTKPBITHIE TT1a-
pol. Camu cdepbl, 3aMbIKaONINE AP, He TPUHAIEKAT K
oTKpbITOMY mmapy. g n-mepHoro ciaydas Bce paboTaeT Tak
JKe, HO 3/1eChb BMECTO JIBYX KOOPJMHAT OYJIeT N KOOP/INHAT.
CyMMa uX KBaJIPaTOB OCTAeTCs MEHbIIIe KBaJpaTa PaJmyca
R. g caydag KyOoB KapTUHA MIPUHIAITAATEHO HE MEHIETCH,
IIPOCTO MCIIOJIB3YeTCsl HECKOJIBKO MHAask METPHKA, e BMECTO
KBaJpaTa IIOACTaBJ/IACTCA d)yHKL[I/IH MaKCUMaJIBHOI'O 3Ha4Ye-
g X win Y Mmenbitne pajguyca R. Lns ciydas n-mepHoro
[IPOCTPAHCTBA Y HAC OYIET Ha JiBa, a N cJlaraeMbiX.

Anajoruvunyio KapTUHY BJIOXKEHHBIX CJIOEB, ITOXOXKYIO Ha
"Pycckyto Marpéniky MozxKHO HAOJIIOIATh HA JBYMEPHOI I1JI0C-
KOCTH I11poH3amnue n-Kyoa. Mbl xoTesm ObI MOT9epKHY Th UMEH-
HO IIpOH3aHNe, a He pacceveHne, OCKOJIbKY U3 OCHOB JIH-
HeiHoil aarebpbl JIETKO MOHATh, YTO KyO pacceKaeTcs TaKon
IIJIOCKOCTBIO Ha JIBA HECBA3HBIX MpocTpancTBa. Ho mirsa mpo-
cTpancTB pazmepHoctu 4D, HaunHas ¢ TeccepakTa, JByMep-
Hasl TJIOCKOCTHh MOYKeT OBbITh 3aMKHYTa CKOJIb YTOJHO MAJIbIM
HEIPEPBIBHBIM KOHTYPOM, TOIepevHbIM K Heil. KapTuna na-
MIOMUHAET 3alevueHuoe si0/10K0 Ha maxKke. lefictBuresbho,
u3 Kypca JuHeitHoit anre6psl [Kypl3] ciaemyer, aro eciim AX
=0, To a1 3D rank(X) = n - rank(A) = 3-2 = 1 - T.e. ToUKa
JIEJIUT TMPSIMYIO Ha JiBa JIyda, a HadumHag ¢ 4D, rmrockoctsb
MOXKHO TIPOJIEBATDH, CKBO3b MHOYKECTBO TOYEK IePeCevIeHMsT
duryp Kak HUTKY B UTOJIbHOE YIIKO. K coKajeHuio, 9TOT
OYeBHIHBIN (DAKT He OCO3HAETCS HEKOTOPBIMU YIEHBIMU, KO-
I/Ia OHU CTAJIKUBAIOTCH C IEIIHI0 MHOKECTB B BUJIE N-KYyDOB,
BJIOXKEHHBIX JIPYT B jipyral

st mapoB cutyarnus camooueBuina. Panee Mbl yoeminch
cM. Puc. 4.2, 910 B TOmoIoruu map u Kyo roMmeoMopdHbI JIpyT
JIPYTY U JIETKO IIPEBPAIAIOTCS JAPYT B JIPyra B pe3ysbrare
Jnedopmaliun 6e3 pa3pbiBa IPOCTPAHCTBA.

VAuBHUTE/IHLHO, YTO Ha WJICAJIBLHO TJIAJIKON OTHOPOJIHOM T10-
BEPXHOCTH N-MEPHOTO IMapa CYIMECTBYIOT FeOMETPUIECKAE
9JIEMEHTBI BeeX pasMmepnocteii ot 1 10 n-1 (runepmepu-
JIMHBI ), KOTOPbIe HEIPEPLIBHO (yHKITHEH 0TOOparKarTCst
pasIesbHO O KaxKJI0il pasMmepHocTu! - A 310 K09 K

[Bup10]: Bupo O ¢ Usanos O
A (2010), DmementapHas TOIO-
Jorust

[Kyp13]: Kypom (2013), Kypc
BBICIIIEH aarebpbl
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Puc. 12.11: Taxx-Maxan cocro-
AT W3 Pa3HbIX 3JEMEHTOB: KO-
JIOHHBI OTOOPAarKaIOTCs B KOJIOH-
HBI, KyIIOJIa B KyMOJIa, U HAKA-
KOT'O CMEIICHUS HET.

Jokazareabctey BTO.

Jlnst ciydast n-Kyba pasMepHOCTH JBa UJIU, IIPOIIE TOBOPS,
KBaJIpaTa Ha ILIOCKOCTH KapTHHA aHAJOIMYHA. UTO Melraer
HaM MPOBECTH aHAJIOTMIHBIN SKCIEPUMEHT JIJIsl CIydast TPex
u 6oJiee MepHOTO IpocTpancTBa?! UTOOBI OTBETUTH Ha ITOT
BOIIPOC, HeO6XOﬂI/IMO IIOSHAKOMUTBCHA C IIOHATHUEM IIO0IIapPHO
He IIepeceKalomunecd KJiaCCbl 9KBUBaJIECHTHOCTH.

12 He nepecekaroriuecst Kaacchl

IKBUBaAJICHTHOCTHU

Bsrisnure na dororpaduio Tamk-Maxasia, maMaTHUKA TH-
nmiickoit apxurekTypbl. OH 00/1a/1aeT cuMMeTpueil OTHOCH-
TEJIbHO BEPTUKAJIBHON OCH, IMPOXOJAIIEil Yepe3 ero ImeHTp.
CummeTpus sIBJIIETCS IPEKPACHOI geMOHCTpaImeil paboThl
GYHKIIMN S5KBUBAJICHTHOCTU, HO €CTh U JIPYTHE ITPUMEPHI:
IepeMeIrenrne TBEPJOro Tejia, ero BPAllleHne U Tak Jlajiee.

Ob6pature BHEMaHIE, 9TO TaK-Maxas cOCTOUT U3 pa3HBIX
9JIEMEHTOB: KOJIOHHBI OTOOPaXKAIOTCs B KOJIOHHBI, KYIIOJIa B
KyI10J1a, 1 HUKAKOTO cMelneHus HeT. /Ipyroit mpumep - max-
maTtbl. [loka urpa mpojiomKaeTcst Ha TApUTETHBIX Hada/IaxX,
IIEIMKU OOMEHUBAIOTCA Ha IEIIKH, JIETKHe (PUTypbl: CJIOH,
KOHD - Ha JIETKUe (PUTYPBI, J1a/Ibd OOMEHMBAETCS Ha JIaJIbI0, &
dep3sb - Ha hep3b. DTO MONmapHO He TePeceKatoNecst KI1acChl
sKBuBaJieHTHOCTH. DYHKINS SKBUBAJEHTHOCTH paboTaer ¢
KaKJIbIM KJIACCOM OTJETBHO, 3TO JIETKO JIOKa3aTh CTPOrO Ma-
TemMaTudecku. V cHOBa HUKAKOIO CMEIIEHUsT HE TTPOUCXOTHT.
Jpyrumu cjioBaMu, OTHOIIIEHUST SKBUBAJEHTHOCTH PabOTaIOT
€ KaxKJIbIM KJIACCOM 9KBUBAJIEHTHOCTH OTJEIbHO. MOXKHO pa3-
JIOXKUTH CJIOM Ha 3JIEMEHTHI PA3HBIX pa3MepHOCTEl U CHOBA
obparurhest K Tabsr. 6.1

S| ~={Su-1\Su-2,...52\51, 51\So} (12.1)

(B wacTHOCTH, JJIst 1 = 3 9TO J(BE TOIYCEPDI, UCKITIOUTAIONTHE
OKPY2KHOCTD B miockocTu (0,X,y), /i 1 = 2 OKPY?KHOCTb,
uckJovast jase Koueunble Touku (0, —r/2),(0,7/2). Boipa-
kenne S| ~ obozHavyaer (GpakTOPUBAIMIO CJIOs, TOJE3HYIO
JUIsl aHAJIN3a, €r0 3JIeMEHTOB. KaskIblii u3 nmepevanc/IeHHbIX
KJIACCOB MMEET PasMEepPHOCTDb HMOJIIPOCTPAHCTBA, KOTOPOMY
OH IPHHAICIKHAT



13 [erns MHOXKECTB U3 N-KyOOB

Sm\Sm-1 = R",dim(5,\Sm-1) = m. (12.2)

[IpumenuM dpakTOpU3aIUIo K CJI0I0 U3 Halllell KOHCTPYKITUU
B BHUJIE TPeX KOHIEHTPUIEeCKux cdep uian n-kyoos. [Ipomus-
BOJIBHO BBIODAHHBIN 3JIEMEHT (IIOJMHOXKECTBO 3JIEMEHTOB )
u3 pasnoctu MHokecTB 17 € ¢"\b" +— a" orobpazkaercsa B
Mastblit Ky6 (map) B cury dbopmyuposku BTO.

Definition 12.1 Orpanudum 1mpoobpa3 0 OJHOI'O CJIOS.
Taxast onepaliist B TEOPUN MHOYKECTB HA3BIBAETCA OTDAHI-
JeHneM OTHONIEHNH 9KBUBAJIEHTHOCTH Ha ITOJIMHOYKECTBO,
KakK ecju Obl OpHaAMEHT OBLT OrPAHUYEH ¢ IOMOIILIO Tpa-

dapera.

N samaaumMcss BOIIPOCOM BO UTO OTOOpasuTces cjoii? - B cu-
JIy COXpaHEHUs IEeHTPAJIHLHON CUMMETPHUU 00pa3 CJIosd TaKKe
JIOJIZKeH ObITh cuMmMeTpudHbiM. CiietoBaTeIbHO, 00pasom Oy-
JIeT MHOYKECTBO TIOCJI€/I0BATE/IHHO U HEITPEPBIBHO CJIETYOIIIX
CJIOEB.

OcraHoBUMCsT Ha HETPEPBIBHOM OTOOparKeHUN €INHUTHBIX
rurepky6oB 1" cjiost B MHOXKECTBO CJIOEB {S ]'} — {....S5;}.

13 Llenb MHOXKECTB U3 N-KyOOB

Kak yxxe roBopumiiock Bbile, a-MaJibriii n-ky6 a” - 310 MHO-
»KeCTBO CJIOEB, MHIAEKCUPOBaHHBIX oT 1 mo k, b-Cpemmruii
b" - muoxkecrso cioes or k+1 o k + 1 u c-Bosbimoii ¢” -
MHO2KeCTBO ¢jtoeB oT k-+141 mo k + 1 + m, rie k,1, m € Ny.

[Torpobyem cosnmath KouCTpyKImIO B OpenScad

//***********************************************

// Jlucrunr 1 Cooit.scad

// Dra nporpamma co3gaét 3D- yrosok us

// sI1eMeHTOB pasHbIX pazmepHocTeil (2-D-caiiiunr)
// napa yrosiko 1-D u Bepmuna ky6a 1°n - 0-D
// BepimmHa yroska - B HagaJse KOOP/I.

// (center=false, a He center=true)
//***********************************************

q = 5; // Bamaér Mamra6. He 3abbiBaeM 3HAK «;»

27
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edge = 5*q; // P3amep pebpa (runep)kyba
step = 1.5; // Illar nam 3a30p step >= 1

cube(|edge,edge,1],center=false);
// Huxusst rpaib Kyba, oproronaibhas Y,
// pasmepom edge

translate([edge + step,0,step)|)
// Tlepemernienne Kypca B TOUKY ¢ KOOPJ. (X,V,7)

cube([1,edge,edge],center=false);
// I'panb Kyba, oproronajibHas ocu X

translate([edge + step,0,0])

// 3a oneparopom translate 6e3 ; ciemyer durypa
cube([1,edge,1|,center—false);

/) Pebpo kyba, pacrnoioxkeHHOe Molepek ocu X
translate(|0,edge + step,0])
cube([edge,1,1],center—false);

// Pebpo kyba, pacrno/ioxkeHHoe Horepek ocu Y
translate(|0,edge + step,step]|)
cube([edge,1,edge|,center—false);

// T'panb Kyba, oproronajibHas Y
translate(|edge + step,edge + step,step])
cube([1,1,edge|,center—false);

// Pebpo kyba, pacrmoioxkeHHOe MapaJul. ocH Z
ranslate([edge + step,edge + step,0])
cube([1,1,1],center—false);

// Bepmuna kyba.

B pesysibraTe moJiyunTcs CJIoi, a COBMECTHO ¢ ITPOIPAMMHBIM
AKJIOM

for (j =[i:-1:1]) //YyTb usmenensslii sucrunr 1}

JIJIsl TIOCTPOEHUS CJIOEB OT Tepuepru K MEHTPY UCIIOIb3YyeT-
ca cuérunk j =1,i—1,1—2...1 - obpasyercsa MHOXKECTBO
CJIOEB WJIU TIPOIIEe TOBOPS YI'OJIOK, KaK Ha pucyHke 13.12.

Definition 13.1 Cioii ompemessiercss KakK PasHOCTDb IIOI-
MHOXKeCTB S; = ej\ej_1, 1 > 1, rue e; obozHayaer n-kyb ¢
pebpoM 1.
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&

Puc. 13.12: Tloctpoenne ojfHOrO cyiost (CjieBa) M MHOXKECTBA CJI0EB B OKTaHTe (+, +, -)

Hurke mpuBouTCS MOJTHOCTHIO YIIOPSI0YECHHOE MHOXKECTBO
cyioeB (TakzKe HA3BIBAEMOE CTPOTO YIIOPSTOYCHHBIM MHOKE-
CTBOM, JIMHEHHO YITOPSIOUYEHHBIM MHOYKECTBOM, 0DO3HAYasd
OTHOIIIEHUSI TTOPSATKA < ):

eoCegCey - Cerprem S U (13.1)

nJIm

€ < Sl < 52 e < Sk+l+m S u (132)

IJle T0J] YHUBEPCAJIBHBIM MHOXKECTBOM U TOHUMAETCS C-
Boabmioit kyd. B kadecTBe 1epBoro rumepkyoda ey MOXKeT
66Th 1" wam 2", B 3aBUCUMOCTH OT Y€THOCTH, HO C YIE€TOM
[PUBEIEHHBIX HUKE PACCYKIEHUI 9TO He CyIecTBeHHO. Pas-
JIOYKEHUE MHOYKECTBa Ha TOJMHOXKECTBA Mbl PACCMATPUBAJIN
Beire. Lens muOXKecTB (13.1, 13.2) onpemessier TOMOJIOIAIO
B Z". C napyroit cTOpOHBI, 3Ta (POPMYyJIa OMUCHIBAET OTHO-
MEPHBIIT 30H]1, TPOHU3BIBAIOIINI TPU BJIOKEHHBIX THIEPKYOa
qepe3 oOIuii IIeHTP.

PasmepnocThb ciiog n-Kyba MOYXKHO YBUJIETH U3 XOPOIIO U3-
BectHoro Ournoma Hoioroma. Cum. takxke [[anl5] Yrobor mo-
HATD, U3 KAKUX 9JIEMEHTOB COCTOUT MIPOU3BOJILHBIN CJIOH S,

BOCIOJIB3yeMcs TpeyrosibaukoM [lackasis, B KoTropoM Koad-
n!

dburmentor CJ! = ———

m!(n —m)!

[0 CTPOKaM, M KaXKJbIl KOI(POUIMEHT, 38 UCKITIOUEHIEM

YUCJIO cOUeTaHUl 3allliCaHbl

KpailHuX eJIUHUIL, TOJyIaeTcs IyTEM CYMMUPOBAHUS JIBYX
COCETHUX, HAXOJAIIUXCSA CTPOKO# BBIIIE, BOT €ro IepBbIe
crpoku: 1-2-1, 1-3-3-1, 1-4-6-4-1 u T.;1. Kax Ha Tabsune 13.3
Ha [OJIAX KHUTH.

B pesynbraTe crapmmii 4jeH MHOIOYJI€HA HPUBEIEHHOTO
HIZKE MCYE3A€eT, & CTelleHb MHOTOUJIeHa TTOHMKaeTcs 10 n-1.

JlekapTOBO MPOM3BEIEHUS IBYX
OPTOrOHAJBHBIX 30HJOB IPE/I-
crapimeno Ha Puc. 4.2, crmeBa
- UCCEeI0BATEb TOJYIUT JIBY-
MEPHYIO ILIOCKOCTb, HE3aBUCHU-
MO OT Pa3MEePHOCTU MPOCTPAH-
crBa. Tomosorus n-xKyba uHIy-
[IMPOBAHA HA 9TOM ITOJIMHOXKE-
cTBe, Tak Kak 0 € Z2 € 7" €
R". Dddekr napanmakca ot-
CYyTCTBYeT

[Tanlb]:
Muoromepublit Kyo

(2015),

Tanbriepun

Tabmuna 13.3: TpeyrosbauK
[Tackaus

n | bunom. ko3dd.
1 1

2 121

3 1331

4 14641

5 15101051
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3HaK CyMMBI ), MOYKHO 3aMEHUTh Ha 3HAK O00benHeHns U.
Tanm obpazom aHAJM3 CTPYKTYPHI CJI0sT JAET CJIEIYIONIee:

k=n-1
Si=(i+1)"—i"=en\e;= () Crif1"™*  (13.3)
k=1
Baeck iK1"7F cienyer BocnpuanMars kak JIeKapTOBO MPOM3-

BeJieHre orpe3koB. [locmorpure Ha yros 13.12 (neBas gacTh
PHCYHKA) PUCYHKA), CPABHUTE C KACKAJIOM yTOJKOB (IEHTD
TOrO K€ PUCYHKA), KOTOPbIE BMecTe 06pasyioT Kyb (paBast
JacTh TOTO JKe PUCYHKA). [IeKapToBO MponsBe ieHe JHHeHO-
ro oTpe3Ka Ha KBaJipaT obpasyer KyO. DTO CBUJIETETHCTBYET
0 CODJIIOJIEHNY TIPUHITNITA pa3MepHocTH. [IpuBeeHHbIe BbI-
e hopMyJIbl MoJTydeHbl n3 6unoMa HbioToHa u onuchiBaroT
CJION KaK Pa3HOCTDb IMOC/IEI0BATE/ILHBIX TUIEPKYOOB ¢ 00IIeit
BEPIINHOI, COBIIAAAONIEN ¢ HAYaI0M KOOPAMHAT. AJIbTepHa-
TUBHBIN CIIOCOD TIPE/ICTABICHUST UCCICTYEeMON KOHCTPYKITUT
COCTOUT B TOM, YUTO HAYAJIO KOOPJIUHAT, PACIIOJIATACTCS B
obreM 1eHTpe rurepkyoos. Ero MoXKHO MOJIYyYIUTh IIyTEM N
OTpayKeHUil TUIEPILIOCKOCTEH, T.e. YMHOXKeHusT Ha 2", 910
IPUHIUIIAILHO He MensgeT cyTu ¢hopmysisl. Obe reomerpude-
CKMe KOHCTPYKIMH TPAHCHOPMUPYIOTCS IPYT B JApyra oTpa-
JKeHUsIMU OT TUTEPILIOCKOCTEN, MePIeH UK Y/ISIPHBIX KaXK 0
13 N KOOPJIMHATHBIX OCeil, OO paccedyeHrneM U MacIITabu-

poBaHueM (hUTYPHI.

Puc. 13.13: Kapruna Taiinast Bedepsi Jleonapmaao na Bunau gemoncrpupyer sddekrt nmapaJsiakca. Bee
JINHUU: TIPOJIOJIZKEHIE YIJIOB CTEH, IOTOJIKA, HOJIa CXOIATCS B TOUKe cxojia - Ha 0y Wucyca Xpucra. 1o
CO3/IaeT OINIYIIeHne 00bEMHOCTH IIPOCTPAHCTBA

Kazkiplii cj10ii runiepkyba nMeeT 3/IeMeHThbl Pa3MePHOCTH N-1,
n-2, ... 1 (runep)rpamneii, a pédp TaKuX JI€MEHTOB OIUCHIBA~
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forcst popmyatoit iK1 - oGosmaumy Takoit napasuIesenmmes

OoJiee KpaTKUM CHHOHUMOM KyOOU/I.

Ecnu B nmoayveHHOM MHOXKECTBe yOpaTh IOBTOPSIIOIIAECS
9JIEMEHTBI, T.€. COKPaATUTh OMHOMUAJIbHBIE KOY(MAMUITUEHTHI,
TO PE3YJIbTAT IMOJHOCTHIO COBIAJIET ¢ (DOPMYJION, ITOJTyI€H-
HOIl paHee JIJIs olUCaHust CTPYKTYpbl cdepbl (13.2) - emé
OJTHO HAIJISITHOE BBhIparkeHue romeoMopdusMa N-IapoB u
n-KyoOoB.

A B JiMCTHHTE Ha TOJIAX HOMED CJIOS MOYKET ObITh JIIOOBIM
HaTypaJbHBIM dmucjaoM. U eciim mpuMeHUTbh TPOTpaMMHBIi
IIMKJI, TO BECh TUNEPKYD JIETKO Oy/IeT 3allOJTHUTH ITOCTIOWHO
OT TEeHTPa K 1epudepui.

B3risr 3 n-mMepHOTo IpocTpaHCTBa

Kparkast bopma jucTuHra Ha MOJISIX YHUBEPCAIbHA U HE
3aBUCUT OT pa3MepHocTH pocTpancTBa (ecu 661 OpenScad
ObLI HACTPOEH Ha PaboTy € N -MEPHBIM IIPOCTPAHCTBOM ).
[oBopst Gostee JeTabHO, CIEIyeT 3alpOrPaMMUPOBATH
MacmTab u JIuHy pebpa rurepkyba, Onpe/euThb Iar
1 3a30p Mexy ciaosimu. Jlajiee - 1mociieioBaTeIbHO 11e-
peMeraTh KypcoB B TOUKY ¢ KoopamHaTtamu (X,Y,z) u
co3zaBaTh KyOouIbl HEOOXOIMMBIX Pa3MEPOB B BUJIE TPEX
rpameii, Tpéx pédep m ojHoil BepmwuHbI. B pesyibrare
[TOJTy YUTCsI CJIOM, & COBMECTHO C IPOrPAMMHBIM ITUKJIOM
o0paszyeTcsi MHOXKECTBO CJIOEB

B ciygae kBajpara (n = 2) Ha IJIOCKOCTH, CM. Bbilie Puc.
7.4 dbopmyny A ILUIOMAIN TPAIENN B BUJE ITPOU3Bee-
HUIO JJIUHBI CPEJIHEl JIMTHUU HA €€ BBICOTY. DTO YOeXK/IaeT,
9TO Ha IJIOCKOCTHU IpU pabore DyHKIMN SKBUBAJICHTHOCTU
cOXpaHsgeTcs KaK 00bEM - MOIIHOCTH TOJIMHOYKECTB, TAK W
cuMMeTpudHas (popMa KOHCTPYKIINU, COOJIIOIAETCS Helpe-
PBIBHOCTb.

Baxk#o noMHUTD, 9TO, TOBOPsi 00 OTHOIIEHUSX HEIIPEPBIBHBIX
U B3aUMHO OOPATUMBIX (DYHKITUIl, MBI MOYKEM CPDABHHBATH
TOJIBKO IIPOCTPAHCTBA OJIMHAKOBOI pazmepHocT. O000IIast
BBINNIECKA3aHHOE, MOYKHO C/IeJIaTh BBIBOJI, YTO TOYKA HE MOYKET
OBITH SKBUBAJIEHTHA OTPE3KY, OTPE30K - KBAJIPATY WA KPYTY
HA TIJIOCKOCTH, & 9TH MOC/IeHIE (DUTYPHI - TPEXMEPHOMY KyOy.
W3 puc. BeITEKaET, YTO HENPEPBIBHOE, B3AUMHO OJIHO3ZHAYHOE
COOTBETCTBHE BO3MOYKHO JIAIIb MeXK/1y (PUrypaMu OJIMHAKO-
Boil pazmepHocTH. TOT 2Ke TPUHITUI MPUMEHUM U K JIMCKPEeT-

//Caoit S5 Homep 5 (1 = 5)
i=09;

difference()

{

cube (i, center = true);
cube(i — 1, center = true);

}
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HOMY IIPOCTPAHCTBY, COCTOSAIIEMY U3 dJIEMEHTAPHBIX KYOOB.
DTO HAIJISATHAS JTeMOHCTPAIS [IPUHITIIIA COOTBETCTBIS B Ha~
yke. Tepmun "mpunnun coorBeTcTBUs " UCTIOIB3yeTCs B HoJtee
o0IeM cMbIcIe It 0003HAYEHUsT CBEJICHUS HOBOW HAyYIHOI
Teopun K OoJjiee paHHEH IPU COOTBETCTBYIOMINX O0CTOSTE -
[TTC86]: Hpuroxmun u ap. (1986),  crBax [[IC86], Hanmpumep, crerpagbHas T€OpUst OTHOCUTE b
Hopsanok ns xaoca: Hosetit - gocern DitHinTeiina cBOAUTCA K KJIACCHYCCKOH MeXaHUKe HPH

JIOT 9eJIOBeKa C IPHUPOIOM
pupos CKOPOCTAX, MaJIBIX IO CPABHEHUIO CO CKOPOCTBHIO CBETA.

14 Axkcnomor EBxkinta B XXI

Kakast hopma goskHa ObITh y Toukn? Borpoc mpeicraBiiser-
¢ HA TEPBBI B3IJIA/L JUIIEHHBIM CMBIC/IA - TOYKa 9TO HEUTO
OKPYTJIOe, HAHOCUMOE KOHYMKOM T'YCHHOI'O IIepa, KapaHalia
urosku u T.J. Tak ono m ObL10 Ha npordxKeraun 6000 ThI-
csT9 TIOCJIEJIHAX JIeT 1ejioBeveckoit ncropuu. Ho ¢ pasBurnem
HayK (TOIOJIOTHH, KOMOMHATOPUKY, KUOEPHETUKH, WHQOD-
MAIMOHHBIX TEXHOJIOIHIT) TI0/I TOYKON MOYKHO TOHUMATH 1.
[Torrpobyem npoBeputh Akcrombl EBKINIa ¢ o3ummit 3Ha-
nuit Beka XXI.

EBk/HI0Ba reoMeTpus U3BECTHA TAKXKe KaK IeOMETPHUs I1JI0C-
[CCM78]: T.C.M. KOKCETEP  koctu. [['CM78| B smoxy nudpoBbIX TEXHOJOTUI Mbl MOXKEM
(1978), Hosbie BcTpeun ¢ reo- JIOTIOJTHUTD MOCTY/IAThI EBKINIA 3/1eMeHTaMu, 10Ty YeHHBIMU
MeTpuel U3 3JeMeHTapHBIX KyOHKOB 1”7, BLICTPOCHHBIX B P, IPSIMO-
yrosibauK, 3D-Ky6 u Tak gasee. (3amernm, 9T0 MbI paboTaeM
B n-MepHOM HpoctpancTse!) Pasmeproctu cosnanubix Guryp
Oy/IyT TAKMMU K€, KAK eCJIi Obl Mbl UMEJIN JIEJI0 ¢ TOYKAMHU.

n—1

n
Hampuwmep, ‘% = nx""" cormacyercsa ¢ (popMyJIOit, ONKMCHIBaA-

fomeit crpykTypy cios (13.3).

Tabaumna 14.4: Iloctynarsr EBkinaa B 1UCKpeTHOM IPOCTPAHCTBE

H Qurypa B R” Amnajyior B Z" - 1UCKPETHOM N-Mep. MPOCTPAHCTBE IEJIbIX ‘ PasmepnocTb H
Touka 1" 0 wu n
Orpesok 1", BBLIOKEHHbIE B Psif it * 1771 1
[Lnockocthb 1", BBLIOKEHHBIE B ILJIOCKOCTH 12 * 1772 2
['unepIniockocTh 1", BoLtOKeHHDBIE B 3D moamp-ge 5 * 1773 3

[9ic18]: Dexcm (1948), Hasta- B monosinenne k akcrnomaMm Epkima [Jekr48| mosesHo mpo-
na Epxmna Kanra 11 Tepepoyy ~— @HAJIN3UPOBATDH U3YyUEHHBIC HAMWU KOHCTPYKIIMH C TOUKH 3pe-
. JI.Mopayxait-Boarosckoro HUd aKCHUOM TOIIOJIOIMH, KOTOPBIE XOPOIIIO U3JIOXKEHBI B PsI/Ie
y4IeOHUKOB, HAIIPUMED, MbI y:Ke 00CY2KJIaIu IMIOHATAE MET-

PHYECKOTO M TOIOJIOTHYECKOr0 TPOCTpaHcTBa (cM. puc. 4.2).
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3 akcnom ronosornn [I'pe0l] coorBercTBrE MEKLy TOUKOM
B ipoctpancTBe R" u semerTapabimM n-kybom 1" B Tomosio-
rugeckoM mpoctpaHcTBe () cTaHOBUTCH elre 00Jiee siCHBIM.
Omnpenernennsrii Boie KyGoumst iK1" K B Tonoormueckom
[IPOCTPAHCTBE MOT'YT OBITH CO3/aHbI IIyTeM omneparuii lexap-
TOBa IIPOU3BEJIEHUS OTPE3KOB. B cBOIO 0Uepe b, 3T KyOou ib!
pPa3sMepHOCTBIO OT 1 10 n-2 00beUHSIOTCS B CJIOI pazMepHO-
cThio n-1. 3ameTuM, 4T0 OroBopka () 1 N B EPBOI CTPOKE
rocJieIHero crojbma Tabs. 14.4 o3HadaeT, 9TO B IIPUBEJICH-
Hoit Boime dopayie (13.3) iX1"% kyGomna muoxurems 177K
He mMeeT paszmepHocTr. OHOBpEMEHHO, N3MEHsIST MacIITad,
u3Mesbuas pazbuenne mpocrpancTsa noaydnm: 17 — e Te.
n-xy6. IIpocrpamcrsa pasimanoii pasmeproctn Q" = QF

roMeoMOpP(HBI TOTJIA ¥ TOJILKO TOrJa, Korda 1 = k.

B camom neste, eciim Teopema @epma crpaBeinBa, I TPOEK
[IEJIBIX UUCEJI, TO eIUHUIbI U3MEPEHNsI He UMEIOT 3HAUYECHMUS,
Oy/Ib TO METPBI, CAHTUMETPHI, MAJLJTUMETPbI, MUKPOMETPHI,
HaHOMETPBI U T.JI. DTO O3HAYAET HE TOJHBKO PABEHCTBO, HO
U TOXKJICCTBEHHOCTL ypaBHenus Besmmkoit reopembl Pepma,
WIN, APYTUME CJIOBAMU, HE3ABUCUMOCTD PE3Y/IbBTATa OT Pas-
OueHnst UCCIelyeMOro MHOrooOpasus, 1o I00HO TOMY, KaK 9TO
MIPOUCXOJIUT TTPU WHTerpupoBaHuu. EImHUYIHbIN KyO MOXKHO
clleJIaTh CKOJIb YTOZHO MaJIbIM, HO CyTh ABJIEHHSI OT 9TOTO He
MEHAETCI. STO Ba2KHO JJIgd IIOHMMaHUA KaK JdJId YyHallluXxcd,
HE 3HAKOMBIX C MATEeMATHIECKIM aHAJTA30M.

[IpoBepeHo ThHICTYIETIETUIMEI

IIpaBomMepHO i BbIeaeHne n3 chepbr S2\St, ee mpous-
BOJILHOT'O Y 3JIeMeHTa - 9KBAaTOPUAJIbHOTO Kpyra? - DTo
3aKOHHBII TTpueM, u3BecTHbI n3 "Diementos"Epkinia,
copmysmmpoBanubiX B 111 Beke j10 H.9., 1 U3 NIKOJBHBIX
KyPCOB T€OMETPUH, MOCBAIEHHBIX TJIOCKOCTH, CTEPEOMET-
pUM U 9epUYeHuio. JITOT MPUEM BBIJIEPIKAJI IIPOBEPKY HA
MIPOTSIZKEHUN TBHICAYEIETUI, U B JIOKA3aTEJILCTBO €ro Ipa-
BOMEDPHOCTH MOYKHO COCJIATHCSI HA U3BECTHBIE apXUTEKTYP-
HbIE MAMSITHUKHA MUPOBOTO HACJIEIHA.

[Ipomoskum 51y MbICTL. CTOPOHBI TPEYTOJIBHUKA WA JIPY-
roro MHOTOYTOJIbHUKA OTOOPAKAIOTCS Ha SJIEMEHTHI JIPYTOi
burypsl myrem napaJsuiebHOTO II€PEHOca,/ TOMOTETHH /OTpa-
JKEHHsI OT OCH /IJIOCKOCTH, BPAIIEHHs U JAPYTUMHE CIIOCOOAMHU.
3aMeTuM, 4TO eCciu Takoe 0ToOpazKeHne 00PaTUMO, B3AUMHO
OJIHO3HAYHO, TO TOYKa OCTAETCs TOYKOI, OTPE30K - OTpe3-

[Tpe0l]: Tpensdamas (2001),
Tomosnorus. 3eiidpepr I' Tpenn-
damms B
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KOM (371eCh pa3MepHOCTh coxpaHsiercst). [IpejcraBum cebe
MPABUJIBHYIO TPEXMEPHYIO NMUpaAMUIy, U €€ obpas3, Hallpu-
Mep, 3a cuer rojorpadun. [IpuHiun SKBUBAJIEHTHOCTH 3/1€Ch
BBIPAYKAECTCS B TOM, 9TO MHPAMUJIA-IIPOOOPA3 B IIETOM OTOO-
pazkaeTcst Ha MUpaMUILy-00pa3, IPOU3BOJIBHO BbIOpaHHAasI
I'PaHb - Ha JBYMEPHYIO I'PaHb, OJJHOMEPHAsi TPAHb - Ha OJIHO-
MEpPHYTO TpaHb. UepUeHne u apXuTeKTypa OCHOBAHBI Ha 3TOM
MPUHITATIE, KOTOPBI BBIJIEPKAJ UCIIBITAHIE BPEMEHEM Ha
POTS?KEHUH KAaK MUHUMYM IiecTu Thicsdesernil. [logemy B
JIAHHON CUTYAIIMU MbI HE MOYKEM BBIJIC/IUTH TUIIEPMEPUIUAH
Ha cepe 1 0XKUJIATh, YTO KAXKJIbII U3 9TUX IJEMEHTOB Oy-
JIeT 0TOOpaykeH Ha MHOXKECTBO 3JIEMEHTOB COOTBETCTBYIOIIEH
pa3sMepHOCTH !

Korma mbl paboraem ¢ JIEKOPATUBHBIM MaTEPUAJIOM, Ha-
IpuMep, ¢ CaliIMHIOM I JIOMa, MPUHATO U3MEPSATH ero
B KBajIpaTHBIX MeTpax i21!. TloroHaskHble W3/1e/1ms, TaKue
KaK TIepUJIa WIN IUIHHTYC, u3Mepsiorcs B Merpax i112. Ho
B JIEICTBUTEILHOCTU BCE MTEPEUNCIEHHBIE MaTEPUAJIBI UMe-
10T OIpeJIe/IEHHbIe pa3Mephl 10 JIJTMHE, BLICOTE U IUPUHE.
O/1tHaKO MEHBITUME pa3MepaMu OOBITHO mpenedOperator. M3
OIIpeJIe/ICHNsT TOMOJIOTHIECKOTO MTPOCTPAHCTBA U MOCTY/IATOB
EBkiia cieryer, 9ro e uHrYIHbI Ky wim 1" coorBercTByer
TOYKE B IIPOCTPAHCTBE pa3mepHocTy n. Bee mepednciieHube
GUrypbl cOCTOAT U3 TAKUX €IUHUYIHBIX KyOoB. OHU UMEIOT
Pa3MEPHOCTD, TPUBBITHYIO HAM 10 AKCHOMAM U OITPEJIEIEHUIO
TOMOJIOrUH. 1TO TaKoe akCuoMa B MaTeMaTHKe? - DTO Pe3yJib-
TAT TIHIATEJILHOIO HAOJIIO/IEHUs I XOPOIIO ITPOBEJIEHHOTO

9KCIIEpUMEHTA.

Axcrombl EBKIMIA 1 TOMOJIOIMY OCHOBAHBI Ha TMPUHITAIIAX
GUBUKA: OTHOPOIHOCTD, H30TPOITHOCTH, HEITPEPBIBHOCTH ITPO-
CTPAHCTBa U CUMMETPUS.

15 Ilapajioke. K Bepmnbe rumepkyoal

N3 anrebpanieckoro pasjiozKeHus CJIelyeT, YTO (pUrypbl B
dopwme Kyba ¢ j1iepeKToM B BUJIE OTCYTCTBYIOIIEH TOUKM, CO-
OTBETCTBYIOIINE BhIpazkeHuio I — 1" MHOXKeCTBO CJI0€B UJIn
2" — 1" cjioit (B Z"™ tpu yCJIOBUU NEHTPAJIBHON CHMMETDHH ),
6e3pa3InIHbl K 9JIEMEHTAPHBIM Ipeobpa3oBaHusIM | 0T06-
pakeHusiM, IMEIOT PA3MEPHOCTh Ha €JIMHUILY MEHbIIE, d4eM
IIPOCTPAHCTBO, B KOTOPOM 3TH (DUTYPHI CO3/IaHBI. Y UNThIBast
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CKa3aHHOE, TAKUM BBIPDA’KEHUSAM U (DUI'YPAM COOTBETCTBY-
tor B"\point wm S"7!. OnHaxo TOIBKO Ha IIIOCKOCTH BO3-
MOKHO OJ[HOBPEMEHHOE BBIIIOTHEHHUE YCJIOBUN COXPaHEHUSI
CUMMETDPUH U PaBEHCTBa 00'bEMOB, 3aJI07KEHHBIX B T€OPEMe
[Tudaropa.

Bamernnm, uro 22 — 1 TaxkyKe sBJIAETCH OJHOMEPHON bury-
pOil B IEHTPAIBHO CUMMETPHYHOM IIPOCTpaHCTBe Z2. JTa
durypa cjioit 3a cjioemM oTodpazKaeTcs Ha OJJHOMEPHBI T1e-
puMetp kpajpara 12. Takas cuTyamus sBJIsSeTCS HOPMAJIb-
HOI B CIJIy YCJIOBUS SKBUBAJEHTHOCTU JIUIIH OJIHOTO KJIaCCa
anda n = 2. Pa3zMepHOCTb - 3TO He TPUBUAJIBHBIN BOITPOC
B MaTemaruke. CyIiecTByeT 3aMevare/bHas BU3YaJIU3aIlnst
dpakTasibHoe MHOXKeCTBO MauibiepOpoTa, KOTOpoe ompe/ie-
JIgeTcsd pPeKyppeHTHOU dopMysioil, n Takue (ppakTalbHble
MHOZKECTBA OTJIMYAIOTCS OT MPUBBIYHBIX HAM MHOXKECTB TeM,
YTO IIPU YBEJUYCHUU MACIITada MHOXKECTBA OJIHA U Te Ke
YepThl TOBTOPSAIOTCS OECKOHETHO.

[IpescraBbre, ITO BBl CMOTPUTE HA KAPTY C BBICOTHI IITHU-
Ybero IoJIeTa, MMOTOM BBI CIIyCKaeTeCh BHU3, IPUOIHKACTECH
K 9TOMY OOBEKTY, BUAUTE Bce OOJIbIne U OOJIbIIe JeTalieii,
TaK BOT B 9TUX JIETA/IIX BUJIHA 0OOJiee CJI0KHAST CTPYKTYPA,
OHa BCE BPeMs IIOBTOPSIETCA. 371eCh HET HU JIyT, HUA ILJIABHBIX
KPUBBIX, HI TpAMbIX JinaIi. C mo3uruu onpejieeHuit 1aH-
HBIX B CIEIUAJbHBIX KypcaX TOIOJIOTUHA Pa3MEPHOCTDb STOIO
MHOXKeCTBa gBJjigeTcs J1pooHoit. OpakraabHOe MHOXKECTBO
Maubepbpora yauBuTeabHO KpacuBo! YTobb! jTydmme moHu-
MaTbhb OCOOEHHOCTH N-MEPHOI'O IMPOCTPAHCTBA, IIPEIIIPUMEM
[y TEeIeCTBAE K BePINHE THIIEPKyOa.

[IyTemecTBue K BepHInHe rumep-
KyOa.

Hekotopnblie yBaxkaeMmble yUeHbIE BO3PaXKalOT, YTO ITPOH3a-
HIE N-MepHOI'o Kyba JBYMEpPHOM IJIOCKOCThIO Ha Puc. 4.2
CJIIIIIKOM TIPOCTO U MCKaXKaeT CJIOXKHYIO CTPYKTYPY ITOTO

Puc. 15.14: Cuesa dim(2" -1) =
n-1 B IEHTPAIBHO CUMMETPUY-
wom Z". Cupasa mepecedenue
gedexT Kyba 2D mmockocTbio,
Ipeobpa3oBaHHOE OTPAYKEHUSsI-
MU TUIEPIJIOCKOCTE, IIepIieH-
JUKYJISIPHBIX KA2KI0H U3 1 KOOP.
oceit. Hapymenne nernpepbIBHO-
CTH CJIEJOBAHUSI CJIOEB.
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Puc. 15.15: NzBecrreitmmuit dpakran. Ero ¢dpparmenTsl He cTpOro moao0HBI NCXOIHOMY MHOXKECTBY, HO
[P MHOTOKPATHOM YBEJIMUYEHUH OIPEeJIeJIEHHBIE JacTU BCE OOJIbINE MOXOXKHU JIPYT Ha Jpyra. PasmepHoCTD
JIpOOHAasT.

Kyba. Takoe He/IOTIOHNMaHNE BBI3BAHO IJIOXUM IIPE/ICTaBJIE-
HUEM O TOM, UTO CO0OIi IpeJicTaB/isieT n-MepHblil Ky0. [l
HCCIIeJIOBaHUS CTPYKTYPHI N-Ky0a CHOBa IPUMEHNM MeTOJ]
IIOCTAaHOBKM KCIIEPUMEHTa B BUPTYaJIbHOI PeajbHOCTH.

Acrtponast QE0p TepeIBUTAETCS € TIOMOIIBIO PEaKTUBHO-
ro paHiia B MHOIOMEPHOM ITPOCTPAHCTBE, YTOOBI COBEPIIUTH
Iy TelecTBAe U3 HadaIa KOOPJAUHAT M OJTHOBPEMEHHO II€H-
tpa 10-mepHOro Kyba, rpaHu KOTOPOro OPTOrOHAJBHBI KO-
OPJMHATHBIM OCAM, B 3aJ[aHHYIO BepIuHy rurepkyba. Ha
JIBUZKEHUS, COBEpIIaeMble KOCMOHABTOM, HaJIAraloTCsA Or'pa-
HUYEHUsI: PA3PEIIaoch IBUTATHCA TOJBKO 110 HAIPABJICHUIO

WA IPOTHUB HAIIPABJIEHUsI JIIOO0N U3 N KOOPJUHATHBIX OCEH.

OueBuao, a0 PEIOP COBEPIIUT N MPHIZKKOB: TIEPBBIH - U3
HavaJja KOOP/IMHAT B IIEHTP I'PAHU HAMOOJIBIIEH pa3MepHOCTH
n-1, gaJiee - B EHTP I'PaHu Pa3MEPHOCTH -2 3aTeM IOCTeyeT
NPBIKOK B IIEHTP I'paHu pasmepHocTu n -3 . . . Ha kaxjom
mare uian npbizkke OE10p n3MeHs/T HAITPaBJIeHUE JIBUZKEHNS,
IIOBOPAYMBAS IO TIPSIMBIM yTJIOM.

Ha mocieinux Tpex mrarax Mbl, Kak TPeXMEpPHbBIE CYIIECTBa,
Mo HabJio/1aTh BHe3alHoe nospienne Oénopa B meHTpe
TPEXMEPHOTO Ky0a M3 HEBUJIUMOTO HAM YETBIPEXMEPHOTO
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MIPOCTPAHCTBA, 3aTeM MPBIZKOK B TEHTP CTEHBI, TIOTOJIKA WU
nosia - 1o yeMorpennto Pénopa, mocse 4ero u3 JAByMEPHOIO
KBaJIpaTa - IPBIXKOK B IEHTP pebpa M, HAKOHEI, ITOCIeTHU
mar - TpuObITHE B BEPIINHY.

B

Puc. 15.16: Caesa cioucrasi crpykrypa cumMerpudnoro 3D-kyba. Crupasa mocseaue 3 mara Ha IIyTH
®Démopa K BepIinHe

Cynosoii xkypaas actponaBra Pémopa 10 pe3ysibTaTaM IKC-
[IEPUMEHTA MOYKET BBITJISIJIETh IIPUMEPHO TaK:

» Crapryio u3 nenrpa /lekepaxkTa 1o HaIpaBJIeHUIO OCU
Xi.

JlBuraioch B DHHEPAKT 110 HAIIPABJIEHUIO OCH.
Jlsuratocs B OKTepakT IIPOTUB HAIIPABJIEHUS OCH.
Jlpuratoch B XenTepakT 10 HAIIPABIEHUIO OCH..
JBuraioch B ['ekcepakT mpoTHB HAIIPABJICHUS OCH..
JIBuratoch B [lenTepakT MpoTUB HAIIPABIEHUS OCH.
suraioch B TeccepakT mpoTuB HaIlpaBJIEHUS OCH.
JIBuraroch B KyO 110 HAITPABJIEHUIO OCH.

JIBuraioch B KBaJIpaT IO HAIIPABJIEHWUIO OCH..
JIBUraroch B CErMEHT TI0 HAITPABJIEHUIO OCH..
JIBuraroch K BepIlUHE IIPOTUB HAITPABJICHUS OCH.

VVVYyVYVYyVYVYVYVYYVvyYYyY

Ouanm!

(JIerko jorajaTbest, 9TO IPH CYIIECTBYIOMIUX OMPAHUICHUSI
JIBUZKEHUsI 110 / TPOTHUB Hampasjenus: ocu, PEop cMoxer
cBo6oano moceruts V us 210 = 1024 eprun runepky6a. )

He Mensig o6mpocTn, Mbl MOXKEM PACIIOJIOKHUTH WHICKCHI
KOODJIMHATHBIX Oceil B MOpsJiKe Bo3pacTaHus / yObIBaHUsI
U TOJIYYUTh CJIEAYIONMI pe3yjbTar B BHje OOPTOBOIO XKy p-
naJsia kocMoHaBTa Pémopa. B srom skcrepumente DEnop,
Ha4YUHAas C IMEHTPa AeCATUMEPHOro Kyba, JIBUIaJCa TOJIbKO B
Harpas/eHnn (0003HAYAETCsT KaK 1) WM IPOTUB HAIIPABJIE-
Hust (obo3Hauaercst kak (), MOCIIeI0BATELHO UCCIEI0BAIT BCE
ero rpaHu pasMepHOCTH OT JIEBATU 0 €IUHUILL. VI3 ocHOB
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[MA20]: M.A. (2020), «Teope-
ma @epma ¢ mo3uIun QU3NKA B
IIIKOJIE

KOMOMHATOPUKH JIEIKO BUJIETh, UTO KOJUIECTBO 3JIEMEHTOB
- MOTTHOCTH MHOKECTBA, COCTOSIIETO TOJABKO U3 JIBOMYHBIX
9JIEMEHTOB HOJIb U eJIUHUIA, cocTaBseT 2 - pOBHO CTOIBKO
’Ke, CKOJIbKO BEPIIUH B N-MEPHOM KyOe.

Anaymsupys AByMEpHBI U TPeXMEPHBI caydan u 0000mas
pPe3yJIbTaT Ha N-MEPHBIA CiIy4ail, JIETKO BbIYUCIUTD JJIAHY
o popmyJie %\/ﬁ paccrodnud OT HavyaJla KOOpAUHAT 10 Bep-
IIIHBL, T7e 1 - pebpo Kyba. ['panb n-mepHOro Kyba JIEeKUT B
TUIIEPIJIOCKOCTH, IIEPUEHAUKYJIAPHON TOJBKO 4TO IIOCTPOEH-
HOII BBICOTE U IIPOXOAAIIE Yepe3 OCHOBaHUE 3TOI BBICOTHI -
TOYKY HepeceYeHrusd IPAMONA C ITOM IPaAHbIO. <3aMeTI/IM, 9T0
¢ Touku 3penusa PEjopa Bce rpaHd N-MEPHOTO KyOa BOC-
IPUHUMAIOTCA He KaK N-MEpHbIe, a KaK IJIOCKHEe (DUTYPHI.

[MA20])

Bes sddekra napasiakca

Ormernm, aro PEmop HA CBOEM IIyTH HAOJIOIa] MHO-
romepHble Kyonl ¢ addekTom napasiiaxca. s odbsac-
HeHUsT 9TOro 3 deKTa MOKHO TPUBECTU PsiJT IPUMEPOB
U3 aCTPOHOMWM, MOBCEJITHEBHON KU3HU W IPOU3BEICHUN
n300pa3UTETLHOIO UCKYyCcCTBa. V300parkennst n-MepHOTO
KyOa 3aBOpakKmBaloT cBoeil kpacoroit. [IpeacraBum ce-
Oe TTPOEKITNIO N-MEePHOTO Kyba Ha JIBYMEPHYIO IJIOCKOCTD,
HaIpUMep, TPOXOISILYIo depe3 ocu X, Y, 6e3 acpdekra
napaJjiakca. Kakas dpurypa moayaurces?

Oteer nokazan Ha Puc. 4.2. Korja Mbr nccsieryem mpoH3aHue
N-MepHOro KybOa JIByMepHOil IIOCKOCTRIO B Bujle JlekapToBa
[IPOU3BEIEHUs JIBYX 30HI0B UJIN JIBYMEPHBINA 30H]I, TIEPIIeH-
JIUKYJISIPHBI K JIBYM PA3HBIM T'DaHAM, - MBI paboTaeM ¢
MHAYIUPOBAHHON TOIIOJIOrUEi.

Ha nene @énop ucciiegoBasi BIOKEHHBIE TOIOJIOTUYIECKUE
noapocrpanctea @ € Q ¢ Q% ¢ Q3. ¢ Q B nucxoz-
HOM N-MepHOM IpocTpaHcTse (), Bce OHM TPOXOJIAT Uepe3
HavyaJ/I0 KOOP/IMHAT, UHJEKC CBEPXY O3HAYAeT Pa3sMEpPHOCTH
nojiipoctpancTsa. Hampumep, B derbipexmeprom Q: () C
(x,0,0,0) ¢ (x,y,0,0) c (x,y,2z,0) C Q. B kaxuom u3
MTOITPOCTPAHCTB WH/TYTIINPOBAHA OTHOCUTETbHAS TOIOJIOTUS:
KOHIIEHTPUYECKUE Taphl ¢ OOIUM IIEHTPOM B Ha4aJe KOOp-
JIMHAT C PaJInycaMu, OCHOBAHHBIMU Ha, PsAJI€ HATYPAJbHBIX
qucest cMm. Puc 11.10. Pasmepnocts mapos, m-KyOoB coOT-
BETCTBYET Pa3MEPHOCTH IOJIIPOCTPaHCcTBa. I mpocToTh
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MOYKHO ITPEJICTABUTD MOCJIEHNAE TPH ITOJIMHOXKECTBA B 9TOM
nenouke: B 3D- 2D- 1D-noampocrpancrsax, cOOTBETCTBEHHO:
map B3, okpyxuocrs B2, mmmeitnbiit orpesox Bl

16 /lokazaTenbcTBO B OHY (DOPMYJTY 1

qyepTerk

B rpagunusx NHaniickux MaTeMaTnIeCKiuX TPAKTaToB, JTOKa-
3aTe/IbCTBO CBOJUTCS K OJTHOMY UepTerky u mojmnucu: CvoT-
pu! B x Iyt dpusuka jocrarodsHo cozepriarh 3D Kyb ¢ ero
I'paHAMU NJIN Fﬂ06yc C €r0 3KBATOPOM, T—ITO6bI IIOCTHUYDb J0-
Ka3aTeIbCcTBO Besmkoit Teopembr @epma.

[IpencraBum cebe COOTBETCTBYIONLYIO BhIpazkenuio a’* = ¢ —
b™ KoHcTpyKIMIO B n-MepHOM IpocTpancTie. CiieBa - cuM-
MeTpuuHas durypa pasmeproctn n. Crpasa - MHOMKECTBO
CJIOEB Pa3MEPHOCTHIO Ha €JIMHKILY MEHbIE. DTO MHOXKECTBO
OyJieT acuMMEeTPUYHBIM (HarpuMmep, cdepa ¢ UpparoHaib-
HBIM PaJILyCOM aCHMMETPUYHA), UK UMETh HEyCTPAHUMbIIL
JebeKT CUMMETPHUE JTMO0 HAPYIIEHHe HEIPEPBIBHOCTH CJIOEB
Juist pasmepHocts n > 2 (eM. Puc.7.4 Boimte). Paccyxnas 06
HeyCTpaHUMOM JieheKTe CUMMETPUH, BaXKHO IPUMEHSITh TIPa-
BUJI& PA3MEPHOCTH, COMOCTABIIATH OOBEMBI (MOIIHOCTH) TIO
KaxKJIOMY 9JIEMEHTY CJIOsI OTJEJIbHO U Jlajiee BOCIIOIb30BaTh-
csl HEPABEHCTBOM TpeyrojbauKa. CjieqoBaTe/ibHO 00bEeKTa,
dbyngamMmeHTaIbHBIE CBOWCTBA KOTOPOI'O OIMUCHLIBAIOTCS IIPOTH-
BopeunsbM obpasom A a, b, ¢, € Q, takux uro B! = B?\BZ B
HPHUPOJIE HE CYMIECTBYET! - 9TO JI0Ka3aTeJIbCTBO B IIPEIETHHO
KPaTKOM BH/JIEe NPUBEJEHO Ha 00JI0KKe KHUrd. [leHTpasib-
Hasi CUMMETPHs TO3BOJIET IepeidTH K MOCJIOMHOMY CpaB-
wenuto, Ho Af : {Sj} — {...Si} e nox f mommMaercs
HelpepbiBHast, obpaTuMas QPyHKIHs SKBUBAJIEHTHOCTH. DTOT
KOH(MIMKT ¢hOPMYIMPOBAH Ha TUTYILHON CTPAHUIBI MOHO-

rpadun.

[Ipu rmocTpoeHnn OTHOIIEHU SKBUBAJIEHTHOCTH TI0JTyCDepbI
oToOpazkKalTcd B 10oJ1ycephl, a IMPOU3BOJIbHBIN MepuIHaH
- B Mepujuan.PasmepHocTs mepBoit (purypbl Ha €JIMHUILY
6oJibirte. YTOOBI 9TH YCJIOBHUE BBIMOJIHAIUCH OJTHOBPEMEHHO,
HEOOXO0/IMMO 00eCIIeINTh PABEHCTBO CYyMM KaTeTOB JIJINHE TH-
MIOTEHY3bI IPSIMOYTOJILHOIO TPEYTOJIbHUKA - OJINH U3 KaTeTOB
JIOJIZKEH OBITH HYJIEBBIM, UTO 3alperieHo 1o ycjaopuem BTO.
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[[pu04]: T'pur (2004), dnerant-
Has BCEJICHHA
[AH12]: dy u ap. (2012), Teo-
pUS CTPYH M CKPBITbIE H3MEpe-
Hus Bcesennoit

B pesynbrare Benukass Teopema @epma JI0Ka3bIBAECTCA OT
IPOTUBHOTO.

,ZLOCT&TO‘{HO IIPOCTHIX IMKOJIbHBIX MHCTPYMEHTOB

Jtst mecseoBanms 0Ka3a/I0Ch JIOCTATOYHO IIPOCTHIX MTKOJTh-
HBIX HWHCTPYMEHTOB: KOHCTPYKIIUNA B BUJIE OOBITHOTO Jie-

PEBSIHHOIO KyOMKa JIJIsi JIETCKOTO TBOPYECTBa, TJIOOyca,

[MAXMaTHOTO Habopa, MarHuTooHa Ha KaTYIIKAX, TPa-

dapera, TPAMOYTOJBHOTO TPEYTOJbHUKA U 3epKaJia. B

9TI0XY UHKJIIO3UBHOTO 00PAa30BaHUs TAKOE J0KA3aTETbCTBO

MOHSITHO CJIEIIBIM MIKOJBHUKAM U CTYAEHTaM: JIOCTATOTHO

OIILyIaTh MTOBEPXHOCTDH MIKOJBHOI'O TJI00yCa MJIN alleIbCU-
Ha C HATIHYTOW HUTHIO MO 9KBATOPY, 38[aThCsI BOIIPOCAMUI

CUMMETPHH, SKBUBAJIEHTHOCTH, OJIHOPOTHOCTH MPOCTPAH-
CTBA W COXPAHEHUS PA3MEPHOCTHU COIOCTABJISIEMBIX JJIe-

MEHTOB CJIOs, JIJI 9ero JOCTATOYHO OYUCTUTH AlETbCUH

OT KOPKH.

B ornumtiune or amepukaHckoii cta u 60jiee CTpaHuYHON Bep-
cun JiokazaresberBa BT®, Bce 3T IpocThie MHCTPYMEHTDI
HATAJKABAIOT Ha BBIBOJI 00 acuMmMmeTpun Harrelr Beerennoit!
st 9TOro MOXKHO TOCTABUTH TOCIEIHUN SKCIIEPUMEHT B
nmanHO# riaBe. [IpumemoTrpuTech K JIMITy KPacHUBO JI€BYIII-
KU M 3aMeTbTe, YTO Ye/IOBEeK, KakK JuTsd BcesleHHOM, s
4TOOBI OBITH KPACUBBIM, JIOJI?KEH OBITH CJIETKa aCUMMETPUY-
HbIM. CJTy9aiiHo JIM 9TO WK SBJISETCS BOILIOIIEHuEM Oosiee
o0IuX npuHIUIoB passutus Beemennoit? CM. HHTEPECHYIO
KHUTY O TEOPUU CYNEePCTPYH U POJIA T€OMETPHH, CHUMMETPUN
B 3apoxennn Beesennoit [['pul4], [f1H12].

17 T'mnoresa Jleonapja Diiiepa

B 1769 roxy Jleonapm Ditep, mpeaoaoKu, 9T0 YBeJInInB
YUCJIO CJIaraeMbIX B YpaBHEHUU, aHaJorudHoM Teopeme Dep-
Ma JI0 YETBIPEX, MATU U T.JI., KOT/Ia CTEIEHb 1 IPEBBIIIACT
CyMMapHOe KOJIMIEeCTBO CPaBHUBAEMbBIX T'HIIEPKYOOB CJieBa
u cupasa B /lnodanToBoMm ypaBHEHUM, UCCIIETOBATEND 0051~
3aTeJIbHO TPUAET K BBIBOJY O €ro Hepas3penmMocTu. Psit
YUIEHBIX-MATEMATUKOB U JIIOOUTEJICH OIPOBEPIJIN ITY TUIIO-
Te3y Jisd ciaydas 4-X H-Tu, 7-Mu, 8-MU MEPHBIX THIEPKYOOB.
(Crioco6 pasJiozKeHnst OJIHOIO XEKCepaKTa Ha IMSTh JPYTHUX
XEKCEPAKTOB BCE €IMé JIOKUIAETC CBOETO 3BE3IHOTO Jaca. )



17 T'unoresa Jleonapma Ditmepa

Jpyroe obobienne Teopembl Pepma Ha ciydail deTbIPEX
runepky6os npuBoanT K JnodaHToBy ypaBHEHUIO B BUJE:
a* + b* + c* = d*. C nomomipio Teopun MuOXKecTB U ua-
rpamma dittepa-Benna, npeamnosaras d > ¢ > b > a, MOKHO
LPEJCTABUTD BLIPAXKEHUE U3 CYMMbI YeThIPEX I'UIEPKYyOoB
KaK:

d\c* =p*uat (17.1)

371€Ch CJIeBa, — MHOXKECTBO THIIEPIIOBEPXHOCTEN pa3MepHOCTH
n = 3, crpaBa — OO0beJMHEHHUE JIBYX I'MIEPKYOOB paszmep-
HocTn 1 = 4. YerBepTsiit runepky6 a* mosyuaercs myTém
omneparmii HaJl ciosMu u3 b*, HO POM3BEIEHHBIX € OTCTYILTe-
HUSIMI OT NIPUHIIATIOB CUMMETPUN CTEIIEHU TPU B TEPMUHAX
[IPUBEJIEHHO# BBIIIe TAOIUIBI 7.2.

CortacHo Jiokazannoii Boiie Teopeme Pepma HeT SKBUBaA-
senTHOCTH MexK1y nomvuoxkectBamu (d4\c*)\b* # a* . Cie-
JIOBaTEJIbHO, €CTh IMAHCHI U3 JIePEKTOB CIOEB (JacTUIHOE
yaaJeHne cios) co3aaTh HOByIo Gurypy, BosMoxKHo at. Yoe-
JINMCsT B IPUHITAITAAIBHOM BO3MOYKHOCTHU ITOCTPOEHUST TAKOM
KOHCTPYKIIAH.

Qurypa CTaHOBUTCHA HECBI3HON

Ecin 3Ty HOBYIO KOHCTDPYKIIUIO Pa3MECTHTHL B 00JIaCTH
MIOJIOZKUTEIHHBIX 3HAYEHUH Oceil, TO MPU OTPaKEeHUU OT
TUTIEPIIOCKOCTEH U MaCIITAOUPOBAHUHI YUCJIO THIIEPKY-
6oB a* yBesmunBaeTcs B 21, TO ecTh B 16 pas, mpu 9TOM
durypa cTaHOBUTCsT HECBS3HON. DTUM HOBas MOJIC/Ib PAJIU-
KaJIbHO OTJIMYAETCS OT PaHee PACCMOTPEHHON KOMOMHAIINT
U3 TPEX BJIOYKEHHBIX KYOOB CO CTEIEHbIO CUMMETPHUHU N -
HapyIIaeTcs ycJIoBre 00 OJIHOPOJIHOCTH IIPOCTPAHCTBA.

A 9TO MOXKHO CKa3aTh OTHOCUTEIBHO 30H/IMPOBAHUS JIBY-
MEepHOII 110cKOCThIO? Pacioio:kuM deThipe TeccepakTa Tak,
9TOOBI COXPAHUTh MaKCUMaJIbHO BO3MOXKHYIO CUMMETPHUIO
KOHCTPYKIIUU CTeleHn JiBa. i 9Toro paccMOTpUM ILJI0OCKO-
cru Ha ocax X1, Xp (momumM, uro obe ocu X3, Xy nepren;iu-
KYJISIPHBI 9TOI TLIIOCKOCTH. )

[Tockosibky na 2D 1rockoctu V cioit Si cousmepum ¢ Jpy-
ruM Sj, TOCTPOUM ITOCKOCTh HATAHYTYI0 Ha ocn X1, Xp (14
cokparlieHus obosznadnm e€ Kak X X Xp,- JlekapToBo 1mpo-
usBejienne oceit. /[ ynobcTBa mpejicTaBiienus BbiOepeM
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YeTbipe Teccepakta d*\ c* = b* U a*

X3
®yHKUuMA 3KkBMBaneHTHocTH f(x,y)
oTobpakaer mHoxecTso d4 \ c4 X4
d Ha MHoxecTso b4 U ad
Mpu atom AV, = AV, b
—
— — — S——
i I xa=e | | X1 *X2
I
|
€& atal a

ByayT am consmepumsl cnoum?

Puc. 17.17: Pazpemmmo jm duodantoso ypasuenue a* + b* + c* = d*?

JIByMepHBIE IPoeKImn d*\c4 Ha IIOCKOCTD, IPOBEICHHYIO
Jepe3 och X3, 1 OPTOTOHAJBHYIO IJTocKOoCTH X1 X X3, a 1Ipo-
eKIHIo rumepky6os b* U a* - cooTBeTCTBEHHO Ha IIJIOCKOCTD,
MPOBEJIEHHYIO Yepe3 ochb Xy, TaKxKe OPTOroHabuyo X1 X X;.
(OTauTeIbHBIM OT IPOYHX IIBETOM U IIITPUXOBKON BbI/Ie/IeH

4

06béM / Mepa ¢, Borantaemas us d*.)

Bamerum, UTO JAByMepHBIE MMpoekimn Ha X1 X Xp BCEX Hcciie-
JIYEMBIX B 9TOM ITYHKTE ITOJMHOXKECTB CUMMETPUIHBI OTHO-
curesbao 1D L X3 moanpocTpaHCTB 1 COOTBETCTBEHHO L Xy
pacrioyiaraiorcst B mtockoctu cummerpun 2D || X7 X Xp. Cwm.

Puc. 7.5 u Tabn. 7.2.

Y6eumcest B BOSMOYKHOCTH OThICKAHUs (DYHKIIUK SKBUBAJICHT-
Hoctn, orobpazkaomieit d*\c* — b* U a*.Croiicrso Taxoro
0TOOpazKeHUsT MOMUMO COXPAHEHHUS CUMMETPUIHOCTH - CO-
XxpaHeHne Mepbl (06béma). B camom jieste, mocsioifHo MOXKHO
3alncaTh:

{{Skle<k<d} {S1<i<dy} —{{Sili<j<b} {Sil1<i<a)
(1

3/1ech 3ammcano 0ToOpayKeHne MHOXKECTBA, COCTOSIIIErO U3
JIBYX ITOJIMHOYKECTB CJIOEB B JIPYro€ MHOXKECTBO, TAK¥XKe CO-
CTosiIee U3 JIBYX TOJMHOXKECTB CJIOEB (YCJIOBHE O JIHAIa30He
CJIOEB CJIeJlyeT Mocje BepTUKaJbHON 4ueptThl |). OThICKATH
COOTBETCTBYIOINLY IO (DYHKIIUIO SKBUBAJIEHTHOCTH MOYKHO, HC-
xo/ist u3 pasencTsa Mep d* —c* = b* +a*, a Takxe npunIMas
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BO BHHIMaHWe yCJIOBHUE O TOCJIOIHON cumMmeTpun u Puc. 17.17.
B pesyisbrare MoxKHO 3anmucarh GopMysty s KyOOUIOB C
Y9I6TOM UX BBICOTHI (CM. aHAJIOT KabeJIsi KBaIPATHOTO CEUCHHsT

ua Puc. 7.5:

cZ|Sk|+(d—c)Z|SZ| —bZ|S|+aZ|S|

D

l“*

LCD LCD
d

= 215l d2+— Z |Sl (dP—c?)

1

LCD
b

@lb—\

1

Saecy B dopmyse Bobimre LCD Least Common Divisor -
MaTeMaTHJIecKoe obo3HaYeHne HanOOIBIIEro OOIIero JIem-
rens (popmyner TeX BocpHHUMAIOT TOJIBKO JIATHHHUILY )
HOI(d —c,a,b,d). Tlox 3maKoM CyMMBI 3aIIICaHbI MOITHO-
ctu 2D-cii0és. MuOroobpasue B BUje pasHOCTH TECCEPAKTOB
(d*\c* pasburo Ha KyGOMIKI, IPOEIUPYEMbIE Ha OCh X3 HAa
orpesku [¢,d] u [1, ¢] coorBercrBenno. (Cpasuure ¢ pasbue-
HEEM MHOrooOpasust Ha JacTH IPU B3SITHH MHTETPAJIA).

B mmxkuem ypaBHeHun mocsieaneit (hopMysIbl IPOUCXOIUT 3a-

MeHa IIeEpeMEeHHOI Ha, €JIMHBbIIl HaTypaJbHBIN CUETUUK M,
KOTOpBLIl mpoberaer 3Hadenue auamnasoHoB 1...d, c...d,
1...a,1...b coOTBETCTBEHHO JIJIsI KayKJIOI0 MHOXKECTBa, CJIO-
éB. 3ajlaBas TaKUM 00pa30M BbIpayKeHUe, MOXKHO HAIJIATHO
yOeUThCs B TIOC/IEIOBATE/ILHOM OTOOPAYKEHWUH TIOIMHOKECTB
CJIOEB MCCJIETyeMOl KOHCTPYKITMU W OTBHICKAHUS OTHOIICHUS
9KBUBAJIEHTHOCTH C COOJIIOJIEHUEM CUMMETPUH OTHOCHTEIHHO
BBIIIENIEPEIUCTIEHHBIX TOIPOCTPAHCTB. JIerko ybeanTbesd,
B BO3MOXKHOCTH 3aJI[aHUsI TAKOTO PasOUeHUs HCCJIeyeMOii
KOHCTPYKIINK, KOTOPOe obecrieuuT padboTy He ¢ JIPOOHBIMU, a
HaTypaJbHBIMH ducIaMu - st 3Toro BMecto HOJI moxxHO
UCIIOIB30BaTh IPOCTO Tpousseienne (d —c¢)*a *b*d u orob-
pazKaThb IOJIMHOXKECTBA MOC/IEIOBATEILHO CJIEYIOMNX CIOEB
MOIIHOCTBIO (YuTaii TOJIIUHON WM YUCIOM WHTEPBAJIOB)
YHUCJIEHHO PABHBIX COOTBETCTBEHHO: My = d°, hy = d? — ¢2,
hj = b%, h; = a® , kax Ha Puc.7.4.

B pesynbrare Takoro rpecrasienus Ourypa OyaeT uMeTh
CUMMETPHUIO BTOPOIl CTENeHn U JIIoOble CJIOU B HEl OKAXKYT-
Cd COUBMEPUMBIMU, 9YTO YKa3bIBa€T Ha INOTEHIUAJIbHYIO BO3-

MOYKHOCTb OTBICKATH YeThIPE TUIEPKY0a C IeJIOUNCIEHHBIMU
pédGpaMu JIj1d IPUBEJIEHHON (POPMYITBI.

= 2 D ISul b4 YIS0l 4
1
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[Xoald]: Xoaxun (2014), Heyio-
BHMBIE MJIEU U BEIHBIE TEOPEMBL.
Besmmkme 331841 MaTeMaTHKH

[[Toc21]: TTocrommT (2021), «Oc-
HOBBI HUCKYCCTBEHHOTO WHTEJI-
JIeKTa B mpuMepax Ha Pythons

OmnucaHHBI Ha MOCJIETHEM IIPUMEpPE CIIOCOO OIpeIe/TeHIs
PA3PEIINMOCTH SBJISIETCS HEOOXOIMMbIM, HO HEIOCTATOTHBIM

YCJIOBHEM J1jTsI TIOUCKA TIOJIOKUTETHLHOIO OTBETA HA BOIPOC. A
na nipumepe BT® ommcanubiii criocobd SBIA€TCs JTOCTATOTHBIM
ycaoBueM Jijisi (pOpMyJIMPOBKHU BBIBOJIA O HEPA3PEITUMOCTU
Jnannoro /InodantoBa ypaBHeHUd.

[IpuBesenHOe HUYKE YUCIEHHOE PEIIEeHHe B IEJIbIX, €ero 00-
HapyKUJ — aMEePUKAHCKUI MaTeMaTHUK, podeccop Mare-
maTtuku ['apBapjckoro ynusepcurera Hostm [IsBus Diikuc B
1988r.

[Xoald|. ITockonbKy [nciaa GOsbIne N 3JIEKTPOHHAs Tab-
JINTIA U3 MaKeTa O(PUCHBIX MPOrpaMM C HUMHU HE CIPABUT-
Csl, TEKCT JIUCTUHTa TporpaMmbl Fermats family.py moxuHO
CKOIMPOBATH U 3aIycTuTh Ha Python (cM. ocHOBBI mporpam-
muposanust Ha Python B [[Toc21]), Hanpumep B 1060M 13
HOIYJISIPHBIX OHJIAIH TPAHCIATOPAX :

WITSTISTISIISITTITSITSISSTISTISTISTISTIS o

% %
% Fermats family .py %
% %
TTTTTSSSSTTTTTTTSTSSSSITTTTTTSSSSIITTTTTS o

a = 95800

b = 217519

¢ = 414560

d = 422481

prll—lt(” ”)

print (> a =% b =% ; a”4 + b~4 = %d’
% (a, b, a**4 4+ b**4))

print(’c =% d =% ; ¢4 - d°4 = %d’
% (c, d, d**4 - c**4))

Pesynbrar ucnosaenus nporpaMmMbl. Pacuer cymmbr 4-X Mep-
HBIX THIEPKYOOB:

a = 95800 b = 217519;
a”4 + b"4 = 2322892439815904960321
¢ = 414560 d = 422481;
¢c™4 - d74 = 2322892439815904960321

KaK JIETKO yOEJUThCs PEe3yJIbTAThl BBIUUC/IEHUS [IPAaBOil U
JIEBON YacTell COBIIQIAOT.

Buagasie nogBuiach moTpedHOCTD JIAIL B HEOOJIBIIIOM
KOJIMIECTBE UPPAIMOHAJIBHBIX YUCE]I, HO TpeOoBaHue Jio-



TUYECKOM CTPOMHOCTU MATEMaTUKHU ITPUBEJIO K TTOCTPO-
€HNI0 BCEX JIEeMCTBUTENBHBIX Yucesl. B J9acTHOCTH, s
CTPOMHOCTH MAaTeMaTUIECKO! Teopun ObLIO OYeHb BAXKHO,
9TOOBI BCAKAS ITOCIEI0BATEILHOCTEL Ko cxoqmiack. Ho
JUTS PAIMOHAJIBHBIX 1unces 31o HeBepHo. [locienoBaresn-
HocTh Kormmm paruonabHBIX 9HCe/T MOXKET HE CXOUThCS
K PAIlMOHAJILHOMY YHCJIY, OH& CXOJIUTCS K JIeHCTBUTEb-
HOMY umcsy. Takum 00pa3oM, IoJie PAIMOHAIbHBIX YHCeT
HY2KHO OBLJIO JOHOJHUTD JI0 IO JeMCTBUTETBHBIX YHACE.
OTPHUIIATETbHbIE YNCJIa TOIBUINCH B OCHOBHOM M3 BHYT-
PEHHUX MaTeMaTHYeCKHX COOOPaKEHUi JJisi TOTO, YTOObI
BBIYUTAHNE BCET/Ia ObIII0 BO3MOXKHO, XOTSI OTPUTIATETHHbIE
YHUCJIa UMEIU U ITPAKTUYECKOe TOJKOBAHUE. MOXKHO OBLIO
TOJIKOBATH OTPHUIATETHHOE YUCI0 Kak 10T [[Ton86).

18 BuiBox

WutepecHo, 9To B TEOPUSIX KOHIEHTPUIECKUX cep JPEBHUX
rpekoB EBnokca, Kammmma n Apucroresnst 3eMiist HaX0In-
Jlach B 1ieHTpe BeesenHoit un Obljia OKpy:KeHa CUMMETPUIHBI-
Mu cdepaMu, KOTOPbIe CIUTAJINCH HIeaJIbHO CUMMETPUIHBI-
mu [[Tto+98]. Ho, okasbiBaercs, qaxke paborasi cO CBOUMU
CUMMETPUIHBIME chepaMi, JIETKO YOeIUThCsl, ITO 9Ta KOH-
CTPYKIUSI HE COOTBETCTBYET HU OJHOMY (DU3MIECKOMY OObEK-
Ty B mpupojie. Takoe gapyienne B pesueit ['perun naswrBaam
aropueil, Wik JJOrHIeCKH HEIIPOTUBOPEUNBBIMU KOHCTPYK-
IUAMU, KOTOPbIe HIYEMY HE COOTBETCTBYIOT. ¥ IUBHUTE/IHHO,
YTO MBI IIPHUIILIA K OJIHOMY U TOMY K€ BBIBOJILY W JIJIsI CJIydast
paboThI ¢ N-KybaMu, U ¢ Iapamu!

C dunocodekux nosuruit B Bemukoit Teopeme Depma
3aJ102KeH KOH(MIIUKT MeXKy cojiepKanueM (00bEMOM) BIIO-
JKEHHBIX JIPYT B JIpyTra TUIepKyOoB u ux ¢hopMoit: ycioBue
0 TIEHTPAJbHON CUMMETPUYHOCTH U HEIIPEPBIBHOCTHU CJIEJ0-
BaHus CJI0EB. MOKHO JOOUTHCSI COOTBETCTBHSI COJIEPIKAHMUST
B y1iep6 hopMe u Ha00OPOT. DTOT KOHMJIUKT IIPEOI0/I€Ba~
€TCsl JINIIb B JIByMEPHOM ITPOCTPAHCTBE, TJIe CYIIEeCTBYIOT
[TucbaropoBbl TPOIKM, KaK PEJIKOE sBJIEHIE TAPDMOHUH.

D10 HaroMuHaeT byHIAMEHTAIbHOE COOTHOIIEHNE HEeOIpe-
nesieaHocTH ['elizenOepra B KBAaHTOBON MeXaHUKe, yCTaHAB-
JINBAIOIINII IIpe/iesl TOYHOCTU OJTHOBPEMEHHOI'0 U3MepeHus

18 BriBox | 45

[[Tou86]: IlomrTpsirun (1986),
O6o06mmenns ancest

[[Iro498]: IIrosemeit u mp.
(1998), Asmbmarect: mwin marte-
MATHYECKOE COYMHEHUE B TPH-
HA/IATH KHUTAX
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Puc. 18.18: Hukomait IBanosu4
JloGavueBckuit (1792-1856) —
DPYCCKHUII MaTeMaTWK, OQUH U3
[IEPBOOTKPBIBATE/ICH HECBKJIH-
JoBOH  («runepbomaecKoii» )
reOMeTpHUH, JIeATelb yHHUBEp-
CATETCKOTO 00pa3oBaHusaA U
HAPOJIHOTO IIPOCBENICHHS.

[HB04]: H.B. (2004), Beicrast
reoMeTpus. Y IeOHIK

[Kou65]: Komecnukos (1965),
JIobaueBckuit

napbl (pU3UIECKUX BEJTUYUUH, OIMUCHIBAIOIINX CUCTEMY, KaK
HAIIPUMEp, UMITYJIbC U MMoJIoxKeHne dactuiibl. OH HaM IOHAa-
JIOOUTCS B CJICAYIOIMMX TJIaBax 3 W D JJjIsd J0Ka3aTeIbCTBa,
ABC-runoresnl.

Ab6comoTHo cumMmerpudHast Beenennast HeBo3MoOxKHa. Jlist
BOBHUKHOBEHUsT MaTePUU, BO3MOXKHOCTH XUMUIECKUX PeaK-
Ui ¥ 3aPOXKICHUS XKU3HU HEOOXO MO OIIEPUPOBATDH MOHATH-
eM 06béMa/Mepbl COXPaHEHHEM KOJIMYIeCTBA BENeCTBA. JTU
YCJIOBHS 00ECIIETHBAIOTCSI TOJBKO B CJIEIKA ACHMMETPUTHOM,
AQHU30TPOITHOM IpocTpaHcTBe. [Ipr n > 2, Takoe HEBO3MOXKHO
B M30TPOIHOM (IIEHTPAJBHO CUMMETPUIHOM ), OJIHOPOTHOM
IIPOCTPAHCTBE, YTO ITOCTYJIUPYETCAd B aKCUOMaX €BKJINJIOBOMN
reomerpun. [TyOuHHAasT IPUPOJIA STOTO IIPOTUBOPEYHS BbI-
TekaeT u3 yHIaMeHTaJIbHbIX (DU3UIECKUX CBOMCTB Hallei
Bceenennoii. Ecin 661 oHa ObLIa HIeaJbHO CUMMETPUTHOM,
110/I0OHO M3YUEHHOH KOHCTPYKIINU KOHIIEHTPUIECKUX cdep,
TO B HEI HE MOIJIa 6bI BOBHUKHYTbH MaTepusd C IIPUCYIIIUMNU
el CBOWCTBAMU COXPAHEHUs] MATEPHUH/ MEPHI.

Takum obpazom, uccienys Benukyio Teopemy Pepma, Mbl
MIOJIOTILIN K BOIIPOCAM (PU3UKU U MUPOBO33PEHU, JTaKe He
MIPUMeEHSS BBICIIYIO MaTeMATHUKY, OOIILYI0O TEOPUI0 OTHOCH-
TEJIbHOCTHU U CJIOXKHBIE Juddepeniinaibuble yPaBHEHUST 110
WJLTIOCTPAIUU TIPUHITAIIOB ITPOUCXOXKIeHus Haleir Beesen-
Hoit. [Ipermonoyxkennsi, KOTOpbIe JIeJ1a/IUCh B pAMKaX €BKJINJIO-
BOIl TeOMETPUHU, IPUMEHUTEIHHO K KOCMUYECKUM MAaCIITabaM,
CTAHOBATCS HETOYHBIMU. 37IeCh yKe paboTaeT HEeCBKIINI0-
Ba reomMeTpus. B aHU30TPOIIHOM MPOCTPAHCTBE KOHMJIUKT
MeKJ1y (DOPMOIT U COJIEPKAHUEM U3yYIaeMbIX HAMU CTPYK-
TYyp KOHCTPYKTHBHO Pa3peIaercs, HO JIJisk STON0 HEOOXOIIMO
OTKa3aThCd OT reomerpun EBkimmal

Barnganure na noprper pycckoro ydenoro Hukomas Ba-
nosu4a JIobadeBckoro, pekropa Kazanckoro ynusepcurera,
MaTeMaTUKa, KOTOPbIi BHUMATE/ILHO U3YYUJI IATHIN TOCTY-
mar EBK/mMIA, aKCHOMBI KOTOPOTO MBI PaCCMATPUBAJIH, U
copMyIMpOBaAJI CBOIO, TaK Ha3bIBAEMYIO "BOOOparKaeMyto
reomerpuio". BriocsieicrBun sTa reomerpus Oblia Ha3BaHA
reomerpueit JIobadesckoro. Yurare/ib MOXKET 03HAKOMUTHCS
¢ reomerpueit Jlobauesckoro [HB04| u 6uorpadueit sroro
HeoOBIIHOro yuénoro B [Kosn65).

Oxkazajiock, 9To reomerpust JI06aIeBCKOrO yIUBATETHHO XO-
POIIIO OMHCHIBAET TOHATHE TPOCTPAHCTBEHHO-BPEMEHHON MH-
tepsaJi, npeobpazosanne Jlopenra. Orrosocku Bosbioro



B3PbIBa LIPOABJIAIOTCA B BUJE PEJIMKTOBOI'O U3JIy4YeHUd, HU3-
KOTeMIIepaTyPHBIX POTOHOB ¢ TeMiepaTypoit 2,72 Kenbsuna,
KOTOpbIEe MOXKHO M3y4aTb C IIOMOIIBIO HOBEHIlleidl anmapa-
TYPBI U TOJIyYaTh WHMOPMAIUIO 00 aHU30TPONUU HaIeit
Bcestennoit.

N neiicrBuresibio, 1983-1984 rojbl poCCUCKUIT PEJTUKTO-
BBl 9KCIIEPUMEHT TIOATBEP/INI aHU30TPOIUIO PEJTUKTOBOTO
nzydenns - "sxa"Bosbimoro B3peiBa. Msmepenust mposo-
JIMJIACH C TIOMOIIBIO PaJuoMeTpa, paspadboranHoro B VH-
crutyTte Kocmuieckux uccienopannit AH CCCP, B rpyre
Uropst Apkaabesnaa Ctpykosa (0bIiee pyKOBOJCTBO MPO-
rpammoit ocyrecTsst akagemuk Hukosait Cemenopua Kap-
Jaries) Ha 3amyinerHoM cryTauke "IIporros-9". B 2006
roJly OTKPBITHE POCCUACKUX yUIEHBIX ObLIO "OIeHEeHO 0 10-
cronrcTBY "nipucyxaeanem HobesreBckoit mpemun 1o pusnke
amepuranraMm JLxopmky Cvyry n Jxony Mazepy 3a 1o-
BTOpEHUE PE3YIbTaTOB POCCUICKUX (PU3UKOB, HO ¢ OOJIbIIE
toanocTbio. |Ckyl10] MmMena poccHiiCKIX yHUeHBIX OCTAINCh B
TEHN.

[Ipusesiénnoe 10Ka3aTEIHCTBO U3JI0XKEHO C OPUEHTAIINEN Ha
IIKOJIbHBIE 3HaHus. st 6osiee TyryOOKOro 3HAKOMCTBa, C TE€O-
pueil IPOCTHIX YHCeST YUTATEN MOI'YT OOPATUTHCA K JIUTE-
parype: [AP87], [IIpa], [Cu307], [MII122] [Bunls|, [Bop+85],
[Kap83]

B sToit uTeparype paccMaTpuBalOTCH BaryKHBIE BOIIPOCHI:
IIPOCTBIE U COCTaBHbIE YHCa, apudMernideckue OYHKINU,
Teopus CpaBHEHWIl, IepBOOOPA3HbIE KOPHU W MHJICKCHI, IIETI-
HbIe JIpoOu, ajredbpandeckue U TPAHCICHJICHTHBIC YHCIA,
CBOMCTBA MPOCTBIX HHCEJ, TEOPHUs TUOMDAHTOBBIX ypaBHE-

o

HMIA.
Kpowme Toro, pekomenytorcst: [AO 62] [Byx13], [Tur53].

JIJISE IOHUMAHNS AJTOPUTMUYECKUX ACIEKTOB TEOPHUH UHCET
C IIPUMEHEHUsSIMU B Kpunrorpadun (mposepka GOJIBITIX TPO-
CTBIX YHCEJI Ha IIPOCTOTY, pas3jioXKeHne OOJIBIINX YUCEeT Ha
MHOYKHUTEJIH, JIMCKPETHOE JIOrapuMMUPOBAHIE) U C MCIOJIb-
3oBanueM OBM.

Buepean npegcrour pabora 110 pa3BUTUIO OT€UIECTBEHHON Ha-
VKU, UHXKCHEPUU U BO3POKJICHUIO CUCTEMbBI TOCPErUCTPAIIAN
Hay4IHBIX OTKPBITUI, yTpadeHHoit o pert. oT 14 masg 1991r.
N 156 [pesuanyma Axagemun vayk CCCP. B aroit octpo co-
CTA3aTETbHON CUTYAIIMI aBTOP OBbLT BBIHYZK/IEH ITPOIOIZKUTH
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[Cxyl0]: Ckymaués (2010),
«Koppessiiusi  JAHHBIX 110
AHU30TPOLME  PEJIUKTOBOIO

W3JIy9eHUs B JKCIIEPUMEHTAX
WMAP u"Pemukr-1"»

[AP87]: Aspaenn u np. (1987),
Kiaccuueckoe BBejeHHE B CO-
BPEMEHHYIO TEOPHIO YUCET
[[Ipa]: IIpaxap (), Pacupenese-
HUE MPOCTHIX YUCE]T

[Cuz07]: Cussrit (2007), Jlekuun
10 TEOPHH YUCEJT

[MII22]: Manun u ap. (2022),
Baenenne B coBpeMeHHYIO T€O-
PHIO 9HuCeT

[Bunl8]: Bunorpamos (2018),
OcHOBBI TeOpUU YnCes
[Bop+85]: Bopesua 3U u np.
(1985), Teopust uucesn

[Kap83]: Kapaiy6a (1983), Oc-
HOBBI AHAJUTHYECKOH TEOpHn
qmCcen

[AO 62]: AO Tenbdons (1962),
DJIeMEeHTapHBIE METO/bI B AHa-
JINTUYIECKON TEOPUN THUCEeJT
[Byx13]: Byxmrab (2013), Teo-
pus 9ucet

[Tur53]: (1953),
Teopus nzera-dpynknnn Puma-

TuTamapimn

Ha
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[AB23]: Aipies (2023), «Besn-
Kag I'OJIOBOJIOMKAa, KaK WH/IUKa-
TOp cyBepeHusarmu Poccuiickoi
HAyKI»

[AB20]: Azpies (2020), «Basbt
narabx st 9BM lokazares-
ctBO TeopeMbl Pepma i Mut-
JINAPJIOB Ha OCHOBE IITKOJIBLHBIX
saanuii 11.03.2020»

uccjaea0BaHudd 110 IIOUCKY KPaTKHX, JOCTYIIHbIX JIJIs ITOHM-
MaHMUsI IMIPOKOI ayauropun, Joka3areabcrs ABC-rumoressr,
13 KOTOPOIl Tak:Ke cjejiyeT joKazarebcTBo BTO.

CkenTuky NMpoJIoJIZKAIOT cInTaTh, 9To [Ibep ne Pepma, Be-
posdTHee Bcero, 3a0 1y ascd. MexkTy TeM, mocae10BaTe b-
HO€e TTPUMEHEeHNe OCHOBHBIX IPUHITUIIOB (PU3UKU, T€OMETPUN
3aCTaBJILIOT JyMaTh uHade. Pabora uaj Teopemoit Pepma
IIpuaaJia UMITYJIbC PAa3BUTUIO TE€OPUMN YHUCEJI, KOTOPad TaKzKe
OIUCHIBAET 3aKOHDBI (DU3UUECKOTO MUPA, HO OIIOCPETIOBAHO.
CMeHa IIapa/JurMbl IIO3BOJIAET YBUJACTD 3Ty CBA3b B HAlJIA-
HOM IIpejicTaBeHnu. /[pamMarndeckas UCTOPUS OTKPBITUS
TEeOpPEMBI CDepMa 1 IIOUCK Hal'VIAAHDbIX JOKa3aTeJIbCTB IJOJIZK-
HBI CTATh YaCThIO NIKOJLHON / BY30BCKOM MOJATNOTOBKH.

19 Jduckyccun

B xome mokasarennbcrBa BT® mareMaTHIecKIMH METOIA-
MU (bU3UIECKIE 3aKOHBI IIOMOIJIM B IIOUCKE II0JI0OHO HUTH
Apnagner. [Asi23].

[IpoBecTn obcy:xtenne MoxkHO Ha dopyme Coobrectso BK
Qusnka /I MeHe2KePOB

Baech Ha Puc. 19.19 npuBejenbl aBTopcKue rpaduiecKue
PHUCYHKHU - cojepxkumoe tabauir Baser manaeix st 9BM,
[AB120| - PocniarenT BHEC M CBOIO JIENTY B TOIMYJ/IPU3AIIUIO
MaTeMaTUIeCKUX 3HAHUM
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0a JI0CTATOYHO JIJIsI JIOKA3aTe b=
crBa BT®.
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Hzeta-pyukunsa Pumana

1 Bsejienue

['unoreza Pumana — ojina n3 BasKHEHINX HEPEIIEHHBIX Ma-
TeMaTUuIecKux 1pobsieM. B 3Toit pabore paccmarpuBaeTcs
JIOKa3aTesIbCTBO rUoTe3a PuMana o Tak Ha3bIBaeMbIX HETPH-
BUAJIbHBIX HYJIAX j3era-byuknun. /3era-dynknus Pumana
urpaeT BaxKHYIO POJIb B aHAJINTUYIECKON TEOpHH ducesI, uMmeeT
[IPUJIOYKEHUS] B TEOPETUUIECKOI (DU3UKe, TEOPUU BEPOSTHO-
cTelt 1 MAaTeMaTUIeCKO# craTucTuke. ABTOp yOEXKIEH, ITO
BepudunupoBaTh runoresy Pumana ciejyer ¢ mo3urun ¢pu-
3UKW, KBAHTOBOI MexaHuKu, oOparienus K CrangapTHO
Mojiesin Beestennoit, cuvmmerpun u anareope. B marmn Bek 6azo-
BbI€ IIPEJICTAB/IEHUS 110 STUM IIPEeJIMEeTaM JAIOTCS B IIKOJIE.
HpOCTbIe YHCJIa - 9TO MaTeMaTHu4dYeCKad MOJE/JIb BOSMOZKHOCTU
BbIJIeJIeHus (060COOIEHHOCTH) TIOJICUCTEMBI B COCTABE CUCTE-
MbI. XOTsI (DOPMYJIbI, OIIPEJIETISIONUe N3eTy-(hYHKINIO 1 €€
CBOICTBA, HECKOJIBKO I'POMO3JIKU W TPEOYIOT 3HAHUI BBIC-
el MaTeMATHKN, TEOPUH aHAJINTUIECKUX (DYHKIU, Teopun
quces, HO TJIaBHAs HMes JI0KA3aTe/IbCTBA OMUPAETCS IIpe-
UMYIIECTBEHHO HA 3HAHUS IPUHIINIOB (DU3NKH, MaTeMaTUKH,
JIOTUKHU, U3ydaceMbI€ B IIKOJIE.

C opuenTalueil Ha MUPOKYIO YUTATEILCKYIO ayIUTOPUIO,
BKJIIOYAsl CTapIIEKJIACCHIKOB, B 9TOI paboTe 3HAKOM
KypCHUBa / IIBETOM BBIJIEJIEHBI CHEIUAIbHBIE TEPMUHBI,

KOTODBIE JIETKO MOTYT ObITh HAlJIEHbI B HAYTHOM
aureparype. MexKIMCInIINHAPHBI XapaKkTep
UCCJIe/IOBAHNS U KOH(JIUKT B UCIIOJIb3YyeMbIX 0003HAUEHUSX,
KaK HalpUMeDp, P -BePOATHOCTh U P - UMILYJIbC, P - IPOCTOE
YUCIIO0 TIOOY/INIT aBTOPA JIEKJIAPUPOBATH B HaYaJse KaxKJI0ro

pa3jesa OCHOBHBIE JIOKAJILHBIE TIepEMEHHbIe, (DYHKITUU C
TeM, IlepeJarTb, B KAKOM CMBIC/Ie II0APa3yMeBaeTCs UX

HCIIOJIb30BaHUE.

Hauboiee xapakTepHbIM CBO#CTBOM J13eTa~-pyHKIMN Pumana
C(s) sByIseTCS TOXKIECTBO, KOTOPOE MOXKET OBITH 3aIllUCAHO



aBymsa dopmystamu. [lepBast 3 HuUX HpejcTaBasgeT coOOi
beckoneunyio cymmy psiji lupuxiie Buga:

()= >+ (1)
n=1

ns

rJie 0JpasyMeBaeTcsd CXOJAUMOCTD Psijia it 8 (BOIIPOC O
CXOJIMMOCTH PACCMaTPUBAETCs HUXKE), a n npoderaer Bce
HaTypaJbHbIe Yuciaa. Bropas dopmyna onpenenasier C(s)-
dbyHKIMIO B BUe GECKOHETHOTO PsiJia MPOU3BEICHHUIA:

s)=11 1—% =117 1+l+l+l... (1.2)
p

p

B 9T0i1 hopmyite p mpoberaer Bee mpocrble dncia. (B ciayqae
cxosIerocs paga 1.1, JIerko pacCcMOTPETh ero 4acTUIHbIE
CYMMBI, IIPUMEHUTH ACCOIMUATUBHBIN 3aKOH U IPOU3BECTH
apudMeTHnIecKre OIepPaIui ¢ IPOCTBIMIA YUCIaMU, 0OTOpa-
CBIBasl 9JICHDLI MJIAJIIIErO IOpsiKa). Ditrep gokasas [an74|
SKBUBAJEHTHOCTb 00OUX OIpeesIeHn It CIydast TeJIbIX S

Kak anajmruieckyio (pyHKIUIO OT apryMeHTa - KOMILIEKC-
HOW IlepeMeHHoii s = ¢ + it, Buepsble ((S) HaYa I U3ydarh
Puman [Pun48]. Beisicannocs, aro C(s) mMozkeT ObITH aHa-
JINTUYECKH TPOJIOJIZKEHA HA BCIO KOMILJIEKCHYIO TJIOCKOCTh
C, BKJIIOYas OTPUIIATEIbHBIE 3HAYEHUSI 0, IPUIEM HE MMEET
Ha Heil ocobeHHOCTell KpoMme S = % + it - mosIroca IIepPBOro
HOPsIIKA.

C(s) = 0 obpamaerca B HOJb B obtactu (=2, —4, —6. .. ) oTpu-
IHaTeJIbHbIX 3HAYEHUN O - 3TO TaK Ha3bIBaeMble TpUuBUaJIbHbIE
mysu. OcoOblil HayIHBI HHTEPEC MPEICTABISET MONCK HeTP-
pranbibix mwyaei C(s) -gynkuuun. B chopmynmuposannoii Pu-
MaHOM T'HUIIOTE3€ YTBEP2KIAaCTCA, 9TO BCEC HETPpUBHAJILHDLIC
nyan C(S) paciosioxKeHbl Ha MHUMOI OCH S = % + it.

1.1 BeckoneunocTns 4nciia HETPUBUAJbHDBIX Hy.)'[eﬁ

B nannoe cekiuu ucnosib3dyiorcst I' B 3navennn 'amma dyHKImn,

Y(x), x, E - cuernuaspno onpejesennsle Puvanom GyHKnum, st
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[Tan74]: Yanpacekxapan
(1974), Beenenune B anajuTuye-
CKYIO TEOPHIO YHCEIl

[Prum48]: Puman (1948), Pu-
man beprrapga.  Counnenwst.
IlepeBom ¢ wmem. mom pe.
B.JI.T'orgaposa.
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[Tit86]: Titchmarsh (1986), The
theory of the Riemann zeta-
function

VIIPOIIeHusT BhIipakeuuili u T - uHTEpBaJ JJisd IePEeMeHHOi | 1Mo

MHIMOI ocn Ha C.

QyHKIIA KOMILIEKCHOTO TEPEMEHHOT0 Ha3bIBAETCA PEryJIsp-
HOW (o;LHo3HaqH0171 AHAJIMTUYIECCKON B Tque), €CJId OHa oIpe-
JeJIeHa B HEKOTOPOl OKPECTHOCTH 3TOI TOYKU U IIPEICTaBUMa
B HEKOTOPOM KpPYI'€ CXOAAIINMCA K Hell cTelleHHbIM PAJIOM.
Bepno crenytomniee dbyHknnonaabHoe ypasaerne |Tit86], Bu
KOTOPOT'O CHaYaJsIa MOXKET I0Ka3aThCA CIUIIIKOM CIIOZKHBIM:

C(1—-s) = 21_Sn_scos(%)F(s)C(s) (1.3)

M3-3a UCIOJIb3YeMOi 3/1ech ramma-pyukinn Jitiepa B 60-
Jiee TIPUBBIMHOM JI7IsT COBPEMEHHUKOB (hopme, pazpaboTaHHO
Jlexkanipom:

+00

I'(z) = / t*le7tdt, zeC, Re(z)>0 (1.4)
0

DTOT MHTErpaJ JIerko 6epercs 10 4acTaM U CBOJMTCH K UH-
TerpaJly aHaJOI'MYHOI'0 BUJIa — B UTOT'€ IOJIy4aeTCsl PEKYP-
perTHoe coornomenue I'(z + 1) = zI'(z). Jdna mxonbauKOB
JIOCTATOYHO BCIOMHUTE OIpeesienre (pakTopuaJia ducia 1!,
YTOOBI JIyUIlle TTO3HAKOMUTLCS ¢ TaMMa-(DYHKITHEH U e€ CBOi-
crBamu. Vlcxons u3 1.4 myreM JIBOMHOM 3aMeHbBI IIEpEMEHHBIX
BBITEKAET CJIeyolast (hopMyia;

+00
—an1 ] +1
/t"‘exp(—atﬁ)dt:a For(2 (1.5)
B\ B
0
HOJICTABIAS 4 = —N>T U p=1ua= % — 1, npuxomum K

CJIEAYIOIEMY BbIPDAazKEHUIO:

+00

/ x3 e gy = —T (3)

2 (1.6)

0

[Tockouibky C -yHKIUS MOXKET ObITh aHAJIUTUICCKI [1PO-
JIOJIZKeHaA Ha BCIO TJIOCKOCTB S = 0 + it ipu ¢ > 1, BbIHOCS
KOHCTAHTY U3 I10J] 3HAKA CYMMBI ITOJIyYUM U3 [IPEJIbILy el

dopmybL:



+00

1" E (o) 00 .
I'(s) 2(5) 22) Zis _ Z/ 31X gy
ns/ / 0 n =1 /
+00 o
:/x%—lze—n iy (17)
0 n=1

3/ech pou3BeJieHa MepeMeHa MOPsIKa CyMMUPOBAHUSA U
UHTErPUPOBAHUS, JTOMYCTUMAS JJIsT AOCOIOTHO CXOATIETOCST
pana. Puman Boliesisger B oT/Ie/IbHYIO (DYHKITUIO

P(x) = > e (1.8)
n=1
" ynpomaeT Bpra)KeHI/IeI
+00
7‘(5/2 s
C(s) = / x2 Y(x)dx, 0 > 1 (1.9)

ey

N3 1.8 ¢ momornpio w3BecTHOM dopmybl i ['ayccosa nmnre-

2
rpaJia fo e ky = VT

ITOJIVAHUM
T vk Y

2P(x)+1= % {21,0 (%) + 1}

Turamapin u3 nocsesneit opMyJibl ¢Jiesia BIBOJ, O CBsi-

(1.10)

31 MeXKJ1y Ipou3BOHON u camoii dyukmumeii |Tit86], B uém
HETPY/IHO YOEIUTHC HENMOCPEICTBEHHO, YIIPOIas BhIpayke-
HUsI, OJIy9eHHbIE B XoJ1e auddepeHnupoBatust, myTéM 3a-
MEHBI [IepEMEHHON Ha eé 3HaueHnst X = 1:

() + (1) = — (1.11)

Takum odopazom u3 1.9 u 1.10 BeITEKAeT dpopmyiia:
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[Tit86]: Titchmarsh (1986), The
theory of the Riemann zeta-
function
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r(i)si( ) —/x%_lgb(x)dx+/x2 1¢(x)dx
0 1
1 &)
I N SN AN
_O/x {\/El’b(x)+2\/§ 2}dx+/gb(x)dx

= P +1/ (x_%_l + x%_l) Y(x)dx (1.12)

Puman oOpaTtni BHIMaHNe Ha CHMMETPUYIHOCTD BXOKJIEHUS
comHoOXKUTENEN S U § — 1 B 1nosiyueHHoit popmysie, u3 1ero
¢jles1agl BIBOJL O TOM, YTO HYJIU C JIOJIZKHBI PACIIOJIaraTbCs

CIMMETPHUYHO OTHOCHUTEJIBHO OCHU O = % na C. I3 IIoJIy4eH-

1 .
HbIx gopmys 1.10 u 1.11 myTém 3aMeHbl § = 5 + it Bepurap

Puman sgerko IIOJIYYUJI BbIpa2KE€HUE!:

N| =

- (t2 - 411) / tp(x)x_?icos (%tln(x)) dx (1.13)
1

Takxke jyra yrpornerust paboTel ¢ Bbipaxkenuem 1.3 Pu-
MaH CIelrajbHO BBEIT (DYHKIMIO X (S) COrIacHO BBIParKeHHIO

C(s) = x(s)C(1 —s), upu sTom

=

I'(
I'(

)
)

N

X = 21_sn_scos(%s)1’(s) = 572 (1.14)

NI®

Cunenosarenbho, x(s)x(1 —s) = 1. B coorsercrBum ¢ ¢op-
mynamu 1.3, 1.14 BbIme, ecanu MOTOKUTD:

n3T (%) C(s) (1.15)

TO MOYKHO BBIBECTU CUMMETPUYHOE BhIPaKeHUe Jisd (PyHK-
1882078

E(s) =& -5) (1.16)



Jlanee Puman ocyIecTBU/I 3aMeHy TI€PEMEHHOI, TOBEPHYB
ocu mnockoctn C ma yrom 7:

E(z) =& % +iz (1.17)

Taxkum obpazom, pyHKIMOHATILHOE YpaBHeHUe 1.3 SKBUBa-
JIEHTHO YTBEPKJAEHUIO 0 YETHOCTH (hyHKImn Z(Z).

B Inase XI [Pum48] O 4uuciie npocThix Yucest, He TpeBbIiia-
FOIX JIAHHON BeJIMINHBI PUMaH TPUXOIUT K BBIBOJLY O TOM,
910 (byHKIMA & MOXKET 00paIaThCsd B HYJIb TOJBKO B TOM
ciIydae, ecii MHUMasl 9acThb f 3aKJII0UeHA MEXKTY —% u %, a
YUCJI0 KOPHEH ypaBHeHus, JIeHCTBUTE/IbHAS YaCTh KOTOPBIX
zaxsrouena Mexky 0 u T npubm3uTesbHO PaBHO:

Lot 1 (1.18)
27 g2n 27 '

Puman mumier: ‘B yKasaHHBIX B IIpejiejiax COAEPXKUTCS IIPH-
MEPHO CTOJIBLKO JefICTBUTEILHBIX KOPHEIl; IIPeICTaB/IsgeT BECh-
Ma BEPOSITHO UTO M BCE KOPHU SIBJISIOTCS JI€HCTBATEIHHBIMI.
Bo Besikom cirydae ObLIO OBbI 2KejlaTeIbHO HAWTH CTPOroe
JI0KA3aTeIHCTBO BTOPOIO MPEIJIOKEHNUST; TTOCIe HECKOTIbKIX
HAIIPACHBIX HE OYeHb HACTOMYMBLIX ITOIBITOK Pa3bICKaTh Ta-
KOBOE€, I BpEMEHHO OT HHUX OTKa3aJICd, TaK Kak I OJIzKaii-
et eI MOEro MCCJIEIOBAHUS B 9TOM He IIPEJICTaBJISIIOCH
HaJobHocTH' .

Ucxoas us 6uorpadun Pumana, xoporio onucanuoi B |/Tep10],
3aKOHOMEPHO IIPEJINOJIOKHUTE, YT0 PUMaH cj1es1al MHOIO Ha-
CTONYMBBIX HOIBITOK J0Ka3aTh CPOPMYIUPOBAHHYIO UM I n-
HOTE3Y, HO MCXO/sd U3 YPOBHHA Pa3BUTHUS (PUBMKU CEPEIUHbI
XIX mokasarh €€ ObLIO HEBO3MOXKHO.

BriBon Pumana Ttakxke nogrsepikiaer Turamapir myTém
aHasm3a cieayoniero uarerpaia [Tit86], [Tuuab3):

2(t
lim ——Llftznch(at)dt:
a—% t2 + 1

(=1)"mcosg

oo (1.19)

rae n = (0,1,2...N) uMmeer CTOILKO Ke HyJIel, CKOJILKO U
nocaeaoBaTebHOCTh (—1)" ms gocTaTodHo GOJbINX 4 =
a(N) u nocrarouno 6mmskux a — . Crenosarenbno, na
unrepsase (0,a) ¢yuxiusa E(t) nmeer 1o Menbineii mepe N
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[Punvd48]: Puman (1948), Pu-
man bBeprrapa. Counnenusi.
IlepeBos, ¢ Hem. 101 Ppe.
B.JI.T'ongaposa.

[depl0]:  Hepbumup (2010),
IIpocrast omepxkumocth : Bep-
uxapya Puman u Beamuaiinrast
HepeIeHHast TpobjemMa B MaTe-
maruke / JI. Jepbummp ; JTxon
Hepburmup ; mep

[Tit86]: Titchmarsh (1986), The
theory of the Riemann zeta-
function

[Tuab3]:  Twamapm  (1953),
«JIzera-pyuknns Pumanas
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[OS88]: Odlyzko u mp. (1988),
«Fast algorithms for multiple
evaluations of the Riemann zeta
function»

[Rem21]:  Remmen (2021),
«Amplitudes and the Riemann
Zeta Functions

[Osi04]: Osipov (2004), Bous-

miasd poCCUiicKas IHIUKIIONE N

mepeMeH 3HaKa. Ycrpemysis N — oo Puman cesiai BbIBOI, O
OEeCKOHEYHOCTH YHCJIa HETPUBUAILHBIX HYJIEI.

Taxum obpazom, B chopmysinpoBantoit Pumanom rumorese
YTBEPZKIaeTCs, YTO BCe HeTpuBHaabuble Hyau ((S) pacio-
JIO2KEeHBI Ha MHUMOI ocu § = % + it. Ho moarBeputh 160
OIIPOBEPIHYTH ITO yTBEP:K/IEHUE €IIE HUKOMY He YIaJIOCh
HECMOTPSI Ha HACTONYMBBIE YCUJINS MATEMATHKOB C HCIOJIb30-
BaHMEM CyIIEPKOMIILIOTEPOB U PACIIPE/IEICHHBIX BHITHC/ICHUI.
Haiizien asropurm O ibikko — [lénxare jays Boraucienus
n3eta-dyuknun Pumana Biuiots 10 1020 (The 10?-th zero of
the Riemann zeta function and 175 million of its neighbors)
cM. rakxke [OS88].

Mexy Tem ¢ MomenTa (hOPMYJIUPOBKY THIIOTE3B! PuMana B
1859 rosty B busuke ObLIH cJie/TaHbI Ba2KHbIE OTKPBITHSA, MHO-
TOKPATHO MOJITBEPIKIeHHbIe SKciepuMeHTaMu. [ 9Tn 3Hanus
IIOMOTYT OTBICKAThH JIOKA3aTeJIbCTBO TUIIOTe3bl PuMmana.

2 C nosunum busuKn

Moxkno ormetuTs paborsr dpusnka w3z CIIIA, e ¢ omopoit Ha
3HAHUS (PUBUKHU IJIEMEHTAPHBIX YaCTHUI] OH PACKPBIBAET COOT-
BETCTBUE MEXK/IY 3JIEMEHTAPHBIMU YaCTUIIAMEI U HETPUBUAJIb-
abiMu Hysasimu C(S) - GYHKIMM, BBOAUT CBOIO MEPOMOPQHYIO
dyukimio, ynpomaorntyto ucciaenoanus [Rem?21|. Taxkue
AHAJIOTMHU TPOJYKTUBHBI. BMecTe ¢ TeMm, 110 MHEHHMIO aBTO-
pa, obIre niaen JoKa3aTeabCTBa IHIoTe3bl PuMaHna MOXKHO
MOYEPITHYTh U3 MIKOJBHBIX 3HAHUI: 00Iero Kypca (hu3nKu,
ACTPOHOMUM, MaTeMaTHKN, ajare6per u joruku. (Omyckas
CTPOTHE OCHOBAHUS, MKOJbHIKAMU MOYKHO Cpa3y HepeiTn
K cexiuu Qopmysia [lranka st moHnMaHus uiaeit qoKa3a-
TesbeTBa 6.1.)

2.1 Baxkuble mpeanochbLIKn

B nmammoe ceknmm mcmosib3yiorcss obosHadenusi: L - dbyHKIMA
Jlarpamxka S - Kjaccuaeckoe JefiCTBUE S - TUCJIO CTEleHel cBOOO-
JIbL, 4, p - 0000IIeHHbIe KOOPJUMHATHI 1 UMITYJIbe, T - TemiepaTypa
I' - 06béM dazoBoOro mMpocTpaHcTBa Mg - KOHIIEHTPAIMS JacTHIL B

3aJaHHOM TOUKE.

Coruacno |Osi04] Bepudukanus (or smar. verificatio — moka-



3aTeJIbCTBO, MOATBEPXK/IeHNE, OT JIaT. Verus — UCTUHHBINA 1
facio — menarp) - 910 TMOHSITHE, YHOTPED/ISIEMOE B SMUCTEMO-
JIOTUH, JIOTHKE U METOJIOJIOTHH HayKu Jjisi 0003HAUEHUsT TIPO-
IIECCOB YCTAHOBJICHUS] UICTUHHOCTU HAYIHBIX YTBEPIKICHUN B
pe3yJibTaTe UX SMIIMPUYIECKON MPOBEepKH. Takasi mpoBepKa
BO3MOYKHA, IIyTEM IMOCTAHOBKM (DU3UIECKOTO IKCIIEPUMEHTA,
HaOJIIO/IEHUST SIBJICHUsI, U3MEPEHUs U B3auMOJeHcTBUSA WH-
CTpPYyMeHTa HaOJIIOJIEHUSI C M3Y9IaeMbIM OObEKTOM.

XoTs HAYUIHBIN UHTEPEC MOYKET IPEJICTABIATH TOCTPOCHUE
MaTeMaTHIeCKIX MOjiesiel /it KOTOPhIX B U3BECTHOM (hHU3N-
YeCKOM MUPE aHAJIOroB He cyiiectByet [Ban79|, Ho B naHHOM
pabote Oyer goKazaHa rurnoresa PuMana oT MpOTUBHOTO:
ecsim Obl HeTpuBHAJbHBIE HyJH ((S) OBLIM PACIIOIOKEHDBI
BHE MHHMOI OCH S = % + it, TO 3TO TPOTHUBOPEIMIO OBI OC-
HOBOIIOJTATAIONINM 3aKOHAM (PU3UKHU, KBAHTOBOW MEXAHUKM,
akcuomaM apudMeTuKu, abOCTPAKTHON aJIredphi.

CrangapTHas MOJEJb COJEPYKUT PsiJi YACTHUIL, KayKjas U3
KOTOPBIX sIBJIsIeTCs BO30YKIEHUEM OIIpeIeIEHHOrO 10J1s. B
Harnteit Beenmennoit B3amMmo ielicTBIE OCYIIIECTBIISAETC C IIOMO-
MIbI0 YaCTHUIL / BOJIH, UMEIOIINX aMILIATY/y U (pa3y. BosrHbr
nHTEephEPUPYIOT MEXK Ty coboii. fABenne naTepdepenimm,
JupaKkiuu U3BECTHO MIKOJbHIKAM CTapIINX KJIACCOB.

KopnyckynsgpHo-BoJTHOBOI Tyaan3M, U3ydaeMblil B MKOJE —
3TO CBOMCTBO IIPUPOJIbI, COCTOAIIEE B TOM, UYTO MaTepUAJIbHbBIE
MUKPOCKOITIYECKNE OOBEKTHI MOTYT IPH OJIHUX yCJIOBUAX
IPOSABJIATH CBOIHCTBa KJIACCUYECKUX BOJIH, a NIPU JIPYIUX —
CBOMCTBa KJIACCUICCKAX YACTHII.

[Tepenocuuk B3amMoaeiicTBIS

Yacruma-rmepeHocunK, MpoMeKyTouHast JacTUIla, 0OMEH-
Hasl 9aCTUIA — ITO THUIl YACTHUIIBI B KBAHTOBOI Teopuu
10JIsI, KOTOPasi MOPOKIAET CUJIbI MEXKJTY JAPYTUMH JaCTHU-
IaM#i. DTU JaCTHUIIBI CIY?KAT KBAHTAMH OIIPEIEIEHHOTO
Bu1a PU3HMIECKOro 10Jsi. KBaHTOBBIE TEOPUH OIS OIIN-
CBIBAIOT MPUPOJY B TEPMUHAX KBAHTOBBIX moJjeit. Cuiy
MEXK/JIy JIByMs YaCTUIIAMHU MOYKHO OIHCATh JTHOO Kak Jieii-
CTBHE CHJIOBOTO II0JIdA, CO3/IaBAEMOTO OJHON YaCTHUIIEA B
KOOPJIMHATAX JIPYTOil 9acTHUIlbl, TUOO KaK OOMEH BUPTY-
AJIbHBIMU JaCTUTAMU-TIEPEHOCYUKAMU CUJIbI MEXKJTy HUMHU.

Ecin dynknusa Jlarpan:ka gaHHON MeXaHUYIECKON CUCTEMBI
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[Bau79]: Bam nep Bapaen
(1979), AnreGpa
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U3BECTHA, TO ypaBHeHue Jlarpamxka:

oL oL, -

YCTaHABJIUBAET CBA3b MEXK/Iy YCKOPEHUSMU, CKOPOCTAME U
KOOD/IMHATAMM, T€M CaMbIM IIPEJICTaB/Isis OO0 ypaBHEeHUsT
JIBUYKEHUST CUCTEMBI. CHCTEMY § YPaBHEHUIT BTOPOTO MOPSIJIKA
JUst S HemsBecTHLIX dyHKIwit §;(f). s mpoctoTsr gamee
S KOODJHMHAT {1,{>2 ... (s IpocTo obosnadaerca g. Obmiee
pellenne Takoil CUCTEMbI COJIEPKUT 2§ IPOU3BOJIBHBIX MTOCTO-
STHHBIX. J1J15T TOJTHOTO OIpe/Ie/IeH s JBUKEHIST MEXaHITIeCKOT
CHUCTeMbI HEOOXOIMMO 3a/1aTh HAYaIbHbBIE YCJIOBUS: BCE KOOD-
JINHATBL (] U CKOPOCTH (.

it cucTeMbl, COCTOAIIEH M3 HEB3aUMOJIEHCTBYIONINX, HO
JleJisiinux obImilt pecype nogcucreM (mogpobHee 06 3TOM
cKkazaHo HmKe), GyHKIWMs Jlarpanka cHCTEMBbI paBHA CyMMe
dyukuit Jlarpamxka mojcucrem.

[TotHas mpon3BoiHas OT jieiicTBus paBHa MyHKIME Jlarpan-
2Ka OIpeJIesisieTcs IyTEM B3ATUS ITPOU3BOJIHON OT JIeCTBUSA

S:
s

— =1L 2.2
Huzke Oyner ucrnonb3oBano Takyke ¥ paHenue [amviibrona-
flkobu 1mepBoOro TMOpgAJIKa, TJie YacTHbIE MPOU3BOJIHBIE OT

f[eﬁCTBHH S 1o KOooOp/JinHaTaM COBIIaJaloT C HUMITYJIbCaMn

. _ 0dS.
Pi = 94"

/qn/aqll'-'laqn/ 8t -

Bo160p 00001IeHHBIX KOOPJIMHAT  COBEPIIEHHO CBOOOEH,

H{q,... 0. (23)

[“[ 04] Tanma (2004) Teope nMm MoryT OBbITDL JIIOOLIE S BeJIMYIUH, OJHOSHAYHO OIIpeae/id-
Jlan04|: Jlagnay , pe-

rrrveckas usuxa. Tom 1. Me-  OIWE IOJIOKEHIE CHCTEMBI B IPOCTPAHCTEE [/Tar04].

XaHHNKa
Ka}Kﬂ,aH TOYKa (1)&301301“0 IIPOCTPaHCTBa OTBEYa€T OIIpeec-

JIEHHOMY COCTOSIHHIO CHCTEMbI B 0000IIEHHBIX KoopuHaTax(p, ).
B xome sBoJtonuu cucremMbl n3o0pazkaiomias ee hpazoBas TOU-
Ka omuchbiBaeT B (pa30BOM IPOCTPAHCTBE HEKOTOPYIO (ha3o-
BYIO TpaekTopuio. /s cucTeMbl, cOBepIIAOIIei 0OTHOMEPHOE
dbunuTHOC JABUXKEHUE U XapaKTEPU3YIONLYIOCd HEKOTOPHIM
napaMeTpoM (&, OIPEJIEJIAIONAM CBOUCTBA CAMOU CACTEMBI
(BHeIHero moJist, B KOTOPOM cucreMa Haxoautcs ). Korjya
3TOT IIapaMeTp MEJJIEHHO MEHAETCdA CO BPEMEHEM, T.€. 3a



BpemMsd Iepuoa ABU2KEHUA CUCTEeMbI, TOI/la TaKOE€ M3MCHEHNE
CcHUuTaeTCA a,ima,6a'rw1ecm1n. B sTom ClIydae UHTEeIrpaJli:

1
I=5-gpdg (2.4)

B34THII IO TpaceKTOpUU ABU2KECHUA IIPU 3aJJaHHBIX W ITapa-
Mmerpa «. Bennauna I ocraercss B paccMaTpUBaeMOM IIPHU-
OJIMZKEHUU ITOCTOSTHHOM IIpW M3MEHEHWH IlapaMeTpa o, T.e.
ABJIAETCA ‘(LIH&G‘(ITI/I‘IGCKI/H\[ NHBapHUaHTOM. HeC.HO)KHO II0 aHa-
JIOTHH J0Ka3aTh MHBAPUAHTHOCTH MHTErPAJIOB:

// ;dpidq,'
//// ;:4 dpidqidpidqy

B KOTOPLIX HMHTErpUupOBaHUE ITPOU3BOAUTCA 110 3aJaHHbIM

(2.5)

JIBY-, TPEX, YETBIPEX- U T.JI. -MEPHBIM MHOTI000pa3usM B da-
30BOM IIPOCTPAHCTBE (CYETUUK i - HyMepyeT MOJCUCTEMY B
cocTaBe nccyeyeMoii cucremsr). Hapsiy ¢ geiictuem - da-
30BBIM O0OBEMOM IpU aInabaTHIecKOM U3MEHEHUH COXPaHsd-
I0TCA U JIpyT'Ue TepMOJIMHAMUYECKIe ITepeMeHHbIe: SHePT U,
YHUCJI0 YACTUIL, SHTPOIHS, CBOOOIHA SHEPTH, SHTAIBIINA,
TEePMO/IMTHAMWYECKUI TIOTEHITAJ.

OTO HATAJKUBACT HA MBICAbL O HAJIUYUU CBA3U MEKJ1y HNH-
BapruaHTaM HCCJIeAYyEeMbIX IIOJICUCTEM B COCTaB€ CUCTEMbI U
IIPOCTBIMUA YHCJIAMMU.

2.2 ®a30Boe MPOCTPAHCTBO W SHTPOIUSI

NsBectnbie hopMysibl pacupeaeseHusd II0THOCTH BEPOITHO-

CTH HaXOXKIACHUA JaCTUL U3ydal0TCd B (bI/ISMaTeMaT—IHKOJIaX
mgh

[JTAJI69], sTo pacnpenenenune Boabrmana nge *7 | . H. Ga-
poMeTprdeckas popmysia B pacupeenennn Makcsesia B
KOOPAMHATHO-UMITYJIBCHOM IIDEJICTaBJICHUN q, p (,H‘.HH IKOJIb-
HIKOB 6oJiee puBbIYHa (GOpMyIIa, BbIparKeHHAs Yepe3 CKO-
poctn):

m 3/2 _ m(pzpypd)
dw = W e 2mkpT dpxdpydpz (26)
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[JTAJI69]: Tanmay u ap. (1969),
Kypc obmieit dbuzuku. Mexanu-
Ka ¥ MOJIEKYJIsIpHAs (hU3MKA
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MukpococTosiHue - 3T0 KOHKPEeT-
Has KOHMUIYPAIUA CUCTEMBI,
KOTODPAasi ONKCHLIBAET TOYHBIE I10-
JIOYKEHUS U UMITYJIbChI BCEX OT-
JeJIbHBIX YaCTHI[, COCTaBJIAIO-
mux cucremy. Kaxkmoe Muk-
POCOCTOSTHIE UMEET OIPEIe/ICH-
HYIO BEPOSITHOCTH BO3HUKHOBE-
HUs B IPOIECCE JIBUKEHUS MOJIe-
KyJI. MakpococTosiHe CHCTeMbI
OTHOCUTCS K €€ MaKPOCKOITHIe-
CKUM CBOHCTBaM, HAIIPUMED Ta-
KM CBOUCTBAMH SIBJISTIOTCST TEM-
epaTypa, JaBiieHne, oobeM u
IJIOTHOCTD.

O6e GopMyIBI AT MIPEJICTABIEHNE O CTATHCTUTECKOM aH-
cambJie, KOTOPBI cie/lyeT paccMoTpeTh netasbhee. (lamee
[0 TEKCTy TeMmieparypa T 3ajaeTcs B SJHEPreTUIeCKUX €/11-
HUIIAX U NOCTOsiHHAs Bosbivana kp) omyckaeTcsi, Kak 3TO
IPUHSTO B Tpaaulusx teoperudeckoit ¢pusuku kpT — T
1 snexkTpon-BosibT = 11606 rpag. AHAJTOTMYIHO IMOCTOSHHAS
Bonbnmana HizKe oryckaeTcs B (hopMysIax /st BhIPasKeHUsI
SHTpOIUH S).

[TpuanM paBHOT BEPOATHOCTH 3aKJII0YAETCA B TOM, 9TO B
U30JINPOBAHHON cHUCTEME, HAXOJIAIIENCA B COCTOAHUUN TEIl-
JIOBOI'O PAaBHOBECUHA, KaxKJ10€ MUKPOCKOIIMYECKOEe COCTOAHUE,
OpUHAJIeZKAIlee COBOKYITHOCTUA Peaiu3yeTcd ¢ OJHON U TOH
7K€ BEPOATHOCTBIO.

JIJ1e1 COBOKYIIHOCTH JIBYX IIOJICUCTEM paclipejie/ieHue P12 BbI-
pazkaeTcs Kak IpousBejieHue QyHKIUil pacupe/iesenus P
U P2 OTJIEJBHBIX HOJCUCTEM, IIPU 3TOM P12 = p1p2 LIpume-
Hs HATYPaJbHBIN JorapudM K 00enM 4acTsiM ypaBHEHWUSI,
TTOJTY UM

Inpip=Inpi+Inp; (2.7)
YTO JIEMOHCTPUPYET &JIUTUBHOCTD Jiorapudma (PpyHKITIN
pacripenenenusd. 3 sroro ciemyet, 94To Jjiorapudm pyHKINNA
pacrpesie/ieHust He TOJILKO SIBJISICTCS MHTEIPAJIOM JIBUKEHUS
(BeJIMUIMHOI, COXpaHSIONIEics BO BpDEMEHN ), HO U 00J1a/1aeT
CBOMCTBOM a/[JIUTUBHOCTH == JIJIs COCTABHOW CHCTEMbI 3Ha-
Jenne jorapudma GYHKIIMU PACIPE/IeICHUsT PABHO CyMMe
COOTBETCTBYIOIINX BEJIMUMH JIJIsI €€ TIoJicucTeM. Takoe CBOI-
CTBO UT'PAET KJIIOYEBYIO POJIb B CTATUCTUIECKON MEXaHUKe
[IPU AHAJIM3€E CJIOKHBIX CHCTEM.

Crarucruieckuit ancamOJib, ONpeIe/IgeMblil TPUHIUIIOM PaB-
HOI BEPOSITHOCTU MUKPOCKOIUYIECKUX COCTOSTHUI, 1, HoJiee
TOYHO, paclipejiesieHeM BepOATHOCTU BUa 2.13 Ha3bIBaeTCs
MUKPOKAHOHUYECKUM aHCaMOJIeM, a PaclpeiesieHue — MUKPO-
KaHOHUYIECKNM pactipe/ienenen. TakuM odpa3oM, MUKPOKa-
HOHUYECKUIT aHCAMOJIb OIUCHIBAET U30JIUPOBAHHYIO CUCTEMY,
KOTOpasl JOCTHUTJIa COCTOSTHUS TEIJIOBOTO PABHOBECHUSI.

[Ipunnun neonpenenénnoctu [eitzendbepra

[Tpuannn wHeonpemenénnocTu ['eitzenbepra BhIparKaeTcst
B dopmyre: ApAg > 11/2 On nposBisieTcss U Ha Makpo-



ypoBHe B npeobpazoBanusx Pypbe, B CIEKTPaxX U CUTHA-
JIaX: HEBO3MOYKHO OJIHOBDEMEHHO CY3HUTh II0JIOCY CIIEKTD
U JUIATEJILHOCTD CUI'HAJIA - cM. [Xap62]

MHo>)KecTBO MUKPOCKOIIMYECKUX COCTOSTHUN B KBAHTOBOM CTa-
TUCTUYECKOI MeXaHNKe 00pa3yer JIUCKPETHYIO CIETHYIO COBO-
KYITHOCTb KBAHTOBBIX COCTOSHUI, OIIPeIe/IsieMbIX KBAHTOBBIM
quciaom [ (B craructudeckoil Mexanuke oObIMHO paccMmar-
pPUBAIOT CHCTEMBI, OI'DAHUYEHHbIE B IIPOCTPAHCTBE, TaK ITO
KBaHTOBOe 94nCI0 | uckperHo. CUCTEMBI ¢ HeOTDAHUIEeHHbBI-
MU pa3MepaMi PacCMaTPUBAIOTCH KaK IPeJIe/IbHBIN crydait
KOHEYHBIX CHCTEM. )

2.3 Crarucrudeckuii Bec U IJIOTHOCTDL COCTOAHUI

HOCKOJIbe IIOTEHIINaJIbHaAd IHEPIUAd OIIpEJIC/IAeTCA B TOIHO-
CTH 10 HOCTOHHHOﬁ, YIIOPAAOYINM 3HaAYCHUA SHEPreTUIeCKue
YPOBHH 110 BO3PpaCTaHUIO U CHUTaeM HX ITOJIOZKHUTEJIbHBIMU.

Kazkmag Touka jganHoro ydactka pa3oBoro npocTpaHCTBa
IEPEMEIIACTCA CO BDEMEHEM COTJIACHO YPABHECHUAM JIBUZKE-
HUASA paccMaTpUBaeMOil MEXaHUIEeCKO cUCTeMbl. TeM caMbIM
OyJleT epeMemniaTbes U Bech ydacTok. [Ipu stom dynkims
pacupeeeHnst OCTaeTCsI MOCTOAHHON BIOJIb a30BOii TpaeK-
TOpHUH TOJIcUCTEMBI. [[19 KBa3UKJIACCUYIECKOTO CJIydast, IJie
3aKOHBI KBAHTOBOI MEXaHUKH MOXKHO 3aMEHUTH YPaBHEHUA-
Mu ['aMHUJIBTOHA, KOTOPBIE SIBISIOTCS 1epedOpMyITHPOBKOit
XOPOITIO U3BECTHBIX U3 MIKOJIBI ypaBHenunit HbroTona.

Pacemorpum creytomuii pudpdepenimat:

AgA
AT = 292P
(2mh)s (2.8)
1 .
Alo ~ (2mth)s

Besmuuny AT Ha3bIBAIOT CTATHCTHUECKUM BECOM MHKDPOCKO-
[IUYECKOTO COCTOSIHUS MOJICUCTEMBI, & €€ JIorapudM — SHTPO-
nueit [/Tan02|. (B HuzkHEl cTpOKe TOJBKO UTO MPUBEIEHHBIX
dbopmyir Beipazkenue 'y xapakTepusyer JIUCKPETHOCTH PO~
CTPaHCTBA, €ro OlleHKA CJleJIaHa U3 [PUHIUIA HEeOIIPe/IesIEH-
nocru). OupeesnM II0THOCTh BEPOSTHOCTH 0 HAXOXKICHUS
YaCTHUIBl B OKPECTHOCTHU 3aJIAHHOM TOUKH 7
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[Xap62]: Xapresuu (1962),
CrekTpbl U aHAJIN3

B ocroBe craructuueckoit puzn-
KU JIEXKUT MOCTYJIAT PABHOBEPO-
ATHOCTHU I\TI/IKpOCOC'I‘OHHHﬁ[, AB-
JISTIOTIUICS PA3BUTUEM TIPUHIIN-
118, CHMMETPHH.

[Tan02]: JTammay (2002), Teope-
trnuyeckasa Pusuka B 10T. Tom 5.
Crarucrudeckas Pusuka.
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[Ky607]: Ky6o (2007), Craru-
crudeckas Mexannka. Cospe-
MEHHBII KypC € 33aJa9aMu U pe-
[IEHUSIMU, COCTABJIEHHBIA TPU
yuactuu X. Muanmypa, . Yeyn,
H. Xacusywme

3a cueT BBeICHUS
nocrosgaoit Ilnanka i
3HAYEHUE SHTPOIUU B
KJIACCUYECKOM CJIydae
[IepecTaeT 3aBUCETH OT
BBIOOPA, €JIMHMIL

U3MepeHUsI.

p(r,t) = [W(r, 1) (2.9)

1 3aIIUIIEeM yCJIOBHE HOPMUPOBKHU 110 BCEMY MHOIOOOPA3HUIO
J ¢ yI€TOM TOJBKO 9TO ONPeeIEHHON BEPOATHOCTH:

> p(E)Aqap =1 (2.10)
J

Ine10 KBAHTOBBIX COCTOSHMIA, JTIE2KAIMUX B MHTEPBAJIE SHEP-
run E € (E, E+0E) o6o3nauaercs xax dI' (y P. Ky6o Besemo
obosnauenue [Ky607] Qo — I', QQ — AT, koropsie mpejicras-
JIeTC HEYIAaUHBIM B CHJIy 0OO3HAYEHUS YKa3aHHOI JTUTepOoil
TEPMOJIMHAMUICCKOIO [OTCHIMAIA B OTEUECTBEHHON JuTepa-

Type ).

B cBoto ovuepe b, SHTPOIUS ONPEJIESIAETCS Yepes3 Cpe/iHee 3Ha-
JeHne, 0bo3HaTaeMoro ckobkamu <>, jgorapudma Al kak
JUTST CJTydasi OMUCAHIA UCCJIEyeMO CHCTEMbI C MO3UIUU €&
KBaHTOBOI'O COCTOAHUA OT beHKI_[I/H/I pacliipejiejieHud IIJIOTHO-
CTH BEPOATHOCTHU 110 dHEPTUU Ei, TaK 1 B KBA3UKJIACCUYIECKOM
[OJIXOJI€ OT IJIOTHOCTU BEPOSITHOCTHU, 10 (POPMYJIAM:

S=- (lgw(Ei)> = —Zwiln(wi) (2.11)

S =~ (In [@rhyp]) = - / o-In [@rh)p| dpdq (2.12)

Ompejiesierrast TakKiM 00PA30M SHTPOIHST, KAK U CaM CTATHU-
CTHYECKUIl Bec ecTh Oe3pasMepHas BeudnHa. B rocseneit
dopmyite BBeieHa TTocTostHHas [Lmanka fi, nMerorast mpuH-
IUTNAJIbHO BayKHOE 3HAUYEHUs JIJISI Olpesie/IeHnsT SHTPOINHU B
KJIACCUIECKOUN CTATUCTUKE.

[Ipocroit Bus bopmysbl 8.1 B JIfiCTBUTE/ILHOCTH HE OTPa-
2KaeT BCell CJI0YKHOCTHU 1P TIOJICYETE CTATUCTHYECKOT'O BeCa.
Cratuctudeckuii BeC TeCHO CBsI3aH C CUMMETPHE nCc/iery-
eMO#l CHUCTEMBI, TPUBOJUMBIMA MPEJICTABIECHUAMI TPYIITHI
CUMMETPHUH, KOTOPbIE B OOIIEM CJIydae MOTYT MOJIIUHUTHCS
IpaBUIaM TEH30PHOrO Npoussesienud H.2. [losromy napsty
C IPUBEJIEHHO PacCMOTPHUM aJIbTEPHATHUBHOE OIIpeJIe/IeHIE,
Ha KOTOPOEe OYJIEM ONMPATHCI B JIATbHENIIEM.



[Iyctp MHOTOOOpasue M sSBJISETCHS COBOKYITHOCTBIO BCEX BO3-
MOXKHBIX MHUKPOCKOIINYECKUX COCTOSHUN, B KOTOPBIX MO-
2KeT HaXOJUThCA CUCTEMa IIPpU 3aJaHHbIX MaKPOCKOIIMICCKHUX
ycioBugx. B kimaccuiaeckom ciaydae Al sBIseTCA Onpesiesien-
HBIM TIOJIIIPOCTPAHCTBOM (ha30BOT'O IIPOCTPAHCTBA, & B KBAH-
TOBOMEXaHNYIECKOM — COBOKYIIHOCTBIO KBaAHTOBBIX COCTOAHUN
cucTeMbl. BepogTHOCTD peasin3aluu JTaHHbIX MUKPOCKOIIAYe-
CKUX COCTOSIHHUI CHUCTEMBI onpeaesadeTcsa BepodTHOCTBIO TOTI'O,
YTO OJTHO U3 MUKPOCKOHUYECKUX COCTOSIHUI Pean3yeTcs B
snemenTe obbema Al hazoBoro mpocrpancTsa:

Pr(AT) = w(q,p)dl
AF!VL
Pr(l)=w(l), (l€ M)

(2.13)

(rme Pr - cokpamennoe ot Probability). ®opmyiisl npuse/e-
HBI JIJI KJIACCUIECKOTO U KBAHTOBO-MEXaHUIECKOI'O CJIydast
coorercrBerno. [Ky607].

BrifpaB cucreMmy ordera ¢ TOKOSIIUMCS [IEHTPOM Mace (moJi-
HBIIl MMITYJIbC MOMEHTA MMITYJIbCA PABHBI HYJIO), BEIPA3UM
CTATUCTUYCCKUN BeC Yepe3 HEPTHIo Mo popMy.ie:

_ dI(E)
= —~AE

Brime yepes AT'(E) obozHadaeTcst 9MC/I0 KBAHTOBBIX COCTOs-

AT (2.14)

Huit co 3Havennem suepruu E’ B uareppana E < E’ < E+ OE.
Benuauny A’ Ha3pIBAIOT CTATHCTUICCKIM BECOM MHKPOCKO-
[IIYIECKOTO COCTOSIHUSI CUCTEMBI, a ee jiorapudm S— SHTPO-
nei.

Pacuipesienienne BepodaTHOCTEH 110 9HEPIUN 3aa€TCsI BhIPa-
JKEHUEM:

dr(E)

WIE) = =7

(E). (2.15)

WNuTerpas mo BceM BEPOATHOCTSAM COCTOSHUN TOJICHCTEMBI
obpasyet MOJIHYIO IPYIIY COOBITHIT = yCJI0BUE€ HOPMHUPOBKU

2 C nosunun pusukn | 65

[Ky607]: Ky6o (2007), Craru-
cruyeckasi mexannka. CoBpe-
MEHHBII KypC C 3aj[a9aMi U pe-
MIEHUSIMU, COCTABJIEHHBII pU
yaactuu X. Uaumypa, 1. Veyu,
H. Xacuzyme
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st ysknmn wiorHoctu Bepositioctn W(E):

/M W(E)dE =1

i=k
DIWAL = > > Wi ATy =1
I

- (2.16)
I i=1
JIIS KJIACCUYIECKOI'0 U KBAHTOBO-MEXAHUYECKOTI'O CJIydasi CO-
OTBETCTBEHHO, NIPUYEM B HIKHEN (hOopMyJie CyMMUPOBaHUE
IIPOUCXOJIUT IO KBAHTOBBIM COCTOSTHUSIM [, CTPYIIIIMPOBAHHBIM
o KaxK [0 u3 mojcucreM 1,2 ...k BXOJAMUX B UCCIETye-
Myto cuctemy. Hamomumm, uro maoroobpasue Al saBigercs
COBOKYITHOCTBIO BCEX BO3MOYKHBIX MUKPOCKOIIMYECKHX COCTO-
SAHUN, B KOTOPBIX MOYKET HAXOJUTHCS CUCTEMa TTPU 38 IaHHBIX
MAKPOCKOIIMIECKUX YCIOBUSIX, KBAHTOBOE 9nC/I0 | caerdnk
JINCKPETHON COBOKYIHOCTUA KBAHTOBBIX COCTOSHUIA.

[TosiHOE wncio MmukpococToguuii I' aiagercsa dyHkImeit ot
SHEPTUHU KCCe/lyeMoil cucteMbl E, 4uciia 9acTull B 3TOM
cucreme N, obbema V m mekoroporo mapamerpa X, Kak
HAIPUMED HAIIPSYKEHHOCTH 3JIEKTPOMATHUTHOTO /| TpaBUTa-
IIUOHHOT'O TIOJIS:

dT
H<E
I'(E,N,V,X)= (27th)3Na+Ns+Ne- )N, IN,, INC! . . . (2.17)
I'E,N,V,X)= >, 1

0<E,;<E

JIJIST KJIACCUIECKOr0 I KBAHTOBO-MEXaQHUIECKOIO CJIyYIasi CO-
oTBeTcTBeHHO. B 00eux dhopmysrax maorooopasue JM B daszo-
BOM IIPOCTPAHCTBE U COOCTBEHHBbIE 3HadeHnust H - raMuibTo-
HHaHa CUCTEMbI paCcCMaTpUBaCTCA JIJId AUalla3OHa 3HepFI/II71

E <H<EH+HJE.

3amMeTnM, 9TO B KBAHTOBOII MeXaHHKe TOXKJIeCTBEHHBIE Ua-
CTHUIIBI HEPA3JIMIUMBI - 9TO CHUMMETPHsI OTHOCUTEILHO I1e-
PECTAaHOBOK OJIMHAKOBBIX TacTull. IlosToMy pesysbrar oT
MHTErpUpOBaHUs 10 (Ha30BOMY 00bEMY JAEIUTCS Ha UNUCJIO
[IepECTAHOBOK 110 (popMyJiaM KOMOMHATOPUKHU - TaK O0b-
sicHsieTcsl mogByieHne comuoxkureseir Buga Ny!Np!N ... B
3HAMEHATEJIE.



Beipazum guddepentmart i GyHKIUA pacipe/ie/ieHus Be-
POSITHOCTH B (DA30BOM IPOCTPAHCTBE U ILJIOTHOCTH BEPOSITHO-
CTH P OOHAPYKUTb OOBEKT B 3aJaHHBIX KOOpJIUHaTax (aszo-
BOI'O IPOCTPAHCTBA Yepe3 0YeBUIHYIO (DOPMYJIY:

E(.q)

dw = P(Lhz q2,---4s,P1,P2,- - Ps)dpdq = e_podq
(2.18)

- BEPOSITHOCTH OTBICKATH MCCJIELYEMBII 0OOBEKT B 38 aHHBIX
OECKOHEYHO MaJIbIX MHTEpPBAJIaX S KOODJAWHAT U § MUMITY/Ib-
COB B IIpeJieax: §; ... q; +dqi, pi...pi + dpi. - COKpaménto
B hopmysie 2.18 u jajiee 1Mo TEKCTY 9TO 0003HAYAETCS Kak
dpdq u paccMaTpuBaeTcs Kak «3dJeMeHT obobeMay (ha3oBo-
ro mpocrpancTa Al'. Ilpu 3TOM IIOTHOCTH BEPOSTHOCTHU
BBIPAKAETCS Y€PEe3 SHEPIUIO CUCTEMBL P = e‘w

CHoBa, CyIIeCTBEHHO YIIPOIasl N3/I0KeHNe, n30eras OOImit
Caydail TeH30PHOIO MPOU3BEIeHUs IPEeICTaBICHU TPYIII
CAMMETPHUH, PACCMOTPEHHBIN HAZKE, PACCMOTPAM 3aMKHYTYIO
CHUCTEMY B 11€JIOM (T.€ U30JMPOBAHHYIO OT MHBIX CUCTEM, Ha-
puUMep, TOMEIEHHYIO B TePMOCTAT), TJe onpeesensl Al'y,
Al'», Al's . . . — craTucTuvdecKkne Beca ee PasIuIHbIX MOJICH-
creMm. Eciu kaxkas u3 k mnogcucrem, o6pasyionmx BMECTe
UCCJIEJyEeMYIO CUCTEMY, MOYKET HaXOJUThcsd B ojHoM u3 Al
COCTOSIHUI, TO (ha30BbIe 0OHLEMBI COCTOSTHIIM TTIEPEMHOYKAIOTCSI,
a COOTBETCTBYIOIIHEC SHTPOIINN CKJIaJAbIBalOTCA, 9TO HJIJIIO-
CTPUPYIOT BBIPAXKEHUS:

AT = [ [AT.
o

S=>Sa
[24

(2.19)

Hpyrumu cioBavu, (byHKIIH, ONUCHIBAIONIast (hazoBoe Ipo-
CTPAHCTBO MVJILTUILINKATIBHA W JIOIYCKAET pa3jie/IeHne Te-
PEMEHHBIX 110 IIOJICUCTEMaM B cOCTaBe MCCJIelyeMOoil cucre-
MBI.

CBOHCTBO a//INTUBHOCTHU ABJIAETCA Ba’KHBIM CBOHCTBOM H-
Tponun (HApPSLy € JPYTUME TE€PMOIMHAMUYIECKIMHI Mepe-
MEHHBIMU: SHEPTUs, TYUCJIO YACTHUIL, SHTAJIBINS, CBOOOIHAS
SHEPTUsT, TEPMOJIMHAMIYECKUiT TIOTEHITHAT).

[Iycth, uTO B uccemyeMoil cucreMe HaOJogaeTcsd (Husn-
Jeckas BesmmanHa (Habogaemast). C MUKPOCKOIMYECKOI
TOYKU 3PEHUA €CThb JUHaMHUYIeCKad BEJIMYINHa U ABJIACTCH

2 C nosunun Gpusnkn
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dyHKIMET MUKPOCKOITMIECKUX MMEPEMEeHHBIX. B Kiaccude-
CKOIf MeXaHMKe MUKPOCKOITMYIECKOe 3HaYeHne HaDII0IaeMOoii
onpejiesigercd QyHKIMeil oT 0OOOIIEHHBIX KOOpuHaT dha-
30BOIl TOYKH, & B KBAHTOBOU MEXaHUWKE CpeJHEC 3HAYCHUC
TAKOW HAOJIIOAEMOI BBIPAXKAETCS CJIETYIOIIUM 00Pa30M: .

A(l) = / o Addr = (1| A1) (2.20)

Nrak, dpazoBoe mpocTpancTBo JucKpeTHO 8.1 m dABJIsIeTCd
MYJIbTUILIMKATUBHON (DyHKIMEN 0T 000OIEHHBIX KOOP/IMHAT.
3/1eCh BBITIOJIHAIOTCS IPUHIIATIBI MYJIBTUILIMKATHBHOCTH (ha-
30BOTO OObeMa 2.19 ajymuruBHOCTH HTpOonNN. CM. TakKe
[Mpunoxenne 12 {IIpocrpancrso Jlebera, I'ninbepra. Orne-
PATOPHL.

3 Anrebpa u cummMerpus

KaK U B KJIACCUYECKOU MeXaHUKe HaJIIdHne nHrerpaJioB JIBU-
JKeHHsI TECHO CBA3AHO C CUMMETPHell KBaHTOBO-MEXaHUIeCKO
CUCTEMBI. HYCTB CUCTEMa nHBapHuaHTHa OTHOCHUTEJILHO HEKO-
TOPOTr'o ITpeodpPa30OBaAHMA l:I, P 3TOM (PUBUIECKUN CMBICT
UMEIOT JIUIIb YHUTAPHOE 00PA30BAHUE, COXPAHSIONINE HOPMbI
BEKTOPOB M CBOHCTBa SPMHUTOBOCTU omepaTropos. ITockoib-
Ky JUHAMHUKA CUCTEMBI OIPEIE/ISIeTCs €€ TaMIILTOHIAHOM,
CBOWICTBO MHBAPUAHTHOCTHU O3HAYAET, UTO IIPU TAKOM IIPE0d-
pazoBanun H

A =UAU"'=H (3.1)

(dst corydgast Kaccuaeckoil MeXaHUKH aHAJIOTUIHO ITPUMe-
UMbl ckOOKU [Tyaccona) JIpyrumu ciioBamu, oreparop U
KOMMYTHPYET ¢ TaMUJIBTOHUAHOM A, aux KOMMYTaTOD paBeH
HYJTIO:

[0, A8 =UA-HU=0 (3.2)
Ecmu oneparop U ue COJIEPYKUT BPEMEHH, TO eMy JT0JI2KEeH
OTBeYaTh HEKOTOPBIN 3aKOH coXpaHeHHs. Torjaa coOCTBEH-
Hblil BeKTOp WE raMuibToHuaHa A UMEIOIUI OIIpeIe/IEHHYIO
sHepruto E, npu npeodpazoBanuu u nepexouT B BeKTOop W’
obJTa Aol TOi Ke SHeprueit \I’% = l:I\IfE.
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JTio6oit omrepaTop Q BHIpasKAeTCA 1epes
(m@im) = [ 4Gy dg (3.3

Ecim Q gBHO He 3aBUCHT OT BpeMeHU U KOMMYTHPYET C
raMUJILTOHMAHOM, €r0 MaTPUIHbIC d1eMeHThl (1|Q|m ) ne
MEHSIIOTCS CO BpeMeHeM. DTO KBaHToBasi (pbopma mHTerpa-
JIOB JIBUZKEHUSI - BEJIMUNH, COXPAHIEMbIX IIPH KAHOHIICCKITX
IpeodPA30BAHNAX: UMITYJIbC, MOMEHTa UMITYJIbca, 00beM (a-
30BOI0 IIPOCTPAHCTBA MPH a1nabaTHICCKOM U3MEHEHUN 1 JIp.
BaxkHo oTMeHWUTB, 9TO /ST HAIIETO CIydast Bce COOCTBEHHBIE
3HavYeHUs A T.e. SHEPIUU MUKPOCOCTOSHUI BEIECTBEHHBI, TO

9T0 o3HadaeT 4ro oneparop H spuuros H = H*. Bameua-
TeJIbHOE CBOMCTBO 3PMUTOBOCTHU OllepaTopa 0becriednBaeT
KOMMYTaTHUBHOCTDb I'aMHWJIbTOHHaHa C PAI0OM OIIEPpaTOPOB.

Kak u3BectHno, pusuvueckoe n3meperne B KBAHTOBOM MeXa-
HUKE COOTBETCTBYET BO3JEHCTBUIO omepaTopa (pusniecKoit
BEJIMYMHBI HA BEKTOP COCTOAHUA CUCTEMBI. Tak Ha3bIBacMbIe
GUCTBIE COCTOsIHNSI, B KOTOPBIX (bU3MIecKasi BeJTMINHA UMeeT
CTPOTO OIPEJIEJIEHHOE 3HAYEHNE, COOTBETCTBYIOT COOCTBEH-
HBIM BEKTOpaM, IPHU 3TOM 3HAYEHWE BEJUYUHLI B JTAHHOM
COCTOAHUU — ITO COOCTBEHHOE YHUCJIO BEKTOPA YUCTOI'O CO-
CTOSIHUA.

[IpeobpazoBanne G ycTaHaBIMBAET B3aMMHOOIHOZHAUHOE
COOTBETCTBUE MEYKTY JIMHAMUYECKIMHI TTePEMEHHBIMU: 33/ IaH-
Has repemennast B mpeobpasyercs B HOBYIO repemennyio [lo
pearnooKennio obpas B’ umeer Tor ke cuexTp, uro u B, a
cOOCTBEHHDIE COCTOSTHUS JIJI KazKJIOT'0 COOCTBEHHOIO 3HAME-
HUS [IepeMeHHoi B siByisitorcst oOpasaMu cOOCTBEHHBIX COCTO-
STHUH, COOTBETCTBYIOIIUX TOMY 2Ke COOCTBEHHOMY 3HAYUEHUIO
IepeMeHHoit B. DTu j1Ba ycjI0BUS BbIpaxKaioT TpeboBaHUe
coxpaHeHus (pU3NIECKUX CBOWCTB IIPH ITPpeodPa30BaHUN JU-
HAMUYECKNX HepeMeHHbIX. Kak mpaBuio, B hbusnuecKux npu-
JIOXKEHUSIX OIepPaTop JIMHEEH, 38 UCKJIIOYEHNEM OIlepaTopa
obparienust BpeMeHu (MIpUMep aHTIINHEHHOTO oepaTopa).
Paznuanbie nmpeobpaszoBanus, BeTpedaloniyecs B (pusmnke, 00-
pa3yIioT olpeeseHHbIe IPYIIILI TpeobpazoBannit. Kaxkoi
Takoii rpymie npeodpazosanuii § comnocrasiserca rpymmna G
OTIEPATOPOB, PEATU3YIONINX TN MTPeoOPa30BAHUA.

Definition 3.1 IlpunaTo Ha3BIBATH HEKOTOPYIO COBOKYII-
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HOCTH TIPe0OPA30BaHUil T'PYIIION MTPpeoOPa30BAHUM, €C/In
OHA& BMeECTE C JIIOOBIMU JIByMsl IIPEOOPA3OBAHUAMHE COJEP-
KHAT Ipeobpa3oBaHue, IOJIydaloieecs B pe3yabTrare ux
II0CJIEIOBATE/IbHOI'O BBIIIOJIHEHUA, W BMECTE C KazKIAbIM
peodbpas3oBaHueM COAEPXKUAT 0OpaTHOEe IIpeodpa3oBaHue.

ITycTs umeerca € rpynna npeodpa3oBanuil ¢1,82,83... U
KazKJIOMY 3JIEMEHTY ¢;, 9TOIO MHOXKECTBa MOXKHO COIIOCTa-
BHUTDH OIIEPATOD T(g), OIIPeJIeJIATONINIT TpeoOpa3oBaHue BEK-
TOPOB ¥ OIIEPATOPOB B IPOCTPaHCTBE cocTosAnuii. Omeparop
T( Q) - 9TO NIPEJICTABIICHIEC IPYIIIILI, OH 3a/[aeTCsd CBOMMHE (-
3UYECKUMU CBOMCTBAMU TOJIBKO C TOYHOCTBHIO 70 (ha30BOTO
MuOkuTeNs e/, Mpl moyanm muozkectBo [T] omeparopos
peobpa3oBaHus, JIEMEHTBI KOTOPOI'O HAXO/IATCSA BO B3AMHO
OJ/THO3HATHOM COOTBETCTBUU C dJIeMEHTAMU U3 rpynnsl §. A
MMEHHO, JIJIsl KazKJI0ro IPOU3BeJIeHUs gk = &i§j UMeeM:

iak
Ty = '“I T, (3.4)

;o k
a
rje e/ — Hekoropas ¢asza, 3aBUCAIIad 0T BbIOOpa (das3bl y

T;T;. dna toro uarodwr |T| 6bL10 rpymnmoit, HeobXomaumo, 9To-
651 Bee af - obpammamucs B mys. Torma rpymma [T| craner
nzomopdua rpymme §. Takas BO3MOXKHOCTb UMEETCs st
psijia IPYII, HO He /I BCeX. B 4acTHOCTHU, 9TO BO3MOXKHO
JIJIS. TPYIIIBI [I€PECTAaHOBOK, HO HEBO3MOXKHO JIJI I'PYIIIDLI
BpAaIlleHNii, €CJIM CACTEMa COJEPKUT HEYETHOE UHUCIO da-
CTHIL C TIOJIyneIbIM ciinaoM. Hecmoxkao obectieunTh BeIOOD §
TakuM 06paszoM, 9Tobbl MHOXKeCTBO [T'] oneparopos npeobpa-
30BaHUS IPEJICTABIIO Obl coboil rpymy G, roMoMopbHyio
rpynrne §.

Wrak, ¢ KaxK10if TpymIIoi mpeobpa3oBannii ¢BA3aHO HEKOTO-
poe JHCI0 3aKOHOB coXpaHeHusl. Beskuit pas3, Koria coxpa-
HSIIOITAsICs HaOJTI0laeMast UMeeT KJIACCUIeCKUit aHaJIor, 3TH
3aKOHBI COXpaHEHUs MICHTUIHBI COOTBETCTBYIONIUM KJIACCH-
qeckuM 3akoHaM. Huzke ykazaubl Hanbojiee 1acTo BCTpeda-
IOIIUeCsT U3 HUX:

1. TpancasunoHHass THBAPUAHTHOCTD U COXPAHEHHE I10JI-
HOI'O MMIIyJibca. Heobxomumoe 1 JI0CTaTOMHOE YCIOBHE
MHBAPUAHTHOCTU FAMIJILTOHNAHA OTHOCUTEIHLHO TPAHC-
JIATIUNA COCTOUT B MHBAPUAHTHOCTH €I'0 OTHOCHUTEIHHO
NH(UHATE3UMATBHBIX TPAHC/IATINIT;

2. MmBapmaHTHOCTH OTHOCHUTETHHO BpAIEHUN U cOXpaHe-
HUAE MOMEHTa UMILYJIbCA;



3 Anrebpa u cummeTpust

3. MaBapmaHTHOCTH OTHOCHTEIHHO OTPAYKEHU M COXpa-
HeHne 4eTHOCTU. V3 mHBapMaHTHOCTH TraMUJIbTOHHAHA,
OTHOCHTEILHO OTParKEeHUII B TOUKE [PAI , SAO] = 0 creny-
€T, YTO YETHOCTL S( SIBJISETCS MHTErPAJIOM JIBUKEHUS.

4. VnBapuaHTHOCTb OTHOCHUTEJILHO IE€PECTAaHOBOK U CO-
XpaHeHne CUMMeTpHun. B cucreme, cocTosIeit m3 ToxK-
JIECTBEHHBIX JaCTHI], TaAMUJILTOHUAH WHBAPUAHTHOCTHU
OTHOCHTEJILHO JII000# mepecTaHOBKU P oTux gacTuiy
[I-AI, §0] = 0 npu Bcex . = uro Y nabioaemasi (Be-
JIMYUHA), B KBAHTOBOil (pU3MKe, IIOCTPOCHHAS U3 , SIB-
JISIETCST MHTETPAJIOM JIBUYKEHISI.

Besikast nabsiotaemasi  SIBJISIETCs HEKOTOPOI BeIeCTBEHHOM
dbyukmueit F(&) bynmamentanbupix nabiogaeMerx f(&1),
f(&2)..., f(&n), cucrembr. O6pas sToit HAOGIIOMAEMOIT €CTh
B’ = F(&’) TlpeobpazoBanue G MOJHOCTHIO OIPEJIEISIETCs,
€CJIM U3BECTHBI 3aKOHBI TPe0OPA30BAHUST OCHOBHBIX HAOJTIO/Ia~

eMbIX, T. €. ecsm u3BectHbl GyHkmu f(&1), f(&2) ..., f(En),
TaKUX YTO

G&nl

&n = f(&n) (3.5)

[TockoJibKy paccMaTpuBaeMble MPeoOPa30BAHUS COXPAHIIOT
aJirebpanvdecKue COOTHOIIEHUs, TOCTOJIbKY €CTh JIUIIb JIBE
BO3MOXKHOCTH: IpeobpaszoBaHue a) coxpaHser (yHIaMeH-
TaJIbHbIe IePECTAHOBOYHbBIE COOTHOIIEHNsI, 6) MEHSET UX 3HAK.
B nepsom citydae oneparop , COOTBETCTBYIOININIA TPeodpa3o-
BaHWIO, JINHEEH, BO BTOPOM— aHTHAJIAHEECH.

Omeparop JIOJZKEH YIOBIETBOPATH COOTHONICHUIO &) =
TE, T conepxxamuMm Bee dpusndeckue cpoiictsa . OHAKO
9TUX PABEHCTB HEIOCTATOYHO JIjIsSI IIOJIHOIO OIIpe/Ie/IeHNUsT
T. Moxuo nojobpars Ti — Apyroit yHUTAPHBIH (MK AHTH-
YHUTAPHBII) ornepaTtop, yJAOBJIETBOPSIONINI TeM Ke COOTHO-
mennaM. Ho B aToM ciydae OyieT BepHBIM COOTHOIIEHUE
T ET1+ = &’ (omyckas UHJIEKC N I YIPOIIEHWs! 3aIUcu ) =
NTETT =& = [TTy, &] = 0 nna VE.

Ecnu npenoniaratb HENpuBOIMMOCTH ITPOCTPAHCTBA COCTOSI-
uuit R™ 1o ornomenuio K HabogaeMbiM &, T. €. uTo B R™ He
COJIEPZKUTCS TTOITPOCTPAHCTB, HHBAPHAHTHBIX OTHOCUTEIHHO
&, To nocyeauss gpopmysia OyJaeT BepHO# TOT/Ia U TOJBKO
Tora, Korja orneparop 11T = E nponopipionaen e/ inHm«i-
HOMY. DTOT pe3yJibTar cjaeayer u3 reppoil jgemmbl [lypa
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3.1 m HATAJIKMBAET Ha CBA3b ¢ (POPMYJION JIJIT B3AMMHOIIPO-
CTBIX YHCeJI HAMOOJIBINUI OOIIMiT JIeJTNTENIh KOTOPhIX PaBEH
epuaune: (m.n) = 1. BaxHo noHsaTh, U3 4ero 3To ciaeryer?

3.1 I'pynnbl cummerpun. XapaKTepbl

Bce npescrapinenns paccmarpuBatores Hagl nmojiem C - ag-
redpandecKn 3aMKHYTBIM TI0JIEM.

AbejieBa TpyIia — rpymmna, B KOTOPOH omeparys KOMMYTa-
TuBHA: Vg1, g2 € G uMeeM 192 = $281-

[Ipencrasiienue rpymibl — TOMOMOP@U3M TPYIIIBI B TPYIIITY
JIMHEITHBIX OIIepPaTOPOB Ha BEKTOPHOM IIpOCTpaHcTBe. Kcn
MIpe/ICTaBIeHNE HEITPUBOINMO, €r0 HeTb3s PA3JIOKUTh B TIPS-
MYIO CYMMY MEHBIIHUX IIP€e/ICTaBICHUI.

PasmeprnocTs nipejictaBienns — pa3sMepHOCTb BEKTOPHOTO
IIPOCTPAHCTBA, HA KOTOPOM JIEfICTBYIOT OIIePATOPhI IIPEJICTaB-
JIEHUS.

[Iycts B mpoctpancrse R™ 3ajano npejcrasienne D Ko-
umeunoit rpynnsl G. Ecim B npoctpancrse R cymectByer
nompocrpancTso R¥ (pu stom (0 < k < m)), uaBapuant-
HOE OTHOCHUTEJILHO BCexX mpeobpaszoanuii D, To mpejicras-
JIeHne Ha3BIBAETCS PUBOINMBIM - T.e. VX € RK pesymbrar
D(x) € R¥. Econ ke B npocrpancrse R™ Hellb3sl BbIIEIUTH
MHBapUAHTHOE TOIIPOCTPAHCTBO, TO TPEJICTABIEHNE HA3bI-
BaeTCsl HEIIPUBOIUMBIM.

s yHUTAPHBIX MIpeICTaBIeHU

Hecitoxkno j1okazarth, 9T0 KOTJIa ITPUBOIUMOE ITPEICTAB-
Jgieane D gBjsiercd yHUTAPHLIM, TO OPTOTOHAJILHOE JI0-
noJiHeHne moanpocTpancra R, koTopoe Mbl 0603HA M
gepes R™ ™K, rakzke MHBAPHAHTHO OTHOCHTENLHO HPEOOPa-
sopannii D. Buibupas B KauecTBe k IIEepPBBIX OPTOB OPTHI
noxmpocTpamcrsa RX, B kadecrse nociaennux m — k op-
TOB - OpPTHI moxmpocTpamcTsa R™ K, Moxno m06HTHCS
KBa3UIMaroHa/JIbHOTO BU/Ia, MATPUIIBI TIpecTaBieHns D.

Ecnn IIPOCTPaHCTBO R™ pa3jiara€Tcd Ha MHBapUaHTHBIC 110/~
IIPOCTPaHCTBa, B KazKJ/IOM N3 KOTOPbLIX PEAJIU3YETCA HEIIpU-
BOIMUMOE IIpeJiCTaBJIeHnEe, TO IIpeJICTaBJ/JICHUE D mnasbIBaror
BIIOJITHE IITPUBOJIUMBIM.
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[Ipeacrapnenne D gBsieTcss TPUBOIMMBIM €CJIM CYHIECTBYET
Takast HeoCcOOeHHast MaTpuIia V', 910 myTeM npeobpa3oBanusd
1107106151 MaTpuIia pectasiaerns aro VDV mupuobperaer
GJI0YHO-THATOHAIBHDIH BHI, TJIe KayKJIblii OJIOK COOTBETCTBY-
eT HeIPUBOAUMOMY mpejcTaBiennio. [[ler99).

[IycTh rpynmna JUHEHHBIX OIepaToOpPOB fg roMomMopgHa rpyii-
ne G: 81,92 ... 9m - - Torna npejicraBienue Ipou3BOIBHOIO
JIMHEITHOro oreparopa 3.4, ObITh Pa3jIoyKeHO 1O OpTaM B
JmHeiHOM TpocTpancTBe R™ | e - m - pasmepHOCTH 1PO-
CTPAHCTBA U OJTHOBPEMEHHO CTEIEeHb IIPEJICTAB/IEHNS TPYTIIIHI

G.

r=m

T(31), = >, Drxer (3.6)

r=1

Marpuner D(g;) 06pa3yioT npeicTaB/IeHue MopsAiIKa M IPyIl-

bl G. 31eck R™ - 370 IpOCTPaHCTBO MPEICTABICHHS, €1, €2...Cx

- Daszuc npejcranienns. Pabora ¢ IMHERHBIMEA OTIepaToOpamMu
cBojTCs K pabore ¢ marpuriamu. [Ipu mepexojie K HOBOMY
6azucy V MaTpuIibl IpecTaB/IeHnus] UCIBITHIBAIOT 11PEOOPA30-
pars 110;106ms VDV . Ecim Bce MATPHIBI IPEICTaBIIEHHST
SIBJISTIOTCSL YHUTAPHBIMU, TO ¥ CAMO IPEJICTABICHIE HA3BIBAIOT
YHUTAPHBIM - OHO COXPaHSAeT JJIMHY BEKTOPA.

JL1s HEIPUBOIMMOTO TIPEJICTABICHUS JTIOO0H onepaTop, KOM-
MYTHPYIOIIHI CO BCEMU OIlepaToOpaMy IIPeICTaBICHHS, 005~
3aH OBITH CKa/sIpPHBIM BUIa CE, riue ¢ - 310 unciao. Humxke
npuBejieHbl 1,2 jgemMmbl [Ilypa m3 KOTOpPBIX BBITEKAET CO-
OTHOIIIEHUE OPTOTOHAJLHOCTU 3.7 MATPUYHBLIX 3JIEMEHTOB
YHUTAPHOTO IPEJICTAB/ICHUA.

Jlemwmbr [lypa 1 u 2

1. Marpuria M, KOMMyTHPYIOIlasg CO BCEMH MaTpPH-
[aMU HEIPUBOJIMMOrO IIpeJICTaBIenus, KpaTia E -
enuananoit: MD(g) = D(9M = Mx = x (M
cKaJsp T.e. yMHOXKeHue E mHa uwmciio ).

2. Tlyers DMW(g) u DP(g) - MaTpubt ABYX HEMPHBO-
JIUMBIX, HEIKBUBAJIEHTHBIX [PEJICTABIEHUTT TPy IIIIbI
G mopsizika ni, np coorBeTcTBeHHO. Torma Jrobast
[PSMOYTOJIbHASI MATPUIIA C 111 CTOJIOIIAME U 1y CTPO-
KaMi, yyoB/erTBopsiorias coorrorrenmo MDM(g) =
D®(g)M nna Vg € G, nomxma GbITh Hy/IeBOi MaT-
PHUIIEA.

[[TeT99]: Tlerpamens Mapus
UeanosHa (1999), IIpumenenne
TEOpPHU TPYII B KBAHTOBOI Me-
XaHUKE
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B ciydae HenmpuBOIMMBIX YHUTAPHBIX IPEJICTABICHUT D(i),
DY) HOpsAJIKa 1 ¥ 1j COOTBETCTBEHHO JIJIAd I'PYIIIIBI G, nacun-
TBIBAIOIIEH M 3JIEMEHTOB U3 1epBoit 1 BTopoil sievmbl [Ilypa
BBITEKaET COOTHOIICHNE OPTOTOHAJILHOCTH JJIsl MATPUIHbBIX
s1eMerToOB (JIj1s1 HAIISHOCTH CJIelyeT MpeJICTaBUTh ceHe
IMAaXMaTHYIO JOCKY U BCIIOMHUTBH KaK paboraer (51',]')3

()
> D)D) (8) = —%6 30ij (3.7)
g€eG
STO cooTHOIIIeHue I/IHTepHpeTI/IpyeTCH KaK yCJIOBI/Ie OpTOFO—
HaJIBHOCTHU 1 HOpMI/IpOBKI/I BeKTOpOB B M - MepHOM HpOCTpaH—

crBe. ViMeeTcst BBUY BEKTOD D (gl) D(Z)(gg) fog(gm)
WJTH DL&,
T DY), Yucno taknx BEKTOPOB, COOTBETCTBYIOIINX OJI-

HOMY HEIIPpUBOJIUMOMY IIPEJACTaBJIEHUIO = 7’112, 9TO B CyMME

pa3JIO}KeHHbII/I II0 KOMIIOHEHTaM M aHaJIOTMYIHO

PaBHO Pa3MEePHOCTHU IPOCTPAHCTBA MATPUIHBIX SJIEMEHTOB
HEITPUBOINMOTO MIPEJICTABIEHUsI. DTO CJIELYET U3 TEOPEMbI
Bepucaiiga:

Zn? =m (3.8)

Beraucanm xapakTep 1npe/icTaBienns TPYIibl — (HYHKIHIO,
OIPEIEIEHHYIO Ha IPYIIIIE, BO3BPAIIAIONAs CJIe/] MATPUIIBI
JUIST ICCIIEyeMOTO JIeMeHTa § B IpejcTasienun (cm. Gosee
JIETATBHO O XapakTepe HuXKe H):

i=m
x(g) = > Dii(g) = tr(D) (3.9)
[[Ter99]: Tlerpamenr Mapus i=1
Usanosna (1999), ITpumenenue

TEOPHIT IPYIIL B KBAHTOBOI ME~ (CppijcTra XapakTepos npejcrasienuit rpyust [[Ter99], [Ban79):

XaHUKe

[Bau79]: Bam nep Bapaen
(1979)’ AJIr‘e6pa » OKBUBaJICHTHLIE npeacTraBJ/IeHUA IMEIOT OJNHaKOBbIC

xapaktepnl x(D) = x(V)™H(D)V(g), mockombKy cies
MaTPHUIIbl KHBAPUAHTEH OTHOCUTEIBHO ITPe0dpa30BaHUs
[IOI00M.

» XapakTepbl MaTPHUIL IPEJICTABICHUS, COOTBETCTBYIO-
Iue dJeMeHTaM OJHOTO KJjacca rpymnnbl G, coBnaja-
10T MeKJTy coboil. XapaKTepbl IOCTOSHHBI Ha KJ1accax
COTIPSI?KEHHOCTH, JPYTUMU CJIOBAMH XapaKTep - 3TO
dyHKINA KIacca.



3 Anrebpa u cummeTpust

» XapakTepbl HEIIPUBOIUMBIX ITPEJICTaBJICHUN 00J1a/1aI0T
CBOIICTBOM OPTOT'OHAJIbLHOCTH:

S X9 (g) = mdy, (3.10)
g€G

- 9TO JIErKO BBIBOJUTCS U3 3.7.

» XapaxTep X(g) BIOJIHE IPHBOAUMOTLO HIPEICTAB/ICHHS
D paBeH cyMMe XapaKTepoB BCeX HEIPUBOIUMBIX T1Pe/I-
CTaBJICHUH, Ha KOTOPbIE OHO MOXKET ObITH Pa3JIOZKEHO.
Pazjiozkenne na HEIPUBOIMMBIE IIPEICTABICHIA €/~
CTBEHHO € TOYHOCTDHIO JI0 SKBUBAJEHTHOCTH.

x(®)=2rix"(g)
: (3.11)

ri=~ S T (g)
m geG

Lne wmnesio #j - MOACIUTBHIBAET, CKOJILKO Pa3 HEIPUBOJUMOE
IIpeACTaBJICHIE DY) BXOIUT B PAa3JIO’KCHUEC IIPUBOIUMOTO
npejicrapyiernss D, 970 CUMBOJIMYECKN 3aIUCHIBAETCS C 110~
MOIIBI0 (POPMYJIBI (AHATOTHYHO PA3JIOXKEHHUIO TPHBO/IMOTO
NIpeJCTaBACHAA Ha KOMIIOHCHTHI HEIIPUBOAMMBIX IIPEJCTaBJIe-

o

HUM:
@ .
G = > rGY (3.12)
j
Snak @ obo3HAYAET HE CYMMYy MATPWHIL, a Pa3jIo:KeHHe Ha

HEIIpuBOAUMMbBIEC ITDEICTaBJICHNA.

Xapakrepsl npejcrasiaennd x(g1), x(82), x(83), - - - x(§m)-
TaK>Ke MO2KHO paCCManI/IBaTB KaK COCTaBJIAIOIINEC BeKTOpa

B 1IM-MEPHOM IIPOCTPaHCTBE.

XapakTepbl YHUTAPHBIX TPEJICTABICHUI

JL1st coydasi yHUTAPHBIX IIPEICTABICHUN XapaKTephl HEIIPHU-
BOJIMMBIX TIPEJICTABICHUIT 00pa3yioT CHCTEMY OPTOHOPMU-
POBaHHBIX BEKTOPOB. Tak Kak JJjisi 3JIEMEHTOB OJHOTO
KJIacca XapaKTephbl COBIAJIAIOT, TO BCE TaKUe BEKTOPBI
MIPUHAJJIEZKAT OJTHOMY HOJIIPOCTPAHCTBY, IIPH STOM JIJIst
OJIHOT'O KJIACCa KOMIIOHEHTHI BEKTOPOB IIPEJICTABIISIET CO-
0011 paBHBIE BeJINIHHBI
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[[Ter99]: Tlerpamens Mapust
Upanosna (1999), ITpumenenue
TEOPHH I'PYII B KBAHTOBON Me-
XaHUKe

[IpuMmennM omeparuio ¢BUra M0 BCEM 3JIEMEHTaM TPYIIIThI
G nyrem ymHOXKeHHdA Y 3jleMeHTa clleBa §s. ITO MOYKHO BBI-
Pa3UTh C MOMOIIBIO0 MATPUIILI PETYIISIPHOTO TIPEICTABICHIS
||Rij|| HOPSIIKA M X1, B KaxKI0M CTOJIOIE KOTOPOI JINIIH OTIHH
eIMHUIHBINA 9JIEMEHT, a BCe OCTaJbHbIe - HyJIi. PeryispHoe
[IPEJICTABJIEHIE COJIEPKUT B cebe BCe HEIPUBOINMBIE IIPE/I-
CTaBJICHHUS TPYIIIBI B CJIydae KOMILIEKCHBIX IIPEICTaBICHU
KOHEYHBIX I'PYII (9TO BEPHO JIJIsT aJIreOpanvecKn 3aMKHY ThIX
HoJieit, HAIpUMep, MOJd KOMILIEKCHBIX [ncen). CorjacHo
Teopeme Marke, peryagpHoe peJICTaBIEHUE Pa3/IaraeTcs B
MPAMYIO CyMMY BCEX HEITPUBOIMMBIX TIPEJICTABIEHNI, IIPUTIeM
KazK/10e HEIIPUBOIMMOE TIPEICTABICHUE BXOIUT B Pa3JI0KEHIE
CTOJILKO Pa3, KaKoBa €ro pa3MepHOCTb.

[IpousBosibHbIl BeKTOp P MOAIIPOCTPAHCTBA MOXKET OBITH
PA3JI0’KeH 0 BEKTOPaM, COOTBETCTBYIOMINM HEIIPUBOIUMBIM
upejcraBienusM rpyunst G, npu stom P(g’) = <I)(g_1 2'9),
st Vg, 8, , 9ro obecriednBaeTcst 3a CUET IIOJTHOTHI CUCTEMBI
HEIIPUBOJINMBIX TpejicTaBienuil. PackiajbiBas Bektop @
npuHaIeKammii mpocrpanctsy R™. 1o moJiHO# cucreme
BEKTOPOB, MOYKHO TIOJTyIUTD JIJIsT KOMIIOHEHT 9TOTO BEKTOPA

COOTHOIIIeHHE:
o(g") = > DY (g") = Z cliDl(s7'g's) (3.13)
jap

Yepemustsa D(g”) mo BeeM aemenTaM rpynibl G 1 UCHOIB3Y
COOTHOITIEHNE OPTOTOHAJIBLHOCTH 3.7, OIyCKas MPOMEKYTOq-
Hble BBIKJIaKH, nosyauM [[Ter99):

a(g)= 3] Z CoyDly(g7'g'8) = 3 B V(g
]

joj.ap
1 .
Bj=—>,Cl,

(3.14)

[Ipu 3TOM YHCJIO PA3JIMIHBIX HEMPUBOJIMMBIX ITPEJICTABICHUN
IPYIIIBI PABHO YUCITY €€ KJIACCOB COINPSIZKEeHHOCTH. B pe3ysb-
TaTe rnojrydena (hopMyJia, BRIBEJICHHAS paHee /Il yCPeTHeHs
HAOJTIO/IaeMOi ¢ UCTIIOJIb30BAHUEM CTATUCTUYECKON MaTpPUIIBI
2.2.

Xapakrepsr x®) peryssiproro npecraiens BbOUCIAIOTCH
o hopmyste 0COOEHHO TTPOCTO:
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X(R)(gs) =m if gs = E

, (3.15)
X(R)(gs) =0 if g #E

N3 nocneneit popmybl u 3.11 0UeBUIHO CIEIYET, UTO KarK-
J0€ HEeIIpUBOAUMOE IIPpEACTaBJICHUE COAECPXKUTCA B PEryJidp-
HOM CTOJIbKO pa3, KaKOB IIOPsiJIOK 9TOr'0 HEIPUBOINMOIO
npejcraBaenns 1;. [lopsiok TpUBOIMMOTO TIPE/ICTABICHUS
paBeH CyMMe KBaJ[PATOB HEIPUBOJUMBIX (C yUE€TOM UX Kpat-
HOCTH Tj) coryiacHo bopmyie 3.8.

Yucto opTOroHaIbHBIX BEKTOPOB D((x])ﬁ COBIIQJIA€T C pa3Mep-
HOCTBIO BEKTOPHOI'O IIPOCTPAHCTBA, B KOTOPOM PEAJIN3yeTCst
PETYJIFPHOE MPE/ICTABIEHHE D n]z = M 1 BEKTOPHI Dg)ﬁ 00-
pas3yioT B HEM IIOJIHYIO CUCTEMY OPTOTOHAJIBHBIX BEKTOPOB.
DTO MMO3BOJIAET HAIJISIIHEE OTCAEINTE CBA3b C IEJIBIMU IUC-

JIaMH.

4 Pacupeaenenne ['uboca n

[3eTa-pyHKIus

B sroit ceknuu (m,n) - cokparnennoe 06o3HavdeHne HanbOIBIIErO
obriero jesmresist, B yactHoctu (m, n) = 1 - obo3HaveHne B3auM-
HO NIPOCTBIX 4uces, i - nocrosiunas [lmanka N - qucsio gacTuir,
6030HOB, (POTOHOB, C - CKOPOCTH CBETA, W - YACTOTA BOJHBI JI€

= ZT” = ZT” - BOJIHOBO! BEKTOD, YKa3bIBAIOIINI HallpaBJIeHUE

k

BOJIHEBI, [ - XUMU4ecKuii motenrual, T - Temmneparypa, V - 06b-

BToﬁ.ﬁm | - pmuna Boanbl ge Bpoiiag BMECTO IPUBLIYHOIO A,

ém, F - cBobomHast sHeprus rasa, 3a CIeT U3MEHEHUsI KOTOPOi B
TEPMOIUHAMUKE COBEPINAETCS PaboTa, ITO 00bsICHIET YA00CTBO

HUCIIOJIb30BaHUA 3TON IIEPEeMEHHOI.

Mukpokanonudeckoe pacrpejiesienne ['nb0ca BBIBOJUTCA U3
dopmysibl 2.7, TOCTYIUPYIOIIEll PABHOBECHOCTh U HE3aBUCH-
MOCTH KaxKJIOI'0 MUKPOCOCTOAHUS TEPMOJINHAMUYIECKON CH-
CTEMBI

dw = const pd(E — E’)
dw = const 6(E — E’) l—l dar, (4.1)
a

7
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B nepBoii cTpoke popMyJIbl BhIpazkeHa BEPOATHOCTH HAXOXK-
JIEHUS UCCTIEJyeMOU CUCTEMBI Yepe3 IIJIOTHOCTD PacIipejielie-
HUsI BEPOSITHOCTEN B KBA3MKJ/IACCHIECKOM CJIydae, BO BTOPOI
cTpoke (bOPMYJIBI TIPUBEIEHA BEPOSITHOCTH HAXOXKIEHUS HC-
CJIeIyeMoii CUCTEeMbI B HEKOTOPOM cocTosiHuu dI' B KBaHTO-
MeXaHUIeCKOM IIPEeJICTaB/IeHUU. B ocHOBe CTaTUCTUYIECKOIt
PUBUKY JIEZKUT MOCTYJIAT PABHOBEPOSATHOCTH MUKPOCOCTOSI-
11T, ABJAIONUNCA PA3BUTUEM ITPUHITUAIIA, CHMMETPHUN.

JIF0O0IIBITHO OTMETUTD, YTO CBOOO/IHAS SHEPIUS ra3a siBJIseT-
CsI IPOCTBIM CJIEJICTBHEM YCJIOBIS HOPMUPOBKY KAHOHUIECKO-
ro pactpejiesenus ['ub6ca. YcaoBre HOPMUPOBKU TTO3BOJISIET
BBIYUC/IATH CBOOOJIHYIO 9HEPTHIO F depes BepOsSTHOCTH KBAH-
TOBBIX COCTOSHUIA:

N EN _En
1:an:eT e T
n

! (4.2)

N
=F=-TlIn Ze‘T
n

OTO HAIVISAIHBINA IPUMED CBI3U MEKJIy MaTeMaTHUKOW, Teo-
perudeckoil (pU3MKOi 1 J1adOPATOPHBIM SKCIEPUMEHTOM. B
TepMOJMHAMUKE CBOOO/IHAs dHeprud I, sHTpornus S, suep-
rusg B, oobem V| naBnenus P, remueparypa T psii apyrux
[ePEeMEeHHBIX BBIBOJISTCS JIPYT U3 JIPYTa U KOHTPOJIUPYIOTCSI.
[lepBbie Tpu mepedrc/IieHHbIE IEPEMEHHbBIE SABJIAIOTCS a1V~
TUBHBIMU (DYHKITUSIMU.

Omnupasich Ha 9TOT MOCTYJIAT PABHOBEPOSITHOCTH BCEX JIOCTYII-
HBIX MCCJIEIyeMON CUCTEeMe MUKPOCOCTOAHUN, BBITEKAIONINN
u3 cummerpun, ['nbde BoIBEs hopMyITy:

; E(T e
p= (Znh)sexp#

Brire npuBeiena GQyHKIMA PACIPEIeIeHns] BEPOATHOCTH 110
SHepFI/H/I CHUCTEMBbI B COCTOAHNN E?’l B KBAHTOBO-MEXaHNYECKOM
[IpEeJICTaB/IeHUN, U B KBa3UKJIACCHYECKOM IIPEICTABICHUN.
3xecn
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> Wy — BEPOATHOCTDL HaXO02K/JICHUA B COCTOAHUU, COOT-
BETCTBYIOIIEMY BOJIHOBOM (PYHKIIUK ¢ COOCTBEHHBIM
3HAYCHUECM;

E, - ypoBeHb 3Heprun 1-0oro KBAHTOBOI'O COCTOSTHMHS;
S — YHCJI0 CcTerneHeil cBoOOIbI;

F - cBoGoHAs SHEpPrUA ra3a;

vvyyypy

p — IUIOTHOCTH BEPOATHOCTH HAXOXKJIEHUS B KOHKDET-
Hoit dazoBoM quddepeHnale;

» E(p,q) - sreprust, kKak dbyHKIUA 0T 0000IIEHHBIX KOOD-
JIIHAT.

4.1 Crarcymma U CTaTBecC

MaTpuIipl INIOTHOCTH KAaHOHUYIECKOTO paciipe/iesienns ['nbbca
HAXOJINTCS 110 (DOPMYyIIe:

p=2z"1e P [p= 1) (4.4)

[ycrs ¢ = |E ) - coGCTBEHHDI BeKTOp raMubToHnaHa H
u #|E’) = E’|E’) roraa:

Z(B)=Spe P = > e FF (4.5)
=

N cnemoBaTebHO, CTATUCTHYECKAas CyMMa IIPEeICTAB/ISIET
coboil KBaJIpaTHYIO MATPHILY (KOHEUHYIO JTOO OECKOHETHYIO,
HO (DUHUTHYTO. )

Z-cyMMa - CTATUCTHYEeCKasl CyMMa COOTBETCTBYET CyMMUPO-
BAHUIO BEPOATHOCTEN 110 BCEM MUKPOCOCTOSHUSAM JIJIs 3a-
JIAHHOTO 3HAYEeHWs WHTEPBaJIa SHEPTUN, YCIOBUS PABEHCTBA
€JINHUIIE CYMMbBI BEPOATHOCTEI O MOJTHON T'PYIIIe COOBITUIT
1 BBIBOJIUTCS U3 yCJIOBUS HOPMUPOBKHU aHAJIOTMYIHO ITPUBE-
nennomy 2.16.

CraTuctudeckasi cymMMa BXOJIUT B paciipejiesienne ['nbbca B
BHJIe HOPMHPOBOYHOIO MHOXKHUTEJA (OHA HE 3aBUCHT OT J,
obecrieunBasi paBEHCTBO €JIMHUIE CYMMBbI BEPOATHOCTEI:

2 b= %Ze—ﬁ%‘ = %Z =1 (4.6)
] J
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Ecnn cucrema mnmerorasi 00bém V' u comepzkariee N =
N; + Ny + N, ... JacTuil HaxXoJuTcsd B PABHOBECUU C TEPMO-
CTaTOM IIpH TeMmIeparype (B KBA3HCTAIMOHAPHOM CJIydae
MOJICKCTEMBI, 00Pa3yIOIe OJHY UCCIIEyeMYIO CUCTEMY HMMe-
I0T OJHY U Ty K€ TEMIEPATypy U f), TO BEPOSTHOCTH €&
MUKPOCKOTIMIECKUX COCTOSTHUIN OIPEIesIAeTCsT CJIE Ty FOIIIMI
BBIPaKEHUSIMM:

1 ooty 4L
Ha,b,c... Na!Nb!Ncl . e (2nh)3N ZN

Pr(dl) = (4.7)

a CTaTUCTHUYICCKasd CyMMa:

1
Zn = o
) H“'b'C~--Nﬂ!Nb!Nc!-..,(2nh)3Nu/ ‘ (4.8)

Zn = e FEn,
[

B KJIACCHYECKOM CJIydae B KBAHTBOMEXaHUYCCKOM cirydae. B
nasbHeiineM naaeke Ny Z-CyMMBbl JIJI IIPOCTOTHI OITyCKa-
erca. Ilogsaenne muoxkuresneit Buaa N;!Np!N.!..., B 3Ha-
MeHaTe e CIeIyeT U3 KOMOMHATOPUKKA U OOYCJIOBJIEHO Iie-
PECTaHOBOYHOI CHUMMeTpHueil, HeoOXOIMMOCTBIO N30eraHms
MIOBTOPHOTO I0JICYeTa MUKPOCOCTOAHUIT (ha30BOr0O MPOCTPAH-
CTBA.

YHoMaHyThIe BBIIIe pacipe/enenand bonbiivana n Makcsesr-
JIa SBJISTIOTCS 9aCTHBIMU CJIydasiMi KAHOHUIECKOI'O PacIipe-
nenenus ['ub0ca. B cuimy maeHTUIHOCTH MOJIEKYJT Ta3a MpH
aHaJIM3€e paclpeleseHns JOCTaTOTHO PacCMOTPeTh (hra30Boe
MIPOCTPAHCTBO JIUIIb OJTHON MOJIEKYJIbI, BEIPA3UTH SHEPTHIO
B HMIIyJIbCHOM IIPEJICTaBIeHnN B Koop/unarax dp. lasee
HHTEIPUPOBAHUE 110 000OIIEHHBIM KOOPAUHATAM (] CUCTEMBI
MOKHO 3aMEHUTDb Ha IPOCTOE YMHOXKEHIE Ha 00beM cocyra —
AQHAJJOTMYHBINA aJI'OPUTM IIPUMEHSAETCs IS pacipele e s
Maxkcesta (2.6). DTo 3HAYUTENBHO YNPOIIAET BBIUUCIIE-
HUSI.

Baxkno nomuuTh, uto craructudeckuii Bec Al ynosiierBopsi-
€T COOTHOIIIEHUIO JIJIsi KBAa3UCTAIIMOHAPHBIX TEPMOIMHAMMIIE-
CKHUX CHCTEM:
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AT >0, lim AT(E)e ™t =0 (a>0) (4.9)

E—oo

BuumarenbubIil B3I HA 4.1 1MO3BOJIFET cjiesiaTh BBIBOJI,
910 Z-cyMMa (CTaTHCTHYeCKas CyMMa) JJisi KAHOHIIEeCKOTro
aHcaMm0OJIs1 olpeJiesisieTcsa uepes mnpeodpasoBanue Jlamaaca ot
CTATUCTUIECKOT'O €T0 Beca:

Z (B) =/e—ﬁEAr(E) dE,
Eo
B/ +ico
1
= PE
= Z(B)e"™ dp
p=ico

_ % / Z(B' + ip")eBHEE 47, (B > 0).

rie Eg - naunusmuii yposenb cucteMbl. Huxknne dhopmyiibt
- 370 Haxoxkenne crarucrtudeckoro seca AI'(E) myrem 06-
paTHoro npeobpaszosanue Jlammaca ot Z - cymmbl. MaTerpadt
Hepérca Mo KoHTYpy B Itockoctu f§ € C obpasoBaHHOIO
BePTUKAJIbHBLI IpsiMOit f = ' 1 3aMbIKAeMOro Jyroii 1moJy-
OKpY?KHOCTH Ha 00. [Ipn 3TOM mosmbiHTerpaIbHOE BHIDAZKeHTEe
Ha JIyre oOpaIaeTcs B HOJIb, & UHTErPAJl OT AHAJTUTUIECKUi
GYHKIUMU CcINTAETCs C HAXOIUTCS C MOMOIIBIO TeopeMe O
BbIY€TaX.

Jl1s1 HaXOXKJIeHUsI CTaTUCTUYIECKOr0 Beca MCCIelyeMoi Cch-
creMbl [ + II, cocrosameit nz nmoacuctem I, II mpumenserca
orepaIruii CBEPTKU CTATUCTHIECKUX BECOB:

AT (E) = / AT (E")Al'y (E - E') dE’
(4.10)
= / AT1(E —E"”)AI'y1 (E”) dE”.

DTO COOTBETCTBYET ITPOU3BEJIEHUIO Z-CYMM:

Z(B) = Z(B)r - Z(B)u (4.11)

81
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Jlist GUHUTHBIX

|\P(p, q)|2 < 00 6e3
OTrpaHUYeHHs ODIITHOCTHU
YPOBHU SHEPIUU
HUCCIIEIyeMOIl CUCTEMBI
MOYKHO CUNTATh
[IEJIOUUCIEHHBIMH,
SKBUIUCTAHTHBIMHE,
muoxkectso {E;} rpymmoit

BbIYETOB IIO CJIOXKEHUIO.

Lemounciennast rpymmna {E;}.

Bepuémcst K BbIpazkeHNI0 raMUJIbTOHUAHA, HccneﬂyeMom
CUCTEMBI, OObeIUHSIONENR K mojgcucTeM HO6IJmPI = H1 +
H,. .Hk, U TIPOU3BOJILHOTO OIPEJIEICHISA HYJIEBOTO YPOB-
Hsl TIOTEHIINAIbHON SHEPTUN, MOXKHO CIUTATH YTO:

> I[I0JIOKUTETHHBIMEI (MUHUMAJIbHOE 3HAUEHWE SHED-
TUH JIJIs OCIUJLISITOPA OJ1arojaps MPUHITUITY HEOIpe-
JIeJIEHHOCTH COCTaB/IzAeT 2Mw);

> B CUJIy KOHEYHOI'O 3HAMEHUSI HOPMBI OTIEPATOPA H06mnﬁ
7 KBAaHTOBAaHWS SHEPIUH - BCE SHEPIUIECKUE YPOBHU
l e A, 0 < I<T II€JIOYUCJIEHHBIE ITOJIOXKUTEJIbHBIE
sHavdeHns € N

> [pejcTaBisieT coboii yropsodentoe (aubo dacTud-
HO YIIOPSIIOYEHHOE MHOXKECTBO B CJIyYae KPATHBIX
cobCTBEeHHBIX 3HaveHnit) mo Bospacranuio 0 < Eg <

Ey--- < E,

Cpean MHOXKeCTBa COOCTBEHHBIX 3HAYEHUI TaMUIBTOHU-
aHa MCCJIeJlyeMOll CHCTEMBI MOT'YT BCTPEYAThCS KPATHbLIE
cobcTBeHHbIE 3HaYeHus E;, paBHO KaK U IPOOesIbl U3 Psiia
N. B cuy smneitnoctn ypasuenus [IIpénunrepa coBmect-
HOE PACCMOTPEHUE TOJCUCTEM B COCTaBE UCC/IE/yeMOi Cu-
CTEeMBI COOTBETCTBYET OIepaIii 00beIMHEHNsT MHOKECTB
cobcTBeHHbIX 3HadYeHuit. C MOMOIIBIO JINArOHAIHLHON MaT-
puribi U ¢ BemecTBeHHBIME KO MUIIUEHTAMUA MOYKHO
OCYIIIECTBUTH IIE€PEXOJ] K OPTOHOPMHPOBAHHOMY Oas3ucy
Ei — Eli’ Tak 4TOOBI KBAHTOBBIM cocTosiHusiM |1) ... |n)
COOTBETCTBOBA/IN COOCTBEHHBIE 3HAYEHUS TAMUJIBTOHUA-
Ha (sHepruu E;) B Buje psija MOCJIEI0BATEIBHO CIIEYIO-
X HATYpPaJIbHBIX drcesl uaTepBasia 1 ...#n. [lockonbky
[IPOU3BEIEHIE SPMUTOBBIX MATPHIL SIBJISIETCA SPMUTOBBIM,
repexo] K HoBoMy Oaszucy 3.1 coxpaHsieT CBOHCTBO MHBa-
PUAHTHOCTH HabJIIOIAEMbIX.

KakoBo 4ncjio HeHyJIeBBbIX 3HAYEHUI 3JIEMEHTOB Ha IJIaBHOIA
JIMArOHAIA MATPHIILI B HOBOM Oasuce? - D10 1ucio n = ¢o(a)
paBHO (yHKIME Ditepa OT Bbipaxkenus 4.14.

B kBazucrammonapHoM COCTOAHUU OOIIasi SHEPTUS UCCJIe-
JlyeMOM CHCTEMBI COXpaHsaeTcs, 1mo3ToMy MHOXkKecTBO {E;}
3aMKHYTO 110 OI€pAIK CJIOYKeHWsl /BbranTanus. C mo3umnun
bu3uUKM oreparyu, CBA3aHHbIE C TEPEX0OIaMU MEXK Ty SHEpre-
TUYECKNM YPOBHAMH, MOXKHO PaCCMaTpUBaTh KaK €JIMHYIO
oneparuio. OmepaTopbl pOXKJACHUS U YHUITOKEHUsI, TITHPO-
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KO IIpUMeHsIeMble B KBAHTOBOII MeXaHUKe. BKJIIOYas U3y de-
HIIe TAPMOHNYECKHX OCIIIIIATOPOB. OnepaTop yHIYTOKEHHA
(06BIIHO 0003HAYAEMBIN 4 YMEHBIAET KOJIUIECTBO YaCTHI] B
JIAHHOM COCTOSTHIN Ha efunuity. Omneparop poxierus (00brd-
HO obo3HauaeMblil 41 yBesmYMBaeT KOIMYECTBO YACTHIL B
3a/IaHHOM COCTOSIHUY Ha €JIMHHUILY, OH COIIPSIZKEH K OlIepaTopy
YHUYITOXKEHUSI.

Ha ocHoBe 5TuX 01lepaTOpOB MOXKHO CO3JIaTh CJIyYailHyTO
(DYHKIMIO OT JABYX apryMeHTOB, 3HAYEHHEM KOTOPOH MOYKET
6bITh 4 mim AT paceMaTpHBaTh TAKyIo (DYHKIMIO KAK OJHY
onepanuio B rpymie {E;}. g duHrTHBIX |\I’(p, q)|2 < 00
6e3 orpaHrYeHUs OONIHOCTH YPOBHU SHEPIUH UCCJIELYEMOIt
CHCTEMBI MOYKHO CUMTATH IEJ0YUCIEHHBIMU, SKBUIMCTAHT-
HbIMU, a MHOXKecTBO {E;} aJIuTUBHOI IpyIIoil BeIYETOB
mod Eoeny, -

[TOCKOBKY TepMOMEXaHHIECKHe MePEMEHHbBIe CTATHCTHIC-
ckoii busMKe UMEIT HOpMaJIbHOEe pacipeeenue [[Tan(2]),
B IIPOJIOJIZKEHUE 3TOI'0 MBICJICHHOTO 3KCIEPUMEHTa MOXKHO
BLIOpATh CIydailHble HaOJIIOAaeMble ¢ HOPMAJILHBIM pacipe-
neneauem N(k, 0):

{Xo, X1, ... Xk} (4.12)

rie k =0,1,...(p — 1). Js npocroTsl OyeMm cauTaTh p -
HEKOTOPOE TTPOCTBIM YUCJIOM, & 3aTeM cjiesiaeM 0000ITeHne
Ha IIPOMU3BOJILHBIN CIy4Yail HaTypPaJIbHOI'O YHUCJIO.

B cuy Toro, 4To nnTerpast o BceM BepOsiTHOCTSM COCTOSTHUI
MIOJICUCTEMBI 00pa3yeT TMOJIHYIO IPYIITY COOLITUN U YCJIOBUS
HOPMUPOBKHI BepoATHOCTHU 2.16, a TakyKe IMeT0INCIEHHOCTH
{E;} neiicTByer onepalius CpaBHEHUS 110 MOJLYJIIO:

Hecnioxxuo y6euThbest B TOM, 9TO JIJI UCCIETyEMOM CUCTEMBI
4.12 snauenue suepruu {E;} sBagercss rpynmoil BLIYETOB 110
CJIO’KEHUIO TIOPsIJIKa P, SKBUBAJICHTHON Z ).

Kak nokazano B pasjese cTaTUCTHIECKas CyMMa U CTaTUCTH-
"eckuit Bec 6, ecy IpHHATH, uTo p; = ePFi B = %, rne T -
TeMIepaTypa HUCCJIeyeMOil CUCTeMbI, TO CBOWCTBY OpPTOro-

HAJTbHOCTU BOJTHOBBIX (DYHKITHII, COOTBETCTBYIONINX PA3HBIM

KomMmyTatop onepaTopos pox-
JIEHUsI ¥ YHUYITOXKEHUsI, CBsI3aH-
HBIX C OJTHUM W T€M K€ COCTOsI-
HueM 6030HA, PABEH IUHUIE, B
TO BpeMsl KaK BCE OCTAJIbHBIE
KOMMYTATOPBI 0OpaIaTcs B
Hysb. g bepMuOHOB UCIOJIB-
3YIOTCS AHTUKOMMYTaTOD BMe-
CTO KOMMYTaTODA.

[Tan02]: JIannay (2002), Teope-
trueckad Pusuka B 10T. Tom 5.
Crarucruyeckas Pusuka.
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Taxum obpazom mpocToe
YHICJI0 CBA3AHO C
BEPOATHOCTBIO, C

KOHKPETHBIM
MHUKPOKAHOHUYECKUM
COCTOSTHUEM, C dHepruei
TTOJICUCTEMBI B COCTaBE

HCCHeﬂyeMOﬂ CHUCTEMBDBI.

COOCTBEHHDBIM 3HAUCHUAM JIOJIZKHO COOTBETCTBOBATDH CBOIICTBO
B3auMHOI IIPOCTOTHI.

JlemMa 006 OPTOroHAJILHOCTU W B3AMMHOM IPOCTOTE

B kBasmzaMKHYTOIl 1 KBa3UCTAIIMOHAPHON UCCJIEe TyeMOit
cucTeMe {¢1} € Z2(G; p) ¢ mesoInCIIeHHBIMI COOCTBEH-
HbIMK 3HadeHusMu {E;} 119 BBIIIOJIHEHUS COOTHOIICHUST
OPTOrOHAJIBHOCTH <1,DEP, VE q> = 0p,q HEOOXOUMO COOJIIO-
nenms yenosus: (ePEr, efE) =1 p#gq

JlokazaTesbeTBO 9TOoit JIeMMbI 0T oOpaTHoro. 3 nHezaBucumo-
CTU MUKPOCOCTOSTHUII, OIIpeIesIsieMoro ypoBHeM sHepruu 2.17
U OIpe/IeIeHnsl CTATUCTUYECKON CYyMMBbI 4.5 cjeJlyeT, 4To
B pdJaxX HE€ AOJIZKHBI ITIOBTOPATBHCA OJMHAKOBBLIEC 3HAYCHUA
SHEPI'UU, B TPOTUBHOM CJIydae BOSHUKHET JIBOIHON TOBTOD
YUCJIa MUKPOCOCTOAHUN U HAPYIIUTCA OIIPEIesICHUe CTaTu-
cTUYecKoro Beca. JleMma nokaszana.

Onupasich Ha JUCKPETHOCTH CTATUCTUYECKOTO Beca I sBiisio-
IIYIOCS CJI€JICTBUEM IIPUHITUITA HeolpeiesieHHOCTH 8.1, Heslb3st
JII cJiesiaTh 000DIIEeHe TOJILKO YTO TIOJIY9IeHHOIO BBIBOJIA HE
TOJILKO Ha CJIy4ail MPOCTOro 4HcJia, HO U Ha IIPOU3BOJIHLHOE
HaTypasbHoe qncyio? OTser OyJeT JaH HUKe.

Metom 3BE31 1 IOJIOC

BaxxHO OTMETHTD, 9TO YMCJI0O MUKPOCOCTOSIHUN B UCCJTE-
JlyeMoii cucreme Jijisd ciiydast O030HOB PACCUUTHIBACTCS C
[IOMOIIBIO U3BECTHOI'O B KOMOMHATOPUKE METO/1a 3BE3/1 U
rostoc. JIist HaxoXKIeHns KOJIMYIeCcTBa, CIIOCOO0B pa3Melre-
uust Nj oMHakoBbIX mapos 1o G; pasiIuauMbIM AIIKaM
IpEJICTaBUM Iapbl B BUJIE MOC/IE0BATE/ILHOCTU U3 N
TOYeK, a pazjle/ieHue Mexky dmukamu B Buge Gj — 1
BEPTHUKAJIBHBIX O0Tpe3koB. OOIee KOJIMIeCTBO 9JIEMEHTOB
(Touek u orpeskos) coctapger Nj + G; — 1 Yucro croco-
6o BBIOpaTh No3UIMK Jit Gj — 1 Yeprovek cpejau 3THX
9JIEMEHTOB PABHO YHCJIy COYETAHWI U3

o N: +G; —1)!
_ (Nj+G;i-1y _ ( ] ¢
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Definition 4.1 ®epmuonb! VS OO30HBI! - TJIABHOE OTJIMIHE
COCTOUT B TOM, YTO OJHU OOJIAJAIOT IEJBbIM CIIMHOM, a
JIPyTHe — HOJIYIe bIM. JacTHIlbl 00J1a/Ia0IIKe MeJIbIM CITH-
HOM Ha3bIBAIOTCS DO30HAMHE, & TOJIYIIEIbIM — (DePMUOHAMMU.
Bosonbr nmogumnusitorest crarucruke bose-DitHInTeiiHa, a
depmuonnl — Pepmvu-/lupaka. B ancambiie gyacTuir, cocTos-
meM u3 6030HOB, JTI000€ MX KOJIMIECTBO MOXKET HAXOTUThCS
B oauHakoBOM cocTogaun. C dpepMuoHaMm Bce Ha0OOPOT
— HaJIMYHe JIByX TOXK/IECTBEHHBIX (PePMUOHOB B OJIHOI CH-
creMe YacTHI HEBO3MOXKHO.

Cwm. §2 Ky6o [Ky607].

MozkHO corocTaBuTh (POPMYJILY € BBIBOJAMU, KACAIOIUMUCS
daszwl BosHbI, A4 ciaydasds WKB u marerpasiop @eiimana.
1.27. I3 TepMOIMHAMUKN U3BECTHO, OT ILJIOTHOCTH BEPOATHO-
CTH P HaXOXKJEeHUA YaCTHIbI B OKPECTHOCTH 33JaHHOI TOUKH
2.9 oHO3HAYHO OlpeessieTcd KaK (DYHKIUS OT SHEPIUuu -
9TO JIETKO MOHATD IMKOJBHUKY U3 pacupejiesennii bobiivana
n Maxkcpesa - 2.2.

BameTnMm, 9T0 PYHKIUS Ditjlepa MyJIbTUILINKATABHA, ITO
COOTBETCTBYET IPUHIIUAITY EPEMHOXKEHUsT (DAa30BBIX 00be-
MOB IIOJICUCTEM, OOpa3yIoNIUX uccaeyeMyio cucremy 2.19.
B cocraBe otrjiesibHOI TIOCUCTEMBI BOBMOXKHO pa3Jie/IeHIe
dazoBoro obobeMa 10 TeM IIePEMEHHBIM, KOTOPbIE COOTBET-
CTBYIOT HHTEI'PDaJiaM JABUZKCHUA U COIJIaACYIOTCA C CI/IMMeTpI/Ieﬁ
HCCJIELyeMOi CUCTEMBI CM. 2.5. DTOT IPOIecc KOHEeYeH U OH
OIIpeJIeJISIeTCA BO-IIEPBBIX JIMCKPETHOCTHIO. (ha30BOI0 IPO-
CTPaHCTBA, BO BTOPBIX CUMMETPHEHN UCCIeTyeMON CUCTEMBI.

CrauaJia paccMoTpuM xapakrepucrudeckue dpyaknun &(f)
9TUX BEJIMYUH, SBJSIONMecd IpeobpaszoBanueM Jlamraca.
ITposepum, uro {&} Takzke obpasyer rpylily IO yMHOZKE-
HUIO.

XapakTrepucrudeckas QPyHKIUs s Xk:

o212

Ek(t) = M [e"¥¢] = M=% (4.15)

HopmupoBanubie xapakTepuctudeckue QpyHKINH, 00pa30-
BaHHBIE IIyTEeM JieJIeHus Ha Z:

- Ek eikt‘—gzz—t2 'k
ékzg—oszelt (416)
e 2

Brimmie Bce onepanum Ha
CTATUCTUIECKIMUI
CYMMaMHU [TPOU3BECHBI
i g pepmuonoB. o
yTBepxKIeHnio Ky6o
BBIBOJIBI ITpH padoTe co
CTATUCTUIECKIMUI
CYMMAaMM JIJIs CJIydast
0030HOB OyIyT OOJIEe
IPOMOBJIKUMU, HO
OCTAHYTCS AHAJIOTUIHBIMH.
[Ky607]: Ky6o (2007), Craru-
CTHU4YeCKad MeXaHUKa. COBpe-
MEHHBII KypC C 33Jla4aMU U pe-
IIEHNSIMU, COCTABJIEHHBIN TpU

yaactuu X. Manmypa, 1. Yeyn,
H. Xacusyme
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~yp-1
['pynmoBag crpykTypa {5 k}zzoaxa COCTOUT U3 (DYHKIINIT BU-

1a et 1 oGpasyer rpynIy 10 YMHOKEHHIO.

[IpoBepum cBOICTBa T'PYIIIHL:

» Bamknyrocts: S (H)xEx(t) = ekte™t = &, (t) (mod p)

» AcCCOIUATUBHOCTD: YMHOXKEHNE KOMILIEKCHBIX 3KCIIO-
HEHT aCCOIMATUBHO.

» Heitrpanbubiit siaement: Eo(t) = e =1

» OGparusrii snement. s V Ex(t) obparablii smeMenT
Z_(t)(mod p), mpu sTom

> E()Ek(t) = et ekt = 1(mod p)

~p-1
Takwmm 06pa3zoM, HOpMUPOBAHHBIE XaPAKTEPUCTHICCKIE (byHKuI/IH{E k}Zzo
00pa3yoT IPYIILY 10 YMHOXKEHUI0, T30MOPMHYIO a [/ IUTHB-
HOM rpytIe Z).

YT00BI pacupoCTpaHUTh HPEJIBIIYINNE BBIBOIBI O T'DYIIIIE,
HY2KHO ITPOBEPUTH aKCUOMBI I'PYIIIBI JIJIsT HOPMHUPOBAHHBIX
Z-cymm. B kanonndeckoMm ancambjie HODMUPOBKA MaTPUITHI
IJIOTHOCTH YK€ BKJIIOYAET JIeIeHNe HA CTATUCTUIECKYIO CYM-
My Z 4.6. OHaKo Jist TPYIIIOBO# CTPYKTYPBI OTPedyeTcst
JIOTIOJTHUTEIbHAsT HOPDMUPOBKA CAMUX Z-CYMM.

AHajloruaHO pebIyIeit 3aaue, MOKHO BBECTH:

Z(B)
Zy(B)

Z(p) = (4.17)

rae Zo(f) — crarucrudeckasi CyMMa STAJIOHHOM CHCTEMbI
(mampmmep, cucremsl ¢ dTg(E) = 0(E) u Zo(B) = 1. Ilouemy
B KAYeCTBE TAJOHHON CUCTEMBI JIJIi HOPMUPOBKH Z-CyMM
BbIOpaHa Jiesibra~-pyHKius or suepruu? - [loromy drto u3
ompeiesieHus JIeabTa-yHKIIIN:

[o0]

Zy(B) = / S(E) e PEJE = ¢7FO

Eo

+00
= / S(E)e PEAE = ¢ PO =1

—00

(4.18)

[IpoBepka aKCHOM T'PYIIT HOPMUPOBAHHBIX CTATHCTHIECKIX
CYMM:
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» TIpom3Be/eHIe HOPMUPOBAHHBIX Z-CYMM JOJIZKHO COOT-
BETCTBYET CBEPTKE CTATHCTHYeCKNX Beco cM. 4.10, 4.11.
DTO BBIIOIHAETCS, IOCKOJIBKY Z (B = Z B - Z (B)u

» Heitrpaibibiv sementoM spisiercsa Zo(B), cooTBeT-
creytomumii cucreme dI'(E) = 6(E)

» 3 obparnsii saement VY Z(f) 3 Zi(ﬁ)_l, Takoil ITo:

Zi(B)- Zi(p) ' =1

[Tocieanee yrBepKaenue TpedyeT rnoscuenusd. B oproHop-
MaJIbHOl CUCTeMe CTATUCTHYECKHE Beca, COOTBETCTBYIOIIE
pasubiM Mukpococtognuam ALy u Al'j asngiorces nezasu-
CUMBIMH, COOTBETCTBYIOINE (DYHKIINK pacupejenenns X;,
X rakxke nezapucumbl. [Ipeodpazosanue Jlanmaca - 3To Ju-
HeitHblii oneparop Lu = F ¢ objactbio onpejencuus Ay .
O6o3nadnM ¢ momornibio R - 06J1acTh 3HAYEHUI OollepaTopa
L. Obparnoe mpeobpazoBanue Jlamraca Haxoaures: gepe3 00-
paTHBI JuHeitHbI onepaTop # = L™'F. Jlerko J0Ka3aTh, 4T0
cucteMbl (pyHKIHIT {Bbk} u {ka} OJIHOBPEMEHHO JINHEWHO
nesasucuMbl §1 [ZKKB22] - cm. takxke Jlemmy 06 oproroxasis-
HOCTU ¥ B3auMHOII mipocToTe 4.1 paccyKJeHuns, Kacaloliu-
ecd OazncoB obenx cucreMm dyuknuit B [lpumoxkenun 1.1.
= crarucruaeckue cymmnr Z(B);, Z(ﬁ)] i # i Kak 00pa3bl
CJIyYafHBIX BEJUINH, JTOJIZKHBI ObITH [TOPOXKICHBI HA OCHOBE

B3amMubIX pocThix unces (ePE, ePE) =1 i # .

4.2 OpToroHaJIbHOCTh, HEIIPOBOJUMOCTD M P-UUC/IO

Z-CyMMBI SIBJISIFOTCSI MATPUIIAMHU TIOTHOCTH (OIEPATOPAMN).
U sy1s cocTaBHO# CHCTEMbI M3 HE3aBUCUMBIX MOJICHCTEM 00-
Ias MaTpHIA IIOTHOCTH 00pa3yercst 110 IPABHUIaM TeH30D-
HOrO Ipou3sBeieHust MaTpull cM. [Bun02]:

m
Z06Luee = ®é
i=1

tr(Zocmee) = tr(Z1) - tr(Zy) - .. .tr(Zm) - ..

(4.19)

[Tpu sTOM JIj151 KaXKJI0I0 3JIEMEHTa Ha, JUaroHa i Pe3yJIbTH-
pylomeil MaTpHIlbl Oy/IyT 3alUCAHBI BHIPDAXKEHHUS BUJIA:

(Z1®Z2®Z3 ... )i k.. ) (i j k...) = 21(1,1)22(f, ) z3(k, k) - - - =

e PEig=PEie=PEK (4.20)

[?KB22]: KapunoB wu ap.
(2022), YpasHeHus MareMaTH-
qecKkoit pusnuku

[Bun02]: Buubepr (2002), Kypc
aareOpol. 3-e¢ U3
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[Ipousseienne (HOPMUPOBAHHBIX Z, JJTd KOTOPBIX YIIOMSHY-
TBI€ BbIIIe (GOPMYJIBI AHAJIOTUIHBI) CTATUCTUIECKIX CYMM O/T-
HO3HaYHO B TOYHOCTH 0O II€ePECTaHOBOK, IIOCKOJIbKY OHH IIDE/I-
cTaBJIAIOT c000it abeIeBbl MATPHUIIBI, 00JIAIAI0IIIE CBOMCTBOM
KOMMYTaTHUBHOCTHU, aCCOOUATUBHOCTHU 110 YMHO2KEHUIO.

C yuerom orosopku o nejouncsiennoctu {E;} 4.13, misa obec-
[I€YEHUS OJIHO3HAYHOCTU IPSIMOTO U OOPATHOIO IPeodpa-
zoBanuit Jlamraca, obecrievueHns HeE3aBUCUMOCTH OPTOHOP-
MaJIbHBIX (bYHKIMH Yj, 1j IMEIoNX BePOATHOCTHYIO IIPH-
poxay, muddepennuaia crarucTudeckoro seca Al'; - HyHK-
AU, OTIPeJIeIEHHON Ha OCHOBE |1,bi|2 CyYIaiiHBIX BEJIMYUH 1
COOTBETCTBEHHO Z(ﬁ),-, JUI 0DeCIIedeHnsl CTaTUCTUIECKOM
nesasucumoctu Al';, AT'j neobxonumo cobirojienne yeioBus o
anmuoit pocrote (p; = ePEi, pi = ePFi) =1 na Vi # j.

Crarucruueckasi cymma Z; mpeJicra/isger coboil (6ec)KOHeUHY o
IUK/IMIECKYIO TPYIILY HOPOKICHHYIO daemenTom e PE (Ba-
PUAHT 3aBUCUT OT IIPUMEHSIEMOIl MaTEeMATUIECKON MOJIEJIN:

B ¢usuke A cucrem ¢ GeckoHeUHOI sHEprueii, haszoBoe mpo-
CTPAHCTBO JUCKPETHO, GyHKINs W, ABISIOMAsICs pereHnemM
ypasuenust [1Ipénunrepa dbunnrHa).

O IHOBpEMEHHO CTaTUCTUYeCKas cyMMma Z; IPeJICTaB/IsieT
coboil TMaroHaJIbHYI0 MaTpPUILy C dJIEMEHTaMH Ha OCHOBE

paaa:

Z;=diag 1,l,i2,i3...
Pi p; p; (4.21)

pi = ePFi

O603Ha9MM GECKOHEYHYO /KOHEUHYIO IUKJINIECKYIO IPYII-
Iy, TIOPOKICHHYIO djieMeHTOM G = < g> = %. Jlerko moka-
3aTh U30MOPMOU3M KOPPEKTHO ONPEJIEJIEHHOTO U OMEKTHBHOI'O
oToOpazKeHus f, TAKOro YTOOBI:

f:Z—-G m—g"

f:Zy—= G [m]—g" 422

1711 GECKOHEYHOH U KOHEYHOI IPYIIILI COOTBETCTBEHHO, TJIe
[m] oboznauaer rpymuiy Borderos (mod m).

Definition 4.2 [lns soboro mogmuoxkectBa S € A coBo-
KYITHOCTB BCEX JIMHEHHBIX KoMOuHanuit kyay +kpas . . . kyay,
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a; € S, ki € Z ectb HauMeHbIIIee TOJAIPYIIIA IPYIIILI A,
cojiepzKalas S oHa Ha3bIBACTCs HOJIPYIIIOH, TOPOXK ICH-
HOW TIOJMHOXKECTBOM S 1 obo3Ha4daercst yepes (S). Eciaun
(S) = A, 10O roBopaT UTO IpyIma A HOPOXKIAETCS IIOIMHO-
JKECTBOM S, M UTO S - 9TO CUCTEMa TOPOXKIAIONIIX TPYIIIIHI

A.

CraTuctTudeckne CyMMbl BCETJIA JTOJIZKHBI IIPEJICTABIATE CO-
60i1 cMmexkHbIe KJ1acchl rpytibl G = 3 6a3uc B 00001eHHBIX
KOOpJIMHATAX W dHEprermdeckasi MKajia, B KOTOPBIX BbIPa-
xemne ePEi = p; kax pas m ABIATOCH GBI TPOCTHIM YHCIIOM.
[Ipu sTOM ycioBuUU craTucTHdeckKad cyMma Z; B BHUJE ps-
na ciaraeMbix Buja e PE = l} OyZeT MpejcTaBIsaTh CO-

i
60ii (6eC)KOHEUHYIO MUKJINIECKYIO MOArpymHiy rpymmsl G
ITOPOXKJIEHHYIO 3JIEMEHTOM < g) , 8= %, a KayKJ10e MUKPO-
COCTOdHNE KOHCTPYUPOBATLCH 3a CUET 3JIEMEHTOB I'DYIIIIbI,
MTOPOYKJIEHHOM MHOKECTBOM ITPOCTBIX UHUCEJ.

IIpu takom BoIOOpe V crarucrudeckuii Bec Al'; u V cra-
tuctudeckas cymma Z(f); OyAyT Ipu 9TOM IPEICTABIIATE
CMEKHBIN KJIACC M30MOPGHBIX IPYIIIL:

{AL} = {Z(B):} (4.23)

N3 dopmyn naxoxkaeHus xapakrepa abeeBoil IpyIIbl, K
pas3psIy KOTOPBIX MOXKHO OTHECTH TPYIITY U3 HOPMUPOBAH-
HBIX Z—CyMM, 5.4 1 pazJIoyKeHNs MUKJIMIECKON I'PYIIIbI Ha
Ipou3BejieHne MPUMapPHbIX rpymil. 5.10 ciemyeTt, 4To panee
ceJTaHHbBIM BBIBO/L /LIS CJIydasl IMUKJIMIEeCKO TPYIIIbI IIPO-
CTOr0 TOPsA/IKa 5.2 MOYKHO PACIPOCTPAHUTH HA IPYIILY IIPO-
U3BOJILHOTO MOPSJIKA, €CJIM UCIOJIb30BaTh (DYHKIHIO Ditjiepa
OT CTATHCTUYECKOro Beca ucciemyeMoii cucreMsl ¢(I).

BuiBoj, MOXKHO pacipocTpaHUTb U Ha CJIydail OECKOHEYHBIX
Py, COOIOas YCIOBHUE 5.2, TOCKOJIbKY:

> IOPSIAOK TPYIIBLI BCEr/Ia MOYKHO BBIOPATh IIPOCTHIM
YUCJIOM, TIPEBOCXOANIIM Y U3 MPOCTBIX YHUCET, COOT-
BETCTBYOIIUX {Z(ﬁ)z},

> HOPMUPOBAHHbIE CyMMBbI IIPEJCTAB/IAIOT 000 (hyH 1a-
MEHTaJIbHbIE MOCJIE0BATETLHOCTU (MU CXOJISIIIIECs] B
cebe MoC/Ie/I0BaTEIbHOCTH - TI0C/Ie/I0BaTEIbHOCT Ko-
1) K [PeJIeTy, HAXOAMEMYCsl B KOMIIAKTHOM TOIO-
JIOPUIECKOM IIPOCTPAHCTRE.

Komneunoe MHO2KECTBO TPOCTHIX
4quces MOOPOXKIaeT CTaTUCTHYe-
CKH€ CYMMBI HEKTOPOIl TepMO-
JAHUMHUYECKOIl CUCTEMBI.
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[Ipocreie unciia - 31O
MaTeMaTHIecKast MOJIE/b
BO3MOZKHOCTHU BbIJCJICHUA
(obocobienust) U3 cocraBa
CHUCTeMBI TIOJICHCTEMBI C
AJIATUBHBIM pa3/de/ICHUuEM

pPecypcoB.

N3102keHHBII BBITIE TIOIXO/T TTO3BOJISIET CKOHCTPYHPOBATH
CKOJIb YTOJTHO OOJIBINIOE HYHC/Ia HE3aBUCUMBIX MUKDPOCOCTO-
sunit Al';, obecriednTh BBITIOJIHEHIE TEH30PHBIX OllepaIlnii
4.19, 4.20 ma ocnose craructiaeckux cymm Z(B); m cucTemb
[OPOKTAIOININX B BUJE MHOXKECTBA IPOCTHIX YUCEII.

BakoHoMepHO B (opMmysie HaxoxKieHus DyHKIUN Dilaepa
KazKJl0e IIPOCTOEe P BXOJWUT JIHIIb 1 pas:

pa)=a] [(1- S (4.24)

pla bi

a CTEeIleHb IPOCTOI0 YHUC/Ia YK€ yUTeHa B KAHOHUYICCKOM
PA3JIOZKEHUN TIeJIOTO A, CTOAIIETO Tepe]i 3HAKOM ITPOU3Be Ie-
nus. Kpome Toro, Kak 1mokasaHo B IJIaBe D, IMEHHO PaJInKaJI
3HAYEHUI POM3BEIEHNS TPEX IEJIbIX YHCET HIPAET BaXKHYIO
poJib 1ipu J1oKazaTeabcTtse ABC-rumoressr.

5 O KBaHTOBOII IPUPOJIe P-unce

B sroit cexiun oz (p, §), IPUMEHATENBHO K THCIAM, 0003HATA-
eTcst HanbOJIbINHi OOIuil geuTess ducel p u 4. ¢(a) obozna-
geHa PYHKIUS Difjepa. IUCIO 3JEMEHTOB B3aUMHOIPOCTHIX C 4,

He IIpeBhIIAIUX 4, B YaCTHOCTHU IJId 4 = pa IIPOCTOT'0 YHUCJIQ
d(p) = p—1, iz x = P(p®) umeem P(p®) = p*—p* ! =a (1 - %)
u jis obmiero ciaydas @G(a) = [Ty (1 - %) - 3J1eCh B 3HAMEHaTe-

JISIX BCE IPOCTBIE P JeUTen X 0003HaTaeTcs Kak pla).

B npuioxkennn 2 pacKpbIBAIOTCs OOIIMe TTOHATUS W [TPABIIIA
pabOThI CO CTATUCTUYIECKON MaTpUIleil KBAHTOBOMEXaHUIe-
CKO#l CHUCTEMBI.

[Ipuanmas Bo BanManne 1.20 1 9T0 IpOM3BeIeHNE C;C] - ITO
BEPOSITHOCTH OOHAPYKUTL y CUCTEMBI SHeprun E;, moyryanm
BBIBOJI O PABEHCTBE COOCTBEHHBIX 3HAYEHUH TPUBE/IEHHBIX BbI-
e ypaBHeHuit B onepatopHoii ¢popme 1.30 coOTBETCTBEHHO
KoadbupenTaM ¢; 1 C; CylneprosuIum 10 CTAIIMOHAPHBIM Pe-
menneM ypasaenns [pémunrepa W(g, t). Ksagpar momyis
XapaKTEPUCTUIECKOTO YUCTIA JIJIsT UHTEIPAJTLHOTO YPaBHEHUS
@penroabma (Cm. Ipunoxkenue 1.3) siBiasgercs obpaTHOI
BEJIMYMHON K KBaJIPATy MOJLYJIsi COOCTBEHHOI'O 3HAYUEHUS Olle-
paropa 1.3. Kak OyeT moka3aHo HIUXKe, HEe MeHsIsT OOIHOCTH,
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MO2KHO CBA3aTb 9TU 3HAYEHUSA C HEKOTOPBIM IIPOCTBIM YHC-
2
JIOM |[,ll|

ul= f COOTBETCTBYET ILJIOTHOCTU BEPOATHOCTH 2.9.

p

2
= % u |Ai|° = p, rue p obo3HATAET IIPOCTOE THCIIO

Teopema 0 KBaHTOBOI IpUpOJE P-ducelt

Jts V motHO# OpTOHOPMAJIBHOI CHCTEMBI {l,bn} BZrn
V KBazucTanMoHAPHOTO pernenns ypapHerus 11Ipénuare-
pa WV B &5, coorBeTCTBYIONIEN KBA3U3AMKHYTO CUCTEME,
UCXOJIs U3 JTUCKPETHOIO SHEPreTUIECKOrO CIIEKTPa €€ ra-
MmuibToHnaHa H, d 6a3uc B KAHOHMYIECKUX ITePEMEHHBIX
TaKOM, 9YTO Ha IVIABHOW AuaroHald COOTBETCTBYIOIIECH cTa-
THCTUYECKON MaTPUIILI B SHEPIEeTUYECKOM IIPE/ICTABICHUN
Oy/IyT PACIOJIOKEHbI KOPHU, paBHbIE OOPATHBIM 3HAYUEHU-
AM PSJIa MPOCTHIX YHUCEJT: <1,bn*¢n> = an’ Te Pn = eﬁEn,
B = % obpaTrHasl BeJIMYMHA OT aDCOTIOTHON TEMIIEPATYPhI
B 9HEPreTUIecKuX eaumHuiax, E;, - cobcTBeHHOE 3HAUEHNE
raMUJILTOHUAHA, I:Igb_n = Eqty, tiie ¥(q) - xosdbduru-
ent paszyoxkenusd W no @ypwe-rapmonuke 1.16. [Ipu srom
KPaTHOCTH ITOBTOPEHUSA KaXKJI0TO KOPHs OyJIeT COOTBET-
CTBOBaTh KPATHOCTU SHEPTETUICCKOTO YPOBHS UCCIIETye-
Moit cucteMbl. PazHbiM cOOCTBEHHBIM (DyHKITUSIM Lp_n COOT-
BETCTBYIOT Pa3HbIE IIPOCTHIE Py U YCIOBUIO HOPMHUPOBKI
<¢_m*¢_n> = PmO(M.N) COOTBETCTBYET CBONCTBY B3aMMHOI
IpocTOTHI (P, Pn) = 1 - HanbosbImil OOIMNIL JIe/UTED.

Teopemy MokHO chopMyIHPOBATH CyTyOO B TEpMUHAX JIU-
HEWHBIX OIIEPATOPOB € OIPAHUIEHHON Mepoil JTUCKPEeTHOTO
creKTpa (PUHUTHBIX KBAIPATUIHO WHTEIPUPYEMBIX (DYHK-
nuit, Ho Takas (popMyJIMPOBKa OyeT 0ojee CJIOKHON st
[IOHUMAaHUsI W OIOCPEIOBAHHOM, MMOCKOJbKY B OCHOBE Ma-
TEeMaTHYECKUX TTOCTYJIATOB, TI0 YOEXKJIEHUIO aBTOpa, JIEZKAT
HIPUHITAIBI CTATUCTHIECKON (DU3HKH.

3n0xkeHHbIe BbIIIE TPUHIAILI HAXOZKIEHUs CPEJIHErO Yepes
CTATUCTUYECKYIO MATPUILY 2.3, & TaKyKe COOTHOIIEHIE OPTOro-
HAJIBHOCTHU 3.7 JJI MATPUIHBIX 3JIEMEHTOB UMEIOT aHAJIOIHIO
pu paboTe ¢ MeJIbIMU duciaMu. Teopema corocTaBisier CBOii-
CTBY OPTOIOHAJBHOCTH 3JIEMEHTOB MaTPUII HEIIPUBOIMMBIX
[IPEJICTABIEHUH CBOMICTBO MEJIBIX YUCEI, BHIPAZKAIONIEECs B
orcyrcrBre obmux geiureneit (p,q) = 1. (4r0 B KpaTkoit
bopme o3HAUAET yC/I0BHE pABEHCTBA €JIMHUIE HAUOO/IbIIe-
ro obrrero Jjesurens). [IpoBeém mocsie10BaTe IbHbIH TTOUCK
JIOKA3aTeThCTRA.

91
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[TpemosiozKuM, 9T0 UcCIeayeMast CUCTeMa HaXOUTCs B Te€p-
MOJIMHAMIYIECKOM PaBHOBeCHH. B 9TOM cilydae craTucTude-
cKasg MaTpPHIla UMeeT JuaroHaJbHbBIN BUJ B Oa3uce coOOCTBEH-
HBIX COCTOSHUI raMuibToHnana cucteMbl. Kaxkmoe 3nadenne
SHEPreTUIeCKOro YPOBHsI (OHO Ke - COOCTBEHHOEe 3HaUeHue A )
[IOBTOPSIETCS Ha TJIABHOM JMArOHAJIM 9TOH MaTPHUIIBI CTOJb-
KO pa3, KaKoBa ero KparHocTh. JlmaroHabHbIE MATPHUITHI
KOMMYTHPYIOT MEXKTy COOOii.

Definition 5.1 Ompemenenue.

lopopsT, uro rpynna G pacKkiaIblBaeTcsa Ha IPSIMOe IIPO-
u3BejieHne cpoux moarpynn G = Gy X - -+ X Gg ecym:

1. Kaknplit snemenT ¢ € G OJHO3HAYHO IIPEJICTAB/IACT-
cs B BUJE § = g1...8k e §i € G;
2. 8i8j = 8j&i A gi € Gi, gj € Gj,ecmm i # j.

Ouesuano, uro ecam rpymma G xkoneuna, o |G| = |Gq| ... |Gg|.
Yenosue (1) nogpasymesaer, uro G; NG = {e} mus i # j.
[IpaBujia yMHOXKEHUsI TPYIIT OLPEJIEIEHbl B yCI0Bud (2) TOro
ke Ompenesrennst 1.

OTOoXKIeCTBIIAA KarXK/IbIi 3JIEMEHT C IIOCJIEI0BATEILHOCTHIO
(e...8i...€) € G=Gy X...Gg rae g 9JIEMEHT CTOUT Ha |
MeCTe, MOXKHO TOJIyInTh Biaoxkenne G; € G X - - X G B Bujie
HOJIPYIIILI MHOYKECTBO N X 1 00paTHMbBIX MATPHI] BMECTE C
orepaleil 0OLIMTHOTO YMHOYKEHUsT MaTPHIL: N

GL(n,R) = (K*)" = K] X --- X K],

n

(5.1)

rie K* obosHagaeT KOJIbIO IEJIbIX YKUCeN C Olepalueil yMHO-
»KeHusd. Bplire ObLI0 ¢/ie/laHo JIOMYINEeHre, YTO CTATUCTUYe-
CKasl MaTpUIla ABJISETCd JIMaroHaJIbHON, SPMUTOBOM, IIPHU
3TOM 3HAYECHUA IIJIOTHOCTU BEPOATHOCTEH Zf) Ha ITAaBHOM J1Ha-
POHAJIA SIBJSIOTCS BEIIECTBEHHBIMU U ITOJIOXKUTEJILHBIMIA 3HA-
JeHuaMmu 2.4.

Pazoxkenue abesieBoii TPYIIIBI B MIPSIMOE TTPOU3BEICHUE TTHK-
JIMIECKUX CJIEYyeT U3 TEOPEMbI O CTPYKType KOHEUHBIX abe-
JIEBBIX Tyl JIrobas koneunas abejieBa rpymnina MOXKeT ObITh
pasiIoKeHa B MPSIMYIO CYMMY CBOUX IUK/IMYECKUX TOATPYIII,
MOPSIIKU KOTOPBIX SBJISIOTCS CTEIEHSIMU MPOCTHIX YUUCEJI.
MynbTUIIMKATUBHAS 3aIIUCh HE MEHSAET CyTU Pa3JI0KEeHUsd —
OHa JINIIb aJbTEPHATUBHBIN c110cO0 0003HAYMEHUS I'PYIITOBOI
OTIepAIHH.
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YuutbiBasd, 94To abejieBa rpyImmna mopsjka m uMeeT TOIHO M
XapaKTepoB, 9TO YV KOHEYHAs MYJILTUILINKATHBHAA a0esieBa
rpynna G sB/ISIeTCs MPSIMbBIM ITPOU3BEIEHUEM UK TTIECKAX
CpyTI.

G=GyXGpX--XG (5.2)

Tm
[TpuseseHHbIE KJIACCHI BLIYETOB 10 MOy (mod m) obpa-
3yI0T MyJIBTUILIIKATUBHYIO abe/ieBy IpyIiy Hopsaaxa ¢(a),
U 970 He ciydaiino: pyukims Ditepa ¢(a) Kak pas3 pasHa
HUCJTY HpI/IBe,ZLéHHbIX KJIaCCOB BBIYETOB 110 MOJIYJIIO m | a.

CpaBHuM 60J1€€ JIETAJIBHO CBOMCTBA XapaKTepax KOHEYHO
abeJIeBOil TPYIIIBI U AHAJIOTUYIHBIE CBOMCTBA /I XapaKTepa
nesbix gucest. Ilycrs x xapakrep KoHeuHbIil abesieBoii Ipyii-
bl G - He paBHAsT TOXKJIECTBEHHO HYJIIO KOMILJIEKCHO3HATHAST

dyHKIMA ompejie/IEHHAS Ha STOW TPyIIe u o0JaIaronas
CBOHICTBOM KOMMYTaTUBHOCTHU glg] = gk nMeeM:

x(g0)x(8j) = x(gx) = x(E) =1, x(gig; ")
= x(g)x(g7) =1 (5.3)

e mon E monumaercs emHUYHBIN 3jeMeHT B rpytme G.
Ecnu rpynmna G nMeer nops ok m To V¢ B CTeNeHn 1M PaBHO
enunnne g = E.

Xapakrep X1, obiamaomuit csoiicrsoM x1(g) = 1 maa Vg -
MMeHyeTcs Kak TIaBHBIN xapakTep rpynnbl G. BaxkHo moM-
HUTH, YTO CTATUCTUUIECKAS MATPHUIA JHATOHAIBHA, SIPMUTOBA
- COOTBETCTBYIOIINE KBaJI[paTHbIe MATPHUIILI 00pa3yroT abesre-
BY T'PYIIIY IO YMHOMKEHUIO.

Ecnu Bce cobcTBenHble 3HAYEHNsT Bcex MaTpull H pazmma-
HBIE TO €CTh HET CJIyYailHOIrO BBIPAKEHUs SHEPIeTUIECKOIO
YPOBH4A, TO Mbl MOXKEM YTBEP2KAATH 9TO CO6CTB€HHO€ BEK-
TOophbl MaTpunbl H, mnpunajjiexkaiiee ogHOMY COOCTBEHHO-
MYy 3HAYEHUIO A, TPpeodpasyeTcs 1Mo OJHOMY W3 HEIIPUBO/IM-
MBIX IIpejicTaBaeHuit rpynnbl G, cie1oBaTeIbHO KPaTHOCTH
BBIPOXKJI€HNsST COOCTBEHHBIX 3HaUYeHUil MaTpuilbl H B 3TOM
CjIy4dae JOJI2KHbI COBIIaJaTh C IMOPAJIKAMU HEIIPUBOAUMBIX
npejicrapiaeHuit rpymmsl G.

Ecnn HeT 101MoTHUTETHBHOTO BBIPOKIECHUS TO KazK/IOMY SHep-
reTU9IeCKOMY YPOBHIO - COOCTBEHHOMY 3HA4YeHUIO A COOTBET-
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Eciin mopsiiok rpymis
ord(G) = p, To rpymmna
< g> COJIEPZKUT POBHO P

sgeMeHToB: G = <

{e.g%8%...g

8
p

)

-1

i

CTBYIOIIE KAHOHUYECKHUE IIepEMEHHbIE B KOH(DUTYPAITMOHHOM
IIPOCTPAHCTBE TTPe00Pa3yI0TCs 10 OJHOMY U3 HEIPUBOIMMBIX
npejcTaBaeHuil rpynnbl G BOSMOXKHOCTD JIOMOJTHUTETHHOTO
BBIDaXKEHUs CBA3AHO CO CIYYailHbIM COBIAIEHUEM COOCTBEH-
HBIX 3HAYEHUIT MATPUIL OTEHIINAIbHON SHEPrun. 3a CUET
n3MeHeHNe ITapaMeTpPoOB 3a/a9u, He TIPUBOJISAIINX K U3MEHe-
HUIO €€ CUMMETPHUM, MOYKHO JIOOUTBHCS CHATUS CJIydIaifHOTO
BBbIpakKeHus. Y TBEPKJICHUE B COOTBETCTBUU COOCTBEHHBIX
3HAYCHUN KBAHTOBO-MEXaHNYCCKOIl CHUCTEMBl HE IIPUBOJIU-
MBIM IIPEJICTABICHUAM €€ IPYIIILI CUMMeTpuu OyjieM mojpa-
3yMeBaTh 0€3 OrOBOPKU BO3MOYKHOCTH CJIYIaHHOIO BBIPOXK-
JICHUS.

Definition 5.2 IIpmmepb! MUKIMYECKAX TPYIIT U TOPOXK Ta-
IOIIUX 3JIEMEHTOB:

» AjuTuBHag rpynna Z NeabIX YUCe T SBIISeTCs K-
JIMIECKOH, TaK KaK IMOPOXKJIAeTCs SJIEMEHTOM 1;

» Ajymrusnas rpynna Z, BLIMETOB 110 MO0 (nmod n)
ABJISIETCS IAKJIMIECKOM, TaK KaK IOPOXKIAETCs dJIe-
menToMm [1].

» MynbrummkaruBHas rpymmna C;, KOMIIEKCHBIX KOp-
Hell n-oi crenenn u3 1 ABISETCs MUKITIECKONR., JTU
KOPHH 33JIaI0TCd (POPMYJIOI:

> €k :cosm;—k+isinzz—k k=0,1,2,n -1

BaMeTnM, 9TO JIEMEHT gk UKTnIeckoit Tpymnmbl G = < g)
SABJISICTCS TIOPOK JIATOTITIM < g) TOr/Ia U TOJILKO TOT /1A, KOr/a

(k,n)=1.

[Tycts G sBisiercs Npou3BeIeHrneM UKJINIECKIX TPYIIIL, IPH
9TOM 7 - HOPAJIOK Ipylubl G; U IIPU 3TOM 4, COOTBETCTBEH-
HO 4; - 00pa3yolne IUKJINIeCKUe 3JeMeHThI (T0/1) IPYIIIIbI,
Beero takux nojarpyni k. Torma uz x(a)” = E = x(a) =
e@, rae i = y/(=1) - muumas exununa, 1,2...k € Z n
m = rirar3...1g, upu 3roM Va € G MoxKeT ObITh €JIUHCTBEH-
HBIM 00pa30M IPEJICTABICH 4 = aila? e alt{k ,rme 0 < t; < 7.
Torna jyist roboro stemenTta rpymnnbl Ya € G ero xapakrep
LPEJICTABUM B BHUJE IPOU3BEICHUS:

x(a) = x(a1)" x(a2)?x(as)" ... x(ax)" (5.4)

DTO COOTBETCTBYET TEH30PHOMY ITPOM3BE/IEHIE MaTPUIL TPE/I-
CTaBJIEHUS TPYIII, YTO HAXOUTCS B COTVIACUU C WU3JIOYKEHHBI-
MU BbIIe (PU3NIECKUM IIPUHITAIIAME 00 MHTerpaJiax JIBHKe-
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Hus 2.5. Camu xapakTepbl KOHETHON MY/TbTUILIMKATHBHOMN
abesieBoit rpymmbl G TakxKe 00pa3yoT abesieBy IPYIIILY G.
['pymra xapakTepoB G - JyasibHas rpymma.) [Ipu sTom rras-
HBIl XapaKTep X1 TPYNIBI ABJISETCH €IMHUIHBIM 9JIEMEHTOM
G, x7Hg) = x(¢™) urpynm G = G usomopdusbL. 10T U30-
MopdusM 3aBucuT 0T paziokenns G = G1 X Gy X Gs ... Gg,

OT BBIOOpa 0OPA3YIONIUX SJIEMEHTOB MUKJIMIECKUX TPYIIIL.

st Va € G mmeeM COOTHOIIEHUST:

Z)((a) =m ecaum X = X1
aeG

Dix(a)=0 ecmn x#x1
aeG

(5.5)

['ne cymvmmpoBaHme IPOM3OIILIO IO BCEM JIEMEHTAM TDYIIIIEI
G, 1pu 3TOM M - TIOPSAJIOK I'PYIIIbI. AHAJOITIHO:

Z)((a):m ecsim a =E
xeG

Z)((a)zo ecim a # E
xeG

(5.6)

[ne cymMmupoBaHue MpoOU30IILIO MO0 BCEM XapaKTepaM I'PYIIIbI

G, pu 3TOM M - TOPSAIOK Tpymibl. MOXKHO PacupocTpaHuThb
onpejie/ieHne XapaKTepa IPUBEIeHHBIX KJIACCOB BLIUETOB 10
moyyto (mod m) na Bee 1eble ancia Z:

x(a) = x(b) = a = b(modm)

x(ab) = x(a)x(b) (5.7)
x(@)=0 ecimm (a,m)>1
x(@)#0 ecmn (a,m)=1

(I37102k€HHOE BBIIIE ONPEIETICHIE COOTBETCTBYET MOHATUIO
xapakrepa Jlupuxie.)

x(a) onpenensiercss na Z u obaagaeT CBOMCTBAMMU:

[Mepuoguanocts: x(a +b) = x(a) + x(b)Va,b € Z. Tlonnasn
MyabTuiumkarasaocts x(ab) = x(a)x(b)Va,b € Z obuy-
neaune x(n) =0 ecom (n,m) > 1 B pesynbrare obpasyercs
MyJILTUILTMKATUBHAs abeieBa rpyiiia, nsomopduas Z/mZ
IPyIIIe MPUBEIEHHBIX KJIACCOB BBIYETOB 110 MO0 (mod m),
IIPU 5TOM LOPAIOK M = ¢(a) - 3navenuto dbyunkunu itre-

pa.
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(a) ecm x=)x1
> x(k) = ¢ (5.8)
k(mod a) 0 ecim X #F X1

['ne cymMmupoBanme TPOU30IILIO IO BCEM XapaKTepaM IPYIIIThI

G.

¢(m) ecmn k =1(modm)
0 ecmu k # 1(modm)

> xk) =

X

(5.9)

Ecnu npejcraBiiennst UMEIOT OJIUH U TOT Ke HADOP XapaKTe-
POB, TO OHU 3KBUBAJIEHTHI - 3TO CJIE/IyeT U3 €JIMHCTBEHHOCTH
Pas3a0XKeHnsI Ha HEIPUBOIUMbIE KOMIIOHEHTHI U CBOWCTB OP-
TOTOHATLHOCTH XapaKTePOB HEITPUBOINMBIX ITPeICTAB/IEHMII.
JlanHOE CBOMCTBO pacCIpOCTPaHSeTCs U Ha ClIydail 6ecko-
HEJYHBIX IPYIII, €CJIU CpaBHUBAEMBbIE ITPEJICTABICHUS BIIOJIHE
npuBouMbI 3.12. 31ech Tpebyercs nosicHenue. 113 Teopun
IIpeJICTaB/IEHU U3BECTHO, YTO XapaKTep IPeJICTaB/IeHUs OJ1-
HO3HAYHO OIPeJIe/ITeT €ro ¢ TOYHOCTHIO JI0 SKBUBAJIEHTHOCTH.
DTO ceIyeT U3 TOro, 9TO XapakKTep — 9TO CJIeJ MAaTPUILHI
upeacrasiaenus rpyunnt 7(G), u ecin aBa IpeICTaBICHNs
UMEIOT OJITMHAKOBBIE XapaKTePhbl JIjId BCEX 3JIEMEHTOB I'PYIIIILI,
TO UX HEITPUBOJIMMbIE KOMITOHEHTHI COBIIAIAIOT 110 KPATHOCTH
Os1aro/1apst OPTOrOHAJILHOCTH XapaKTePOB.

HerI/IBO,ZI;I/IMI)Ie IIpeaCTaBJICHUA DECKOHEUHDIX I'PYIIIL

JI1s1 6eCKOHEYHBIX TPYIIT HEIPUBOIUMBIE TIPEJICTABICHUS
MOT'YT OBITH OeckoHeuHOMepHBIME. OTHAKO €C/In paccMar-
PUBaTH BIIOJIHE IPUBOIUMBIE ITPEICTABIEHUS (Te, KOTOpbIE
pasJyiararoTcs B MPsIMYIO0 CYMMY HEIPUBOJUMBIX ), TO aHA-
JIOTUYHOE CBOVMICTBO MOXKET COXPAHATHCH IIPU YCJIOBUAU, 9TO
pas3JiozKeHne Ha HEeIIPUBOAUMBbIE KOMIIOHEHTHI €IUHCTBEH-
HO, U XapakKTepbl Oolpe/IeIeéHbl KoppekTHo. Hanmpumep, B
KOMIIAKTHBIX TPYIIax XapaKTepbl HEIPUBOIUMBIX IIPE]I-
CcTaBJIEHN 0Opa3yioT OPTOHOPMHUPOBAHHYIO CHUCTEMY, U
PaBEHCTBO XapaKTepPOB BJIEYET KBUBAJEHTHOCTDH IIPE-
CTaBJIEHUIA.

JleMma 06 OPTOrOHAJBLHOCTUA U B3aMMHOI TIPOCTOTE MOXKET
OBITH pacIpoCTpaHeHa HA XapaKTepbl HEIIPUBOIUMBIX IIPEJI-
craBjiennit 4.1
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Definition 5.3 Omnpejenenne KoMmakTHON Tpymiibl. Kom-
HaKTHAs (TOMOJIOTHYECKasi) TPYIIIA — 9TO TOMOJOIHIeCKast
IPYIIIa, TOIOJOTUs KOTOPO#l peaau3yeT e€ Kak KOMIIAKTHOE
TOTOJIOTUYECKOE TIPOCTPAHCTBO (IPH JIEHCTBUY HA SJIEMEHT
IPYIIIbI PE3y/IbTaT Tak:Ke ocraércs B rpyiie). Kommakr-
HbIe TPYIIbI SBJISAIOTCS €CTECTBEHHBIM 000DOIIEeHNEM KO-
HEYHBIX TPYII € JIMCKPETHOIN TOIoJIoTHeil u 00/1a/1a10T
CBOMCTBAMHU, KOTOPbIE B 3HAYATEIbHON CTEIIEHN COXPaHd-
oTcd. KoMmmakTHbBIE TPYIIITBEI UMEIOT XOPOIIIO U3YYEeHHYIO
TEOPUIO, CBA3AHHYIO C I'PYIIIOBLIMU AEUCTBUAMA U TCOPUEH
PEACTABICHUN.

CpaBHUBas MOJIy9IeHHBIE PE3Y/IbTaTH 5.7 ¢ hopMyTIaMu Ha-
XOXKJIeHUs cpejiHero 1.8 omeparopa HabJIomaeMoi u ¢Gop-
MYJIOH cjiejia I XapaKTepoB IIpeJICTaB/IeHus IPYIIIb 3.9,
MOKHO CJIEJIATH BBIBOJ 00 UX SKBUBAJECHTHOCTH.

ApuruBHasg rpymma Z, KJIaCCOB BBIYETOB 110 MOJIYJIIO 1
SABJISIETCA IUKJIMIECKOR D.2.

ki k ks
Ecm n = pi'p,”...ps° — KaHOHHYECKOe HpeJICTaB/IeHHe
I[eJIONO YUCJIA TYTEM PA3JIOKEeHUs Ha IPOCTble MHOKUTEIN,
TO BEPHO CJIEJIYIOIIEE PA3JIOKEHIUE:

Zn=2Z,n®Zyn-®L, (5.10)

Definition 5.4 Koneunast npumapmast rpymiy (p-rpymma) —
9TO I'PyIIA, JJist KOTOPOH CYIIECTBYET TAKOE IPOCTOE YKUCIIO
P, ITO IOPSIIOK KazKIO0TO0 e€ 3JIeMEHTa ABJISeTCA HEKOTOPOI
CTEIEHbIO ITOIO YUCIIA.

[TosTomy Hapsty ¢ KOMILIEKCHO3HaYHAsT (DOPMYJION TTPOU3Be-
JeHus 5.4 MOYKHO TPUMEHSITH aHAJOTMIHYIO0, HO Ha OCHOBE
MIPOU3BEJICHUS MUKINIecKuX rpynn Z, 5.10.

6 C-byHKIMA ecTh ® BceX Z-CyMM
JIJIS TIOJTHOIT OPTOHOPMAJILHONW CUCTEMBI.

Jlemma 4

Eciu f(x) - BHOMIHE MyJILTUILIHKATHBHAA apudMeTde-
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[FanT4]: YauapacekxapaH
(1974), Bee/ieHue B aHATIUTHYE-
CKYIO TEOPUIO “IHCEJT

ckag Gynxnua u paj 2, f(n) cxomures abComoTHO, TO
BEPHO TOZKJIECTBO

sum = 33 f(n) = [ ]+ Fo) + FG2) + Fp)..)
n=1 P
=[la-fen? 61
p

HamoMuum, 9TO 7151 BIOJIHE MYJILTUILINKATABHON apudme-
tudeckoil dbyukiuu f(ab) = f(a)f(b) — f(a) = 1, npexmo-
Jaraercs abCOJIIOTHAS CXOIUMOCTD PsJIa BUJIA, AHAJIOITIHOTO
TOJIKO YTO HPUBEJEHHOMY (TaK HasblBaeMas MPOU3BOJISAIIASI
apudmMeTnueckast (PYHKIUS).

Jlokazare/ibCTBO 9TOM JIEMMbI AHAJIOTUIHO JIOKA3aTETLCTBY
9KBUBAJIEHTHOCTH 000uX ompejesenuit C - pyukun 1.1 n 1.2.
JlocTarodHo pasiokuTh B sl TEOMETPUIECKOl TIPOrpeccun
qactuunyio cymmy. P(x),<n = (1 + % + # + # +...), a
3aTeM yOeJUThCs, YTO MOJIHAS CyMMa SUM Psijia OTIMIaeTCst
or wacrnunoit |Sum — P(N)u<n| < |P(N)y>Nn| — 0, obpa-
masi Ha KaXKJIOM I1are BHUMAHWUE Ha [IPOCThIE JIEJIUTEIU N U
abCOTIOTHYIO CXOUMOCTD psfa 6.1 em. [Han74|.

= mnpoussejieHne Bcex Z-cymM, obpasyer C-dyuknuo. C
IOMOIIBIO 0OpaTHOro IpeobpasoBanns Jlamraca C-pyHKIUN
IOJIYINUTCS cTaTucTrudecKuii Bec I' 11 ciryvast 1oJiHO#M op-
TOHOPMAJIBHOI cucTeMbl ¢ BecoM (1.1) B Bujie psijia mociie-
JIOBATEJIHHO CJICIYIOIIUX MPOCTBIX YUCeT. YOEIUThCS B 9TOM
03BOJIAET caMmo orpejestenne C - pyukmum 1.1, 1.2 u TopKO
9TO JOoKa3aHHad JeMMma, 6.

[TonHas OPTOHOPMAJIBHON CHCTEME B MMITYJILCHOM MTPEJICTaB-
serun coorBercTByeT O(4'—q” )-byHKIus TOUeIHON YaCTHIbL,
TO €CTh B BHUJIE IJIOCKUX BOJIHBL. (Bo3MOXKHO ajbrepHaTHB-
Hoe npezcrapierne O(p’ — p”’)-byHKIMN B KOOPJAUHATHOM
[IPEJICTABICHNN: TJIOCKAsl BOJTHA, KAK Pe3y/IbTaT BO3/IEHCTBUsI
HECKOHEYHOTO YUCJIa TOYEHBIX UCTOIYHUKOB).

Berirre 611 BEIOpan 0a3uc u3 OpTOHOPMATBHBIX (DYHKITUN €
BECOM, IIPOM3BE/ICHA JaCTUYHAA YHOPAIOUYCHHOCTD HOJIOXKHI-
TEJILHBIX TEJOYNCJICHHBIX COOCTBEHHBIX 3HAYEHUI (SHEPIuH)
110 Bo3pacranuio. Vcxond U3 cuMMETPHUN CUCTEMBI, BO3MOZK-
HOCTH Pa3JI0KEHUs YHUTAPHOI'O IIPEJCTABICHUS I'PYIIIBI Ha
HEIPUBOJMMBIX IIPEJICTaBIEHII CBOMCTBY HE3aBHUCHMOCTHU
JIMHEHHON cucreMbl (6a3uc n3 cobCcTBEHHBIX (DYHKIMIT) HE0O-
XOJMMO COIIOCTaBJISATH HpocThle uncia. Kaxkmoe mpocroe
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YHUCJI0O COOTBETCTBYET IIOJICUCTEME, HEITPUBOJIUMOMY TIPEJI-
CTaBJIEHUIO, KOMIIOHEHTE IIPeJICTaBIEHUS I'PYIIIbI CUMMETPUN
HEKOTOpOro pemtenus ypasuenus [IIpéaunrepa.

Takum obpazoM obecrieanBaeTCs YCI0BUE, HEOOXOTUMOE JIJIst
BBIIIOJIHEHUST aKCUOM TEOPUU T'PYIII JIjIsi HOPMUPOBAHHBIX
craTucTudecknx cymm 4.1:

Y Z) 3Zi(B) ZiB)- Zi(B) " =1 (mod Zopua)

= —_ Zo6 ad ~ ~ ~ ~
ZiB) ' = =2 =208 Zici(B)Zisa(B) - Zo
B) Z:6) 1(B) 1(B)Zi+1(B) (((/35)2)

(Bo Bropoit dhopmysie B mporecce HaXOXKIeHUsT 00PATHOrO
sseMenTa Ghiia COKpaIena craTacTideckas cymma Zi(B)).
B cmty 3akona BO3pacTamus SHTPOIWN, CTATUCTHIECKUIT BEC
JIOJIZKEH CTPEMHUTBCSI K MAKCUMAJIBHO BO3MOXKHOMY 3Have-
HUIO TIPH 33/IaHHBIX HapaMeTpax. [JoCKOIbKy MaKCHMAJIbHO
BO3MOXKHOE 9HCJIO KJIACCOB CMEKHOCTH JIjIisi (ha30BOr0 00be-
ma I' onpezensiercst ¢ momompio dhyuxmuu Ditepa ¢(I) or
dazoBoro 06béma, = Dynkiua Ditrepa G(I) pasma unc-
JIy CMEXKHBIX KJIACCOB, [0 KOTOPBIM JIOJIZKHO [TPOU3BOJIUTCS
YCPEJTHEHNE TIPH OIPEIeICHUN HAOI0IaeMbIX.

Takum obpazom, Teopema 5 0 KBaHTOBOI IpUpPOJIE P-THCEI
JIOKa3aHa.

Cuencrsue 1

st V kommakTHOro MHOroobpasuss M B gazoBoMm mpo-
cTpaHcTBe 3 KaHOHHMYECKOE IIPEJICTaB/IeHNE E/I0T0 010~
JKUTEJILHOIO YHucCa 4, paBHOe cTaTucrudeckomy Becy I
HCCJIeIyeMoil TEpMOJIMHAMUYIECKO cucteMbl. BoJee To-
ro, B Pa3JIO?KEHUH IIOJIOZKUTEJTBbHOI'O IIeJIOT0 Ha IIPOCThIE
qrCJIa 3aK0ANPOBaHa MHMOPMAIUs O IOJICUCTeMAaX, CTele-
HAX CUMMETPUU U KPATHOCTU BBIPOZKJIEHUSA YPOBHEN JJId
pemenns: ypapHenus IIpénunarepa uccieayeMoit CUCTEMBI.

B kaHOHIYEeCKOM Pa3JI0KeHUH 1IEJI0T0 YHCJIa KazKJI0€e IIPOCTOe
YHCJIO OJJTHOZHAYHO COOTBETCTBYET OIPEJCICHHOMY 3HAYCHUIO
COOCTBEHHOT'O YHCJIa OIEPATOPA TAMUIIBTOHUAH UCCJIC/LyeMOit
CUCTEMBI I MATPUITHI TPUBOIMIMOTO TIPEJICTaBIEHNS YHUTAD-
HOT'O ITPpeodpa30oBaHus IPYIIIbI CUMMETPUH, IIPH 3TOM CTe-
IIeHb TTPOCTOTO YNCJIa COOTBETCTBYET KPATHOCTU BXOXKJICHUS

XapaKTepUCTUIecKne
dyHuKIUN HAOIIOMACMBIX,
pPaBHO KakK U
HOPMUDOBAHHBIE
CTATUCTUIECKHIE CyMMBbI
00pa3yioT rPyIIb.
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Oyuxunsa itnepa ¢(I)
paBHa YUCIY CMEXKHBIX
KJIACCOB, IO KOTOPBIM
JIOJIZKHO TIPOU3BOUTCA
YCPEIHEHIE TIPH
ONpEJICICHAN

HaOJII0IA€MbIX.

HEIIPUBOJIMMOTO TIPEJICTABIEHNAE B PA3JIOYKEHUE BIIOJTHE ITPH-
BOJIMMOTO TIPEJICTABJIEHUS] == CTEIeHb IIPOCTOI'0 YUCJIa COOT-
BETCTBYET IMOPAJIKY COOTBETCTBYIONIEH ITIKTMIECKON T'PYIIIHI
B pasjiozkeHuu rpynnbl G Ha MUKJINIEeCKUE MO/IPYIIB H.2.
U3 ypasuenus IlIpémunrepa ciemyer, 4TO CTelleHb IPOCTOTO
YUCJIa COOTBETCTBYET KPATHOCTHU BBIPOXKJICHUS SHEPreTHIe-
CKOI'0 YPOBHS B HCCJIEIyEMOIl CHCTEME.

Caencreue 2

V KaHOHUYECKOMY IIPeJCTABIEHnIO 4 = pi'py” ... pgk 1e-
JIOTO TOJIOXKUTETHBHOIO YHUCJIa MOYKHO COTIOCTABUTEH B 0000-
IEHHBIX KOOPAUHATAX (A1) KBAHTOBOMEXAHUIECKYIO CH-
CTEMY COCTOSILYIO M3 HEB3aUMOJIEHCTBYIOIINX, HO Da3Jie-
JIAIOIUX 00IIHit pecypce k mojicucreM, ¢ ypOBHSIMHI SHEP-
ruu KpaTHoCTH (. KOHKpeTHbIe 3HAYEHUsT ONPEeeIsIIOTCSI
pa3JIOKeHNEeM YHUTAPHOT'O MIPEJICTABICHUS TPYIIIBI CUM-
METPUU Ha HEIPUBOJMUMBIE [IPEJICTaBIEHHS.

[Tpu 3TOM /I pacdeTa 9uC/Ia CMEKHBIX KJIACCOB SKBUBA-
JICHTHOCTHU B I'DYIIIIE HeO6XOI[I/IMO IIPUMEHUTD d)yHKIlI/IIO
Ditnepa mo dopmyize ().

Kaxk Oyzer nmokasaHo HUKe Jjisi OOJIBINNX 3HAYEHUI KO-
durmenT @ crpeMuTcd K eguauiie cM. Oyukiun Hebbimmé-
Ba 1 dHTpoNus 14.5, HO OH UMeeT HPUHIININATIHHO BayKHOE
3HAYEHHE JIJI BBIBOJIOB, ITOJIYUE€HHBIX B HACTOAIIEM MCCJIEI0-

BaHUN.

V nojcucreMa MCCIeIyeMOil CHCTEMbI XapaKTePU3yeTCsi CBO-
UM IIOJMHOYKECTBOM COOCTBEHHBIX UMCEJI FaMUJIbTOHHAHA, UC-
cJIeJlyeMoii cucTeMbl (IHEPreTHIecKUX YPOBHEIH ), OJJHO3HAYHO
COOTBETCTBYIOIINX MHOXKECTBY IPOCTBIX YHUCEN, & KPATHOCTD
COOCTBEHHOT'O YUC/Ia- CTEIIEHU ITPOCTOTO YUC/Ia B KAHOHMYE-
CKOM Pa3JIO?KEHUH I1EJIOTO.

MoxKHO 1aTh ceayrolnee OlpeaeeHne IPOCTOr0 UNCia ¢
MO3UIUHU (DUBNKU, TOCKOJIbKY SMIIMPUIECKast TPOBEPKa Ma-
TeMaTUIEeCKUX aKCHOM IIPOU3BOIUTCS Yepe3 IKCIEPUMEHT U
HabJIIo[eHue:

Jlerko mokaszarhb, uTo JlemMMa 006 OPTOroHAJILHOCTH U B3anM-
HO#1 mipocToTe 4.1 MOXKeT OBITH paclpocTpaHeHa U Ha Xapak-
TEpbI HpeﬂCTaBﬂeHI/Iﬁ Ipynir CMuMMETPpHN, 1 Ha HEIIPUBOJIMMbBIE
[IpeJICTaB/IEHNs, HA WHBAPpUAHTHbBIE JIMHEHHDBIE TTOIITPOCTPAH-
CTBa, KOTOPBIE TIOJIpOOHEE PACCMATPUBAIOTCS HUKE.
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6.1 AbGesieBa rpyIia u CTaTMATPUIIA

N3 anredpbl U3BECTHO I JIFOOOIO OMJIMHEHOIO OTOOparke-
HHA BEKTOPHBIX IpocTpancTB ¢ : V X W — U 3! muneitnoe
orobpazkenue 1 = V® W — U Taxoe 4T0 BepHO cieyloniee
TEH30pHOE @ IPOU3BEICHUE :

P(x,y) =¢Y(x®y) (6.3)

aisa Vx € V,y € W. (910 ciiesiyer u3 B3aHMHOI OPTOro-
HaJIbHOCTH 06a3ucHBIX BeKTOpoB V, W). Takum obpazom, s
Vze VW, rnez=x ®y,x € V,y € W unsro paznoxkenne
CIMHCTBEHHO B TOYHOCTH JO 3aMEHBI X — aAX, Y = %y, rae
a € K.

PasjiozKeHne KOMIO3HIIE IPUBOAUMOro mpescrasiennit D@
DY) ma menpusommMble BO3MOXKHO uepe3 KOd(DDHUIUECHTHI
Kanebma-T'opaona:

DY(g)® DV (g) = > 7i,;,DV(g) (6.4)
l

Ecim V) — 310 mpencrasienne HeKOTOPOi IPYIIIBI CUM-
MeTpun (HampuMmep, yHuTapHOil rpymibl G aefcTByommei B
R™), To mo obrmeit Teopun MpeICTABIEHNIT KOMITAKTHBIX TN
MOJIYITPOCTBIX TPYII OHO MOXKET OBITh Pa3JIOZKEHO B MPAMYIO
CYMMY HEIPUBOIUMBIX MPEJICTABICHMI:

Vi = P riiw; (6.5)
j

rjie Wi - HenpuBojiuMble NPeJICTaB/IeHus, a ¥ j - UX KPATHO-
CTH.

Korna G gBisiercs T€H30pHBIM ITPOU3BEICHUEM ITPEJICTaBIe-
HUIA:

G=VieV,eV3---® Vi (6.6)

TOT/Ia €r0 Pa3/IozKeHne Ha HelPUBOJMMbIC KOMIOHEHTHI Vj
COOTBETCTBYET BBIJICJICHUIO CUMMETPUIHBIX TOITPOCTPAHCTB
(HampuMep, MOJTHOMY YIJIOBOMY MOMEHTY B CHCTEMe CIIHHOB).
Ecnun V; pazmnaraercs ma kommnonenTs 6.5, To kpome Toro G
pazjiaraercd 1o opmyiie:
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[Tax11]: Taxramxsan (2011),
KpanroBass MexaHHKa st
maTemaTukoB, HUIT  “Pe-

ryJsipHass W XaoTHIecKas
gunamuka, M.—xkesck 2011,
496 c.; English transl., LA
Takhtajan, Quantum mechanics

for mathematicians

k
6= (Dri| = B (om0 W)
j=1 \ i g2k

(6.7)
BsanmocBs3b onpenensieTcst mpaBuaIaMi KOMIIO3UIIAN IIPE/I-
CTaBJICHU, KOTOPbIE 3aBUCAT OT KOHKPETHOW IPYIIIBI CUM-
MeTpun. Takum oO6pas3oM, B OCHOBE aJireOphl 3a/102KeHbI (pu-
3UKa W CUMMETPHS.

B CIJIy yCJIOBUA OTCYTCTBUA BSaI/H\lO,[[efICTBI/IH MeXKJy IIOJACu-
cTeMaMi MaTPHUIA IJIOTHOCTU UCCIEYEeMOM CUCTEMbI ABJISIET-
cst cenapabesibHOM (pas3/ioKUMOIl B TEH30PHOE [TPOU3BE/ICHIE
Marpur noacucreM) Ecim p - nuaronasnbhas u cenapabes-
Hasl MaTPHUIA, TO

@
1

® diug/\(zz)

p =diagh Q.. .diag/lgck) (6.8)
rie /’\EZ) - Beca mojcucreM. B koHTekcre cemnapabeabHOTO
COCTOSIHUsI, BECa IIOJCUCTEM — 3TO BEPOSITHOCTHU, CBA3AH-
HbIE C KaXKJIbIM BO3MOXKHBIM COCTOSIHHEM IIOJCUCTEMBI, 1
OHU JIOJIZKHBI YJIOBJIETBOPSITH YCJIOBUSAM HOPMHUPOBKH (CyM-
Ma BepOsITHOCTEH paBHA 1 I KaxKJI0W MOJICHCTEMBI). DTO
JIETKO 00eCIIeInBaeTcst 3a CIET TMOCIeTa COOTBETCTBYIONIETO
qrcJIa MUKPOKAHOHUIECKUX COCTOSIHUM JIJI BBLIEIEHHOM 0/I-
CHCTEMBI C TIOMOIIBIO (DYHKIMH Diljepa u JeeHnsT Ha o0Iee
YUCJIO MUKPOKAHOHMYIECKUX cocTossHuit. OO0Iee Iucao MuK-
POKaHOHUYIECKIX COCTOAHMI KaK pa3 MO3BOJIAET PacCIUTaTh
C-dyukims. ViMeHHO 110 9TO# TpUIMHE OHA UCTIOTB3YEeTCs 115
HOPMUPOBKHU JINHEHHBIX OIIEPATOPOB B KBAHTOBOM MEXaHHMKE

[Tax11].

6.2 ®opwmyna [Lianka

i moHMMaHusT OCHOBHOM WJIeH JI0Ka3aTesbcTBa [ 'umore-
3bl PuMana, MIKoJIbHUKAM MOXKHO 00OpaTUThCd K (popMmyJie
[Inanka orkpsiroit Makcom Ilnankom B 1900 romy. Crek-
TpaJibHas IJIOTHOCTH SHEPIUU YEPHOTO TeJIa IPEJICTaB/IIeT
c000it aDCOTIOTHO CXOJANINAI P OT BIIOJIHE MYJIbTUILTHKA-
TuBHON dyHKIMU. [Ipeamosokum, 910 U3IydIeHUE HUCCIe-
JIyeTcsd He B BaKyyMe, a B MaTepHUaJbHOI cpejie. YcaoBue
UJIeaIbHOCTD Ta3a TpedyeT TaK:Ke MaJIOCTU B3anMOIeHCTBU
¢ BemecTBOM. Hammunme x0T ObI HEOOJILIIIOTO KOJIUYIECTBA
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BEIeCTBa HEOOXOUMO JIJIsi CAMON BO3MOYKHOCTHU YCTAHOB-
JIEHUS TeIJIOBOIO paBHOBecuu B maiydenun. ObImee 1ucyio
nccjeryeMbix (poToHOB- 6030HOB N sIBJIgeTCs epeMeHHO
BEJIMIUHOMN, W OHO OIPEJIEIAETCS U3 YCJIOBUIl TEIJIOBOTO PaB-
noBecusi. Munumusupyst ¢cBobojiHyI0 sHepruio raza F mpu

3aJIaHHBIX TeMiiepaType T u obbeme V| MOJydrM B KadecTBe

OJTHOT'O M3 HEOOXO/IMMBbIX YCJIOBHi (g—ll\:]) = u =0, u3 gero
TV

CJIeJlyeT, YTO XUMUYIECKUN MoTeHImna  (POTOHHOrO ra3a paBeH
HYJIIO.

QyHKIUs pacipeaeeHns (pOTOHOB 0 PA3JIUIHBIM KBaH-
TOBBIM COCTOSTHHSIM C OIIpEJIeJIeHHBIM 3HAYEeHUEM SHEPTHUU

€ = hw = hck u nmnysnbea ik, ¢ y4eToM BO3MOXKHOCTH
[OIIEPEYHON IIOJIAPU3AIINU BJIOJIb KaXKJI0M U3 JIBYX OPTOrO-
HaJIbHBIX oceil [/Tan(2]:

T = (6.9)

[Tonaras, ucciemyeMblit 00bEM JOCTATOMHO OOJILIITUM IO
CPaBHEHUIO C JJIMHOHN BOJIHBI, MOXKHO IIEPEUTH OT JUCKPETHO-
r'o K HEIPEPBIBHOMY PACIIPEIEIEeHUI0 COOCTBEHHBIX YACTOT
uzaydenusi. Caurasi, 9TO BOJTHOBON BEKTOD 3a/1a€TCs TPEMsI
KOMIIOHEHTaMH Ha OCHOBE B3aUMHO IIPOCTBIX HATYPaJJIbHBIX
THCET My, My, My

k= %(mx, my, m;) (6.10)

ITo anaJioruu ¢ dpopmyiioii pacupenenenus Makcsesia 2.6
HAXOJIIM HHCJIO KOJeOAaHUil ¢ KOMIOHEHTAMH BOJHOBOI'O BEK-
topa k B unTepsaie d°k = dkydkydk, pasmo:

Ark?dk

(BaxkHO OMHUTB O MIMPOKOM JIHANIA30HE MIKAJI JIJIsl JIJTHHBI
BOJIHBI (COOTBETCTBEHHO JIJIsI YACTOTHI) - HAHOMETPBI, aHI-
CTpEeMBbI, aTOMHas ejnHuIa, [lIaHKoOBCKas JIIHA, 9TO MO3BO-
JISIET UCIOJIb30BATH TOJBKO YTO PUBEJIEHHYIO (DOPMYJTY B IITH-
POKOM JIMaIia30He, 3aBeJI0OMO OXBATHIBAIONIEM HAIIEPE]T 38 aH-
HBI JIana3oH npocThix dncest.) C yIéToMm JIByX HE3aBUCH-
MBIX HAIIPABJIEHUIT IO/IAPU3AIAT KOJIEOAHUI U CBA3H YaCTOTHI
C BOJIHOBBIM BEKTOPOM @ = Ck TIOJIyIMM YHCJI0 KBAHTOBBIX
cocTosiHuii (DOTOHOB B MHTEPBAJIE YaCTOT [Wy, . . . Wy + Aw].

[Tar02]: Tanmay (2002), Teope-
tuueckad Pusuka B 10T. Tom 5.
Crarucruueckass Ousuka.
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VX gero Jierko moJiy4uTh 9ucao (pOTOHOB B JIAHHOM HHTEP-
BaJjie YacTOT, a Jlajiee, YMHOYKUB TIOJIyI€HHBII Pe3y/IbTaT Ha
SHEPTHIO OJHOrO (poToHA iw, BBIBECTH 3aBUCHMOCTD CITEK-
TPaJIbHON IJIOTHOCTU SHEPIUuu, Kak (DYyHKIMH OT YaCTOThI
Wy = Awn u abcomoTHON TemiepaTypbl T B SHEPreTUIECKUX
enumHUIAX (MOCTOsIHHAS BosbiMaHa OmmyIneHa):

ha® 1
u(w,T) = s
e T —1

(6.12)
Qopmyia TO3BOJISAET BEIYUCTIUTD BEPOATHOCTH OOHADYKEHUS
SHEPI'MU COOTBETCTBYIOINIEH rapMoHuKH (06epTOHa) B CIIEK-
TPAJIbHOM PA3JIOXKEHUU 110 BCeMy cIeKTpy. Psi Ha ocrHose
f(n) cxoaurest abcomoTHO (B HaleM ciaydae @ = Awn ).

CrekTp YEPHOro M3/IyUeHUs COJECP:KUT BECh JUAIA30H JITUH
BOJIH , 38 IIpejelaMi KOTOPOTr'o HET W3JIy9YeHNs, HET PeleHmnit
ypaBHenus [HIpénaunarepa g KBa3UCTAITMOHAPHOTO CJTydas.
DTO HAIJIsITHAST UHTEPIIPETAINS [TOJTHOThI CUCTEMbI OPTOHOD-
MHUPOBAHHBIX (DYHKITUIA.

Qopwmyna [lnanka - 910 npecrasaenue C-pyHKINNA B TOJI-
HOI cucTeMe OPTOHOPMAJBHBIX (DYHKITUIT ¢ BECOM B BHUJIE

3 hw
MHOYKHUTEJIS % -eT , P 9TOM MOYKHO TaK¥Ke YCTaHOBUTH

ho;

cootsercteue p; = e T = ePEi pl = ¢~ PEi

1

= BBIBOJL O 1TO00MH ( -PYHKIUMH BHIPAXKEHUIO CIIEKTPAJIb-
HOII IIJIOTHOCTH SHEPIUHU U3JTyICHUS Y6PHOTO Tejia B TOYHOCTU
110 BecoBoro MuokuTe st 6.12. Ilepexom K opToHOPpMaILHOMY
0a3ucy B SHEPreTUIECKOM IIPEJICTaBIEHNN C YIEeTOM BECOBBIX
K03 PUIMEHTOB B BHJIE IPOCTHIX IUCET 00ECIEUNUT MTOJTHYIO
TOKJIECTBEHHOCTH (DOPMYJI.

Qopmyna psaga Aupuxie uckiodaer MOBTOPHI B CIIEKTPE U3~
nydenus. Bmecre ¢ Tem dopmysta [liianka oxBaThIBaeT BECh
CIIEKTP M3/Iy9YeHUs IEPHOrO Teja, 3a MpejeaMi KOTOPOro
BoJTH Jie Bpoitng Het. B cuty TermioBoro paBHOBeCUsT MeXK-
JIy BelecTBOM 1 (POTOHAMH, B CHJIY TOTO, 9TO XUMHUIECKUI
moTeHnras (pOTOHHOTO Ta3a PaBeH HYJII0, BOJHBI, YACTHUIIHI
- CJIOBOM, MaTepHs, 3a IpeaejaMi ITOr0 CIEeKTPa OTCYT-
ctBYIOT. [Ipm 3TOoM (paza BOJHBI COOTBETCTBYET 3HAYEHUIO
HETPUBUAJILHOTO HYJIA S = % + it. Takum obpasom mpeacTaB-
JIEH TIOJIHBIN CIIEKTP H3JIyUeHHs] YEPHOrO TeJia U BOJIHBI JIe
Bpoitns, a ciaegoBaresbHO U 9aCTHIBL. —> (-(DYHKIUS BbI-
pazkaeT MPUHIIAI PABHOBEPOSITHOCTH MUKPOKAHOHMIECKUX
COCTOSTHUM, BBITEKAIOIIWI 13 CUMMETPUN B KAHOHHIECKOM



pacupepenennu ['ub66ca. Hynmu na MmauUMOIT ocu s = % Ha Z
COOTBETCTBYIOT y3JIaM BOJIHOBOI (DYyHKITHH.

[Togemy umenno ysmam? - /lesto B ToMm, 910 B bopMyJIe TIpH
BBIBOJIe popMysIbl [[1aHKa HESBHO MCIIOTL30BAHBI YCJIOBUS
uzydeHus Jommepdernbiaa. DT YCIOBUS BbIBEJICHBI U3 Pe-
mennst u(x,t) = u(x)e’®! kpaeoit 3ama49u 118 ypaBHEHHUS
l'eabMrosbia:

Av + k*v = —f(x) kzzw—2 (6.13)
7 a2 ‘

Ha paccesiHre (JudpaKIM), KOrja 3ajaHa MTPUXO/IsIIast
(u3 GECKOHETHOCTH) TIJIOCKAsl BOJIHA, TIOJIBEPraeMast M3MeHe-
HUO W3-3a HAJTUIHS HEKOTOPOTO MPEISITCTBUS Ha TPAHUIIE
G, sambixamomeii o61actb G. IIpersTerBue MOpoKIaeT pac-
cessHHYT0 BOJIHY (X). DTa BOIHA BIAIU OT PACCEUBAIOIINX
IEeHTPOB OyJieT 6Jin3Ka K pacxojdineiics cepuaeckoil BosiHe.
CymmapHoe ke BosMymienne U() sre obnactu G CKJiabIBaeT-
Csl U3 TJIOCKON W PaCCessHHOM BOJTH, KOTOPBIE HHTEPMEPUpPYsI
O0HAPY?KUBAIOT y3JIbl U IIyYHOCTH, KaK U B ciydae 6.10.

[TpuaIIMIT HAaMMEHbIIEro JAeficTBus OTOMpaeT U3 ceMeiicTBa

BUPTYAJIBLHBIX TPAEKTOPHUI OJTHY, Y/IOBJIETBOPSIONTYIO KJIaCCHU-

JeCKUM ypaBHeHue JBu:KeHus. MoXKHO cauTaTh, YTO 3HaYe-

uug aprymenta ((S) - GyHKIMM, OTJIMYHDBIC OT JICXKAIIUX Ha,
_1 :

ocu § = 5 + it B pesyabTaTe Cyleplo3uIul OOHYTUIUCD.

7 3akJ/Iro4yeHune

it mocTpoeHnsi HEMPOTUBOPEYINBOI MaTEMATUIECKON MO-
JIEJTM MOKHO CO3/IaTh HEIPOTHBOPEUUBYIO ajredpy 3a CUET
OTHOIIEHUI roMoMOpdU3Ma JIJIsl CJIEYIONIX 00BHEKTOB: 7.1:

B cuiy Teopembl 0 KBaHTOBOI IIPUPOJIE P - YUCET H UMEHHO
3HAYEHUS B BUJIE Psjia MPOCTHIX YUCJE JOJKHBI Pacrojia-
raTbCsl Ha IVIABHOM JIMArOHAJJU CTATUCTUYECKON MaTpPUIIbI
uccseryeMoit cucremsl. (/s IpoCTOTHI M3JI0KEHNUs TT0J1ara-
€M, UTO BCe IIPOCThIE YHC/a Ha TJIaBHON JUATOHAJM MATPHUIIGI
YIIOPSIOYEHBI TI0 BO3PACTAHUIO. )

[IpocToe uucso ¢ nosunun hbU3nKI
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s VY uceneayemoit
cucTeMbl J ajleKBaTHAA
CHUCTEMA, UCXOSd U3 €€
SHEPreTHYECKOrO CIIEKTPA,
B 0Oasnce KOTOPOit Ha
JTMArOHAJIN
CTATUCTHIECKON MATPUIIBI
HaXOOATCA SHAYCHUA:

e PEi = %, KaK
IPYIITOIIOPOK TATOIITI I
9JIEMEHT.
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Tabauna 7.1: HenporuBopeunsasa anreopa. 'omomopduzm

TpynHocTh HOHUMAHUST —
[TpocThie uncia Henouncnennsle | Cucremsr JIJIY y = | KBanroBas Mexanu-
MHOTOYJIEHBI A(t)y. Marpurnpt ka. Jluneitnbie ore-
paToOpbI

235711 ...u4ér-| f =c Hp p“(”) ['pynna cuvmmerpun  G. ﬁgb = EY u dop-
HbIEe TIIeJIble YHCTIa BIIOJIHE IPUBOJIMMOE | MYyJIa SHTpOIHNA S =
27 =7 npeicTapienue u o ero | — . wiln(w;)

pas3jIoyKeHne Ha, HeIPUBO-
mumble D = Z;B er(j)

% - II0THOCTH Be- | Xapakrepuctu- | Craructudeckuii Bec I' u | IliiorHocTs  Bepo-
posTHOCTH, p - - | TecKuit  muoro- | ero jucddepennuan AI' | aTHOCTH |\I’|2 =
dbepentman AT aren (A — a;)F Zmn Cp - CnW¥n

MaTPHITHI Craructrnyeckasd
MaTpuia. Z-cyMMa

[IpocToe ePEi = pi, | Hempusogmmble | R = Ry @ Rp--- @ R; | Kparnoe cobcrsen-
KakK I'PyImoodpasy- | MHOTOUIECHBI NuBapuaHTHBIE TOMIPO- | HOE 3HAYEHHE Ta-
OIIHI 9JIEMEHT J1JTst CTpaHCTBa. XapaKTepu- | MUJIbTOHHAHA (BbI-
IPYIIIBI CAMMETPUT CTUYECKHUIT MHOTOUJIEH. POZKIEHHBII SHEpre-
G= <p> THYECKHIl yPOBEHD ).

OcnoBHast Teopema | Muorounen  u | Ommcanue quHaMudeckux | MogenmmpoBaHue
apudmMeTukn 4 = | QYHKIII OT | HIPOIIECCOB MUKPOMEPA
I1, pa(¥) MAaTPHIIBI

«—— Ocnosanuga

[Ipocroe amcsio - 310 rpymHIooOpasyIOIIHii 9JIEMEHT CTaATH-
CTUYECKON CYMMBI JIJIA OIMPENETEHHOTO 3HAYEHUS SHEPTUN
pi = ePEi. Cpoiicta mesmmMocTn IPOCTBIX YUCEJI TOJIBKO
Ha €JIMHUILY 1 cedsl caeyeT U3 CUMMETPUN, U3 HEe3aBUCHU-
MOCTH U CJIy4YailHOro XapakTepa MUKPOCOCTOSHHUIT JIIOOOI
TEPMOJMHAMUYECKON cucTeMbl. Psir TpocThIX Yuces cooT-
BETCTBYET IIOJIHOM OPTOHOPMAJIbHOM CACTEME BOJHOBBIX
dbyuxnmii, spigomuxcs pertenneM ypasaerus [TIpénun-
repa.

Yepeauénnoe 3navdeHue jiorapudma cjejia 1mo 3Toi MaTpuiie
IIPEJICTaB/IAET COOON SHTPOIUIO MCCJICTYEMON CHCTEMBI.

[Ipu 5TOM BO3MOKHBI KPATHBIE TIOBTOPHI COOCTBEHHDBIX 3HAYE-
HUIi, BILIOTH JO CKOJIb YT'OJIHO OOJIBIINX 3HaUYeHuit. B pe3yiib-
TaTe 0Opa3yeTcss OPTOHOPMAaJIbHAs cucTeMa (DYHKITHI B IIPO-
crpancTse Jlebera ¢ Becom. CortaciHo Teopemam Ppejirosibma
JJ1s1 yKa3aHHOM CTaTUCTUYECKOl MaTpPUIlbl CYIIIECTBYeT U30-



Mopduas cucrema JIY, B ruibbepToBOM IpOCTPaHCTBE, TIe
cOOCTBEHHbIE 3HAYEHUS IIPEJICTABIAIOT COOOM TPOCThIE TUC-
Ja p; = ePEi | moBTOpsIeMBle Ha [MArOHAIN TAKIKE C yIeTOM
KpaTHOCTH BbIpOKaeHusi. I[Ipoctpancreo I'minbepra . derep-
MUHAHT 9TOI MaTPUIIBI 00pa3yeT CTATUCTUYIECKUIT Bec.

[IpuanMasi BO BHEMaHUE, 9TO IJIOTHOCTH BEPOSITHOCTU TIPO-
[IOPIMOHAJIbHA KBa/IPATy aMILIUTY/IbI BOJTHOBOM (DYHKITUU
|\If|2 = Y Coy CnWy, Pn, MOXKHO BBIPA3UTD BOJHOBYIO (DYHK-
o W, kaxk PyHKIHMIO OT MJIOTHOCTH BEPOATHOCTH /0 = p%
u (as3pl S B BUjie MHIMOT'O YHCJIA, IPDYTUMH CJIOBAMHU, TIOKa3a-
TeJIb cTeneHn B C (PyHKIUH, IJe HAXOJAATCH HEeTPUBUAJIbHBIE
HYJIA S = % + it.

Baaromapst Bo3aMoxKHOCTH 000CO0JICHUST - BBIJICJICHUST T10/ICH-
CTEMBI B COCTaBE CUCTEMBbI SHEPIUsl SIBJIAETCS aJ[INTUBHOM
[IEPEMEHHOI, SHEPTUs UCCJIELyeMOI CUCTEeMbI paBHA CyMMe
sHeprum obpazylomux eé nojcucreMm. [Ipm sTom cpemnee
3HAYEHHE SHEPIUH MCCIIEYeMOI CHCTEMBI HE 3aBUCHT OT Bpe-
MEHN:

(A) = > Enleml® (7.1)

N mockonbKy paccmaTpuBaeMasi CHCTeMa OPTOHOPMHUPOBAH-
HBIX (DYHKINH B THJIEOEPTOBOM IIPOCTPAHCTBE /1151 V pelrtenust
ypaBuenus [lIpéaunrepa sBiisseTcs MOJTHON, ¢ YIETOM CKa-
3aHHOI'O BBIIIE, MOXKHO CJIeJIaTh BBIBOJ, O TOM, UTO JPyrue
peIeHnsi HaXo/IATCs 3a MpeJie/laMi OPTOHOPMAJILHOM CHUCTe-
MBI, IIpoTuBOpeyaT paenctBy llapcesass - Crekiiosa.

DTO 3HAYUT, UYTO HETPUBUAbHBIE HY/IN ( - (PYHKIUHU, KO-
TOpbIe PACIOJIOKEHBI BHE IIPAMOit § = % + it na C, e Mo-
IyT MOJICJTIPOBATH MaTepuabHbie 00beKThl Beestennoit. 13
Jionyiennsi 3 HeTPUBUATBHBIX HYJIE IIOMHMO TOJIBKO UTO
YIOMAHYTOR IIPAMONA BbITEKaeT allopUd.

Takoe JotyiiieHne He MOJ/JIACTCH BePUMUKAIIUA U SMITUPU-
JeCKOil poBepKe. AIIOpPHA OT I'PEUecKOro an@pva Oe3bic-
XOHOCTH, OE3BBIXO/IHOE MOJIOXKEHNE — BBIMBIIIIEHHAS, JIO-
IUYECKH BepHast cuTyarysi (BbICKA3bIBAHUE, YTBEPKICHUE,
Cy>KJICHUE NJIN BbIBO,Z[), KOTOpasd HEe MOXKeT CylIeCTBOBaThb B
pPeabHOCTH.

Crenoparenbro, ['unoresa Pumana mokaszana.
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ITocTynar. MaTeMaTHYeCKHe
TeopeMbl  JIOJDKHBI ~ UMeThb
SMIIUPHUYECKYIO IIPOBEPKY.
Jlorm4eckn HEIPOTUBOPEIUBOE
cy’KJleHue, He COOTBETCTBY-
Iolee HU OJHOMY OOLEKTy B
IPUPOJIE, JIOKHO (anopus).
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C ‘[e'I‘bII)éX7 MO2KET 651'1‘]7 Ipeai-
CTABJIEHO B BHJIE CyMMBI JIBYX
[IPOCTBIX Yrce- BuHapHas mpo-
6sema Losbibaxa-Ditiepa

[Ipobsiema T'onbbaxa

1 Bsenenne

B 1742 rony maremaruk Kpuctuan ['obi0ax Hanmcas  much-
Mo Jleonapsy Diiyiepy, B KOTOPOM BBICKA3aJI IIPEJIIOJIOKEHTE
O TOM, 4YTO JII000€ HEYETHOE UHUCJI0, OOJIbIIIee MATH, MOXKET
OBITH MPEJICTABIEHO B BUJIE CYMMBI TPEX IMPOCTBIX UHCEJI.
Dilyiep 3aMHTEPECOBAJICS ITOM 1POOJIEMOil U BIIBUHYJI OoJiee
CIJIBHYIO THUIIOTE3Y: JI000e YETHOE YHCJI0, OOJIbINee JIBYX,
MOXKET OBbITH IPEJICTABIEHO B BUJIE CYMMBI JIByX HPOCTBIX
TUCET.

[IepBoe yTBepkKieHUE HA3BIBACTCS TepHAPHON mpobiemMoit
lonbbaxa, a Bropoe — ObunapHoit mpobaemoit [osbibaxa
i npobsemoii Ditnepa. B wém sTa mpobiiema 3aKa0IaeTcs?
- J11000€e YEéTHOEe YHUC/I0, HAUMHAA C YETBIPEX, MOXKET ObITb
IpeacTaBJICHO B BUJAE€ CYMMbI ABYX IIPOCTBIX YHCEJI.

OTO yTBEP:K/IEHNE OCTACTCsI OTKPBITHIM BOIIPOCOM B MaTeMa-
THKE U 110 cocTogumio na 2025 ro e ObLIo TOKa3aHo.

(B coveranun c runoresoii Pumana npobiema [osibabaxa
BKJITOUEHA B CIIMCOK IpobJieM ['miabbepTa 1107 HOMEPOM BO-
ceMb. )

CymectByer 60s1ee ciaabasi BepCcus TUIIOTE3bI — TepHapHast
npobsiema ['oybi0axa, KoTopas yTBep:K/IaeT, 9To JI000e HeIET-
HOE YNCJIO, HAUWHAs C CEMH, MOXKET OBbITh IIPEJICTaBICHO B
BHJIe CYMMBI TPEX NpocThiX unces. B 2013 roxy nepyancknii
MaTeMaTuK XapaJibJ [ ebprorT gokasas 3Ty BEPCHIO.

U3 cripaBegmuBocTn buHapHoii rurore3nl ['osibabaxa cieryer
CIIPaBEJTIBOCTD TEPHAPHOM: €C/Iu JII0boe YETHOE THC/I0, Ha-
YUHAS C YETHIPEX, MOXKET ObITh MPEJICTABICHO B BUJE CYMMBbI
JIBYX MPOCTBIX 9IHCEJI, TO, T00aBIsAA TPU K KaXKJIOMY IETHOMY
YUCJTY, MOYKHO MOJIyYUTH BCE HEUYETHBIE YHUCJIa, HAUUHAS C
cemu.

OKBUBaJIeHTHas1 (pOPMYINpPOBKa OMHAPHOM runore3nl ['0b/1-
faxa: JI000€ I1e0€e YUCJIO OOJIbINe eIUHUIILI MOXKET OBLITh



[PEJICTABJIEHO KaK CpejiHee apruMeTHIecKoe JABYX (BO3MOXK-
HO, OJIMHAKOBBIX) IIPOCTHIX YHCEJI.

B 1937 rony maremaruk CCCP Usan Marseesuu Bunorpa-
qoB 1 Teoop DcrepmMant JOKa3aJId, ITO IIOUTH BCE IETHBIE
YUCJIa MOTYT OBITB IIPEJICTABIEHBI B BUJIE CyMMbI JIBYX PO~
CTBIX 9HCEJI.

MeTto TpuroHomeTpudeckux cyMMm Bunorpajosa

CyThb MeTO/Ia: BBIIIUCHIBAETCS TOUHAs (DOPMYIIa, BhIparKa-
I0IMAs IUCI0 PEIEeHUH N3y9aeMOro YPaBHEHUS MU THCJIO
JIPOOHBIX J10J1eil n3ydaeMoit (DyHKINH, TONAIA0NINX B 3a-
JIAHHBII NHTEPBAJI, UJIU YUCJIO TIEIbIX TOYEK B 3aJIJaHHOI 00-
JIACTHU, B BUJIe HHTErPaja OT TPUTOHOMETPUIECKON CYyMMBI;
To4yHas (opMysIa IpeICcTaB/IsieTcs CyMMOIl JIBYX cJiarae-
MBIX — IVIABHOTO ¥ JIONOJHUTEIHHOTO. [J1aBHOE ciaraemoe
COCTaBJISET TJIABHBINA WJIEH ACUMITOTHIECKON (DOPMYJIbI,
JOITOJTHUTEJIbHOE — OCTATOYHBIN. B TaKNUX aJJUTUBHBLIX
3aJlavuax, Kak rnpodsema Bapunra niaum npobsema [ombaba-
Xa, TJIABHOE CJIAraeMoe MCCJIEyeTCsl METO/IOM, OJIN3KUM
K KpyroBoMy Merony Xapau—J/IurtiaByna-Pamvanymkanas
dopme Tpuronomerputueckux cymm Bunorpasiona.

B 2013 roxy tepuapnast runoresa ['ojibibaxa Obl1a OKOHYaA~
TeJbHO JI0Ka3aHa XapaJsbaoM [enbdrorrom

N3 cupasejgmuBocTr TepHAapHOi runoTe3b [oybiadaxa, j10-
kazannoit B 2013 ropy, ciemyer, 4To JitoO0e YETHOE UUCIIO
MOKeT OBITH IPEJICTABICHO B BHUJE CyMMbI He OoJiee deM
YETBIPEX MPOCTHIX YUCETT.

B 1966 roxy Ysub [[3unxkyHb jg0Ka3as1, 910 J1000€ J10CTa-
TOYHO OOJIBITIOE YETHOE YUCIO MOYKET OBITH IIPEJICTAB/IEHO
JnbO B BHJIE CYMMBI JBYX IPOCTBIX YUCE, JTUOO B BHUJIE CYM-
MBI TIPOCTOTO YUCJIA M Oy IIPOCTOrO (IPOU3BEJICHUST JIBYX
npoctbix uncen). Hanpumep, 100 = 23 + 7 - 11.

Ha ampesns 2012 roga dunapuas rurnoresa [oibadaxa ObLia
npoBepena 7?7 sl BCeX UETHBIX YUCES, HE TPEBBIMIAIONINX
4-10',

1 Bsenenue
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[Xap62]: Xapkesuu (1962),
CuekTphl ¥ aHAJII3

[Mprmi72]: - Menmkue  (1972),
Belciasi MaTeMaTHKa  CIenu-
AJIbHbBIE KyDChI

2 JlokazaTenbcTBO

Kaxk 1acto 910 ObIBAET B TOUHBIX HayKaX, U3MEHEHHE [OCTa-
HOBKW 3aJIa9H - 3TO IIyTh K HAXOXKJIEHNIO eé perenus. [TycTs
3aanbl Ba curnasa f(t) u g(t), mpuHaeKaIiie IpocTpat-
crBy Jlebera £L(G). (T.e. KBaIpaTUIHO HHTETPUPYEMbIE) Ha
Beeit obstactu onpezenenus. x cuekrpol F(w) u coorser-
crBenro G(w) [Xap62] ompesesiensl Yepe3 nmpeobpasoBaHue
Dypbe.

Curnasst f(t) n g(t) me KOppeaupyIoT MeXKIy coboit. DTO
O3HAYAeT, Y4TO UX CBEPTKA (CKAJFIPHOE MPOU3Be/IeHNe) PABHA
HYJIIO:

(f, &) =/f(t)g*(t—r)d7=0 (2.1)

(ITpeobpazosanue Jlamiaca siBJISIFOTCST PA3HOBUIHOCTBIO TTPe-
obpazoBanusg Pypbe, B 4éM JIETKO YOCIUTHCH Uepe3 3aMeHy
nepeMeHHbIX. [Mbrn72]).

[Tycrsb mostHAST OPTOHOPMUPOBAHHAS CHCTEMa (DYHKINIT {l,b k}-
omuceiBaromas oouwmii ciekrp H(w), oobemunsromuit F(w) n
Gw) = {ll)k} siBjIeTcst oo 6asucom 1.1, st F(w) u
G(w). IToanass OpTOHOPMUPOBAHHAS CHCTEMA {wk} HO3BOJIS-
eT pasJsIoKUTh JI000i curuan u3z £o(G) no kosddunmentam
®ypoe 1.3. Ilockomsky f(t) u g(t) opToroHaIbHb, IOCTOILKY
OHU MOT'YT OBITH MPEJICTABJIEHBI PA3HBIMU TOJIITPOCTPAHCTBA-
MU B {lpk} pyrumu cioBamu, H = {v,bk} pazyaraercs B
IPSMYIO CyMMY HMHBapHaHTHBIX HojanpoctpanctB H = G@ F,
cM. Ooutee 11osipodHo 10.6. = mOCTPOUTH MOIPOCTPAHCTBO,
narsainyToe Ha BeKTopel span {F, G}, B koropom F(t), G(t)
oyyT 6asucubiMu BekTopamu Wi, Wy, 910ro MoxKHO 100UThH-
cs depes nporiece ['pava-IIIvurra. B pesyabrare mosyaurces

(Wq,¥7) = 0.

13 pasencrsa [lapceBansa-Crekiosa 1.4 ciaeayer, ecan f(t)
u g(t) He KOPpEIMPYIOT MeXK Ly cOoOOi, TO 9TO O3HAYAET UX
OPTOrOHAJBHOCTD ( f(t), g(t)> = 0, a Tak»Ke OPTOTOHAJIb-
Hocth ux cuekTpoB ((F(w), G(w))) = 0 B wacroTHoii oba-
cru. JIpyrumu cjioBamu, TOJBKO 9TO Ha3BaHHbBIE (DYHKIMU
He TIePeKPBIBAIOTCs B IpocTpancTBe £Lo(G).



Brrimme 6bu1 BeIOpaH 6a3uc U3 OPTOHOPMAJIBHBIX (DYHKITHI
{ka} c BecoM 1.1, mpowusBejieHa HacTUIHAS YHOPSsIOYUEH-
HOCTD TIOJIOZKUTEIHHBIX MEJIOUUCTEHHBIX COOCTBEHHBIX 3HAMTE-
Huit (sueprun) 4.11 mo BO3pacTaHUIO.

[To ycoBusim runoressr Losibbaxa- Dityiepa, paccMaTpuBa-
eTcs TOJIMHOZKECTBO YETHBIX HATYPAJbHBIX YHUCET, TO eCTh N
cocrasnoe uncyo. He menss obmrnoctn conocraBum N craTu-
cruydeckuit Bec I HeKOTOpOIiT cTarmonapHoil TepMOIMHAMUYe-
CKUil cucTeMbl, onucbiBaeMoii ypaBaenneM [IIpénnnrepa.

Coxpassrolee CKaJasspHOe IIPOU3BeIeHIne BeKTOPOB yHUTaP-
HOe€ IIpeAcTaBJ/IeHUE I'PYIIIIbI CUMMETPpUM, OIINCbhbIBaeMO€ MaT-
pulleil npeacraBiieHnd, YKa3aHHON TePpMOJIMHAMUYCCKUNA CHU-
cTeMbl OyJIeT BIIOJTHE TPUBOIUMBIM.

[Tocieinee yrBepKienue ciejyeT ux Toro, 4ro N coctaBHoe
YHUCJIO.

B opronopmaJsibHoit cucreme B CHIy COOTHOIIEHUS OPTOTO-
HAJIbHOCTH BOJTHOBBIX (PYHKITHI 1.2, COOTBETCTBYIONNX pas-
HBIM COOCTBEHHBIM 3HAYEHUSIM, CTATUCTUYECKHE Beca, pas3-
ubix Mukpococrosuanit Al m AT'j asistiorcs nesaBucuMbIMu
CAYYalHBIMU BEJIMINHAMU, B YaCTHOCTH I10 MPUYNHE PIIYK-
Tyanuit - cMm. 13.

[Ipeobpazoanue Jlamiaca - 3To JimHelnbIit ontepaTop Lu = F
¢ obstactpio onpeaeserus A . Ob6o3HAIUM ¢ TTOMOIIBIO R -
obsacTb 3HadeHuit orneparopa L. Ob6paTHoe mpeobpasoBaHme
Jlamnaca HaxouTcd depes oOpaTHbIN JTMHEHHbBIN orlepaTop
u = L7'F. Jlerko nokas3arb, 9TO CHCTEMbI (DyHKIIII {ll)k} i
{Llpk} OJIHOBPEMEHHO JinHeiHo HesapucuMbl §1 [ZKB22).

Craruncrudeckast cymMMa Z; Tpejcrasiser coboit (bec) Ko-
HEYHYIO IUK/IMYECKYIO I'DYIILY TOPOXKJIEHHYIO 3JI€MEHTOM
e PEi (BapmanT 3aBHCHT OT MPUMEHAEMON MaTEMaTHYECKO
Mozenti: B dbusnke A cucreMm ¢ GeckoHedHOf sHeprueil, da-
30BO€ IIPOCTPAHCTBO JUCKpeTHO, dbyHKImA WV, asisromascs
perierneM ypasrenust pémunrepa dunuraa).

O/THOBpEMEHHO CTATUCTUYIECKass CymMMa Z; TPeICTaB/ISIeT
co00I1 TUMAroHAJILHYIO MATPUILy C JIEeMEHTAMU Ha OCHOBE
pana 4.21.

BasucabIM BeKTOpaM COOTBETCTBYIOT CTATHUCTUYECKUE CYM-
MBI, TPEJICTABJIAIONINE COOOI abeseBbl I'PYIIIbI, U IPYIIIO-
IIOPOXK JAIOIIHIE 3JIEMEHTBI, Ha OCHOBE PsJ1a IIPOCTHIX YNCEJI.
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[Toyemy omepaTopsr
HabII0NaeMbIX B
KBAHTOBOU MexXaHUKe
YHUTAPHBI JTHOO0
AHTUYHUTAPHBI CM. B 3.1.

[?KB22]: 2KapuroB wu jp.
(2022), YpasHeHus: MareMaTH-
qeckoit pusnukm
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[?KB22]: Kapunos wu ap.
(2022), YpaBHeHus] MaTeMaTH-
qecKkoit pusnuku

B nmannom ciyqae miia Wi, Wy - p1, p2 cooTBeTCTBEHHO, CM.
4.23.

CrarucTmyecKnii BeC 0CTaeTCA MOCTOSHHBIM TP IIpeobpa-
sosanuax Pypoe (Jlammaca), B 4aCTHOCTH, 9TO CJIE/LyeT U3
pasenctBa Ilapcesassa-Crekiosa [2IK(B22]:

(f,8)" = W1 (w))? + | Wa(w)). (2.2)

Yro nousTHO U 6€3 yKazaHHOi (DOPMYJIbI B CUJIy Hallepe]l
HOCTYJINPYEMOTO TIPH JIOKA3ATE/IbCTBE IOCTOSTHCTBA SHTPOIINU
8.2.

ITo Teopeme 0 KBaHTOBOI IIPUPOJIE P-UUCEN D JJid JUCKPeT-
HOI'O SHEPreTUIECKOr0 CIIEKTPa MaMUJIBTOHUAHA UCCIIeIye-
Moit cucrembl H, 1 6a3uc B KAHOHUYIECKUX II€PEMEHHBIX
TaKoOil, 4TO Ha IVIABHOU JUaroHaJid COOTBETCTBYIOIIEH cra-
TUCTUYECKON MaTPHUIBI B SHEPIeTHUIECKOM IIPeICTaBICHIN
OyIyT PacIo/IOozKeHbl KOPHHU, paBHBbIE OOpaTHBIM 3HAYUEHU-
AM PAa IIPOCTHIX YHUCE: (1(),1*1/)”) = an’ rae p, = eﬁEn,
B = % obpaTHasd BeJIUYUHa OT abCOJIIOTHONW TeMIIepaTypbl
B SHEPIreTHUYIeCKuX eJuHnIiax, E, - cobcTBeHHOE 3HAYEHNE
raMuJIbTOHIAaHa, I:hp_n = Enyy, tiie ¥y(q) - kosbdurnment
pazyioxkenus WV o Oypwe-rapmonuke 1.16. IIpu sTom Kpat-
HOCTH TIOBTOPEHUS KarKJI0T'0 KOPHsI Oy/IeT COOTBETCTBOBATH
KPATHOCTH SHEPIeTUIECKOrO YPOBHS UCCIEIYEMON CHCTEMBL.
PaznbiM cobcTBEHHBIM (DYHKITUSIM lﬁn COOTBETCTBYIOT pa3HbIe
npocTeie p,. Kaxpni cratucruaecknit Bec Al'; 1 Kaxxgas
CTATUCTUYIECKAS CYMMa 7 (B)i GymyT IpH STOM IIPEICTABIATD
CMEXKHBIHN KJIacC H30MOP(MHBIX IPYIIIL.

Bpiriie 061710 TIOKa3aHO, 9YTO O€3 OrpaHuYeHrd OOITHOCTH YPOB-
HU SHEPTUU UCCJIETYEMON CUCTEMBI MOKHO CUUTATD IEJIOUHC-
JIEHHBIMU, SKBU/IMCTAHTHBIMH, & MHOYKECTBO IpymIoi - 4.1
BBIYETOB 110 CJIOYKEHUIO.

C nosuium Teopuy IpyIHIl cIaracMoe BUAA P = eﬁE, COOTBET-
creenno ~ = efE HEKOTOPOH CTelleHU, IIPUCYTCTBYIOIIee
B dopmysie ['ubbca, B Z - cymme, dBJIsI€TCs TPYHIIOOOPa-
3YIOIIM 3JIEMEHTOM KOHEYHON IMKJIMYECKON I'DYIIbI, [IPU
9TOM IIOPSJIOK IPYIIILI KaK Pa3 paBeH IIPOCTOMY YHUCILY - CM.

CHOCKY Ha, TOJIAX H.2.

— auddepeHIuaibl CTATUCTUIECKOrO Beca (UUC/I0 MUK-
POCOCTOSIHHUIA) C IIPaBOiil CTOPOHEL 2.2 PaBHLL P1, P2 COOTBET-



CTBEHHO, ¥ B CyMMe OHM KaK pa3 00pa3yloT CTATUCTUYECKU
BEC CJIeBa TOrO K€ YPAaBHEHUA.

1 1 1
Zy =diag 1, —, =, — pzzeﬁEz
P1 p3 Pfl
1 1 1 (2.3)
Zz:di(lg 1,—,—2,... a1 pzzeﬁEz
2 ]92 pz
p1 # p2

Jlerko ybeuThes, YTO MPOU3BEIEHUIO OITMCAHHBIX CTATUCTU-
YeCKUX CyMM COOTBETCTBYET JIMCKPETHBIN CIIEKTP COOCTBEH-
HBIX 3HAYEHWUH (PEe30HAHCHBIX YaCTOT / SHEPruu) OOIIuM
9HUCJIOM P1 + P2.

JeiictButenbro, criektp 2.3 st H = G® F saBiisiercs pe3ysib-
taToM o0beauHenus criekTpoB G(w) u F(w). CosepiieHHo
aHAJIOIMYHAs JIOTUKa PaboTaeT /it KBAHTOBBIX COCTOSHUIA -
MuKpococTostanii cm. 2.17. Cm. takzke |Cas04]

W 5170 HOHSTHO: JIjIsT CUTHAJIOB, KOTOPhIE HE KOPPEJIUPYIOT
MexK Iy coDoit, cooTBeTCTBYONME UM (ha30BbIE IIPOCTPAHCTBA
CKJI/IBIBAIOTCS, & HE TIepeMHOXKatoTcst. B criekTpasibHoit 06J1a-
cru (nocste npeobpasosanust Pypwe/Jlamnaca) sro oznagaer,
9TO WX SHEPruu (UM MOIHOCTH) CKJIQJIBIBAIOTCS, & HE WH-
tepdepupyior. C mo3unun KBAHTOBOM MEXaHUKE OTCYTCTBYET
cocrostame 3amyTanHocTu. [losTomy:

span {H} = span {F} & span {G} (2.4)

Jlpyrumu cjioBamu, TIpU TOMOIIKA 3aMeHbI 0asnca ¢ OMO-
IO YHUTAPHOTO MMPeoOpa30BaHmsl, COXPAHSIONIETO CKAJIAP-
HOE TIPOU3BEICHNE BEKTOPOB, (ha30BOE IMPOCTPAHCTBO PacK/ia-
JIBIBAETCSI B MIPSIMYIO CYMMY ITOJITPOCTPAHCTB. B 9TOM HOBOM
Gasuce npexnue BeKTopsl F(t), G(t) cranosarca 6a3ucHbIMU
BekTopamu Wi, Wr. [locko/ibKy TTOAIIPOCTPAHCTBO MHBAPH-
AHTHO, 3aMKHYTO OTHOCHTEJILHO JTMHEWHBIX OIlePaIliii MOXKHO
¢/iesiaTh BBIBOJL 00 OTCYTCTBUM KPATHBIX COOCTBEHHBIX 3HA-
4JeHnil (KPATHBIX YaCTOT, BBIPDOXK/IEHHBIX YPOBHE SHEPTruu
HeT).

HpI/I JeJICHUN BO3HUKaET KaK MHWHHUMYM /JIBa CJlalra€MbIX.
Nnmenno IIO9TOMY MUHHMAJIbHOE YUCJIO CJIal'a€MbIX IIDU Pa3-
JIO2KEHHUU ITPOU3BOJILHOI'O COCTAaBHOT'O 9ETHOTO YUCJIa PaBHO
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[Can04]: Camoruunmit (2004),
Teopust omepaTopon



116 | 4 IIpobsiema [osnbaxa

JIBYM - cM. B hopMymy 2.2 - Kak pa3 1 OyJieT CTaTUCTUIECKIM
BecoM TOJTHOM cucreMsl [

Bepno u obpatHoe, ecjin B 1OJTHOI OPTOHOPMUPOBAHHON CH-
creMe (hazoBoe MPOCTPAHCTBO PA3JIOKUTH B IPAMYIO CYMMY
HOJIIPOCTPAHCTB, TO 0OPA30BaHHbIE HOIIPOCTPAHCTBA OY/IyT
MHBAPUAHTHBIME U OPTOTOHAJILHBIMU T10 OTHOIIECHHIO JPYT K
JAPYry, 9TO PABHOCUJIBHO OTCYTCTBHUIO KOPPEJIAINN CATHAJIOB
= BO3MOXKHOCTH PA3JIOXKEHUs JTFOOOTO IeTHOTO IUCTIa HA
JiBa U 00Jiee MPOCTHIX.

Takum obpaszom J110060e YETHOE YnCI0, OOJIbIEeE ABYX, MOXKET
OBITH MPEJICTABJIEHO B BUJIE CYMMBI JIBYX IIPOCTBIX UUCE.
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ABC-runoresa: or
SKCIIEPUMEHTa K TeOPUH

1 Bsesenne

ABC-rumnoresa B Teopun umces1 0bL1a chopMyInpoBaHa He3a-
BucuMo Marematukamu /Issugom Maccepom B 1985 romy u
Hzxo3edpom Derepite B 1988 romy. (Hdamee o rekery: ABC-
runoresa). PopMyaupoBKa ['MIOTE3bI 3aKII0UAETCST B CJle-
gyrorieM. JIsg JiroObIX MTOJIOXKUTETBHBIX TEJIbIX B3aUMHO-
POCTBIX YUCeN a4, b, €, yIOBIETBOPAIONINX ypaBHEHUIO A+b =
c, npoussejierne pajimkasoB qnces ABC ob6brano HeHAMHOTO
MenbIre, deM C. DTO MOYXKHO BBIPA3UTh 060JIee TOYHO € IIOMO-
o dopmyn max(a,b,c) < KeRad(abc)'™¢, rne K 3aBu-
CHT TOJIbKO OT HEKOTOPOI'O IOJIOXKUTEJILHOTO JIefICTBUTETHLHO-
ro gucia €. Oyukiua Rad - aTo pagukan uucen a,b, ¢, pas-
HBIIl TPON3BE/IEHNIO TPOCTBIX COMHOXKUTENEH, 00pa3yommux
9TH YUCJIa, HO BO3BEJECHHBIX B IIEPBYIO CTEIIEHb, HAIIPUMED,

Rad(8) = Rad(2®) = 2, Rad(1000000) = Rad(2° » 5°) = 30.

DxsuBasienTHast (popmysimpoBka ABC rumoressr BKrO9aeT
B cebsl TIoKa3aTe/ b Ka9eCTBO TPOHKH

loglc)  In(C)
logRad(abc) — InRad(abc)

q(a,b,c) = (1.1)

KOTOpPOE oOIlIpeeideTcsd CJIely oM 06pa30M: JJIL V IIOJIO-
ZKUTEJIBHOI'O ﬂeﬁCTBI/ITeﬂbHOFO qucJia € 3 TOJIBKO KOHEYHOE
YHUCJIO TPOEK 1, b, C U3 B3aMMHO IIPOCTBIX HATYPaAJIbHBIX Y-
ceJl, YAOBJIETBOPSIONIMX COOTHOLIECHHIO 4 + b = ¢, TaKuX, 4To
g(a,b,c)>1+e.

BBIIL&IOHLI/IGCH MaTeMaTHUKHN 3alla/JHOTO0 MUPa IIOTpaTHUJIN MHO-
T'O COTEH CTPaHUIL Ha IIOMCK JOKa3aTeJ/IbCTB, 1 IIPOIECC ITIOUCKa
J0Ka3aTC/JIbCTB IIPOJ0JIZKAaCTCA.

2 KitogeBas njies 10Ka3aTebCcTBa

JlaBaiiTe paccCMOTPUM IIpUMeED ITPOU3BOJICTBA MTAPTUHU 3aBOJI-
CKOIl MPOYKINY, HAITPUMED MKada KyTe, Iye MUPUHA KazK-

1 Beemenme ....... 119

2 Kimouepast nues
JokaszareabcTBa . . . 119

3 UmHKeHepHBIH 10/IXO.
Koncrpykmma . ... 123
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10 JIuneitabie TpocTpan-
cTBa. QYHKIINU OT
MaTPUIL. . . « . . . . . 137

11 Ilpoussoibubie A,
B, C u xBanTOBast
MeXaHUKa . . . ... . 147
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[MC85]: Masser u ap. (1985),

OIINOKN yCTPAHEHbI, HO OCTAIOTCsI HEN30EeKHbIE CJIyvaiiHbIe

5 ABC-rumoresa: oT 3KcIIepruMeHTa K TEOPUN

Joit aBepu coorBercTBeHHO: A + B = C cCaHTHMETPOB.

DT0 TAJOHHOE 3HAYCHUE, HO HA IIPAKTUKE BOZMOYKHBI KaK Cli-
creMaTHuecKue, Tak u cjydaitibie ormubku. Jlomyctnm, 61aro-
Jlapsi MEHEIZKMEHTY KadeCTBa MPOLYKIUH CHCTEMATHIECKIE

IIOT'PEITHOCTH 38 CYET HEKOHTPOJMPYEMBIX (haKTOPOB.

Hay4nbrit monck

ABC-runoresa B Teopun guces ObL1a cchopMyJImpoOBaHa
He3aBucuMO MarteMaTukamu /Issumom Maccepom B 1985

«Proceedings of the Symposium
on Analytic Number Theory /

W. W. L. Chen. — London:»

[Xyn70]: Xymncon (1970), Crarn-

CTHKA JiyTsi (PUBUKOB

JIBEPU - HE3aBUCHUMBIX CJIYYalHBIX BEJIUYNH UMEET OJMHa-
KOBO€ CTaHJapTHOE OTKJIOHEHUE O, a MX MaTeMaTH4eCKue
oxkugaHust coorsercrBeHHo paBubl A, B, C 3 ocHoB Mmarema-

u3MepeHns B Iocie/iHell popMysie paBHA: ~

V3o

roay [MC85] u Txozedom Dcrepre B 1988 romy.

[Ipeamosokum, 4TO 3aKOH PACIIPE/IC/IEHUS MUPUHDBI KaXK I0M

tdeckoit crarucTuky (| Xy170]) MBI 3HaEM, 9TO HOTPENTHOCTD

Voa2+op?+oc?
VN

VN e N - KOIMYeCcTBO TAPTHiT PO KITUH, UCIOJ/IH30BAH-

HBIX B 9KCIIEPUMEHTE - 3TO pa3Mep BLIOOPKI.

Tabmmra 2.1: Tomomopdusm aarebp

Tpynaocts noHMMaHUT —

[Ipoctere uncia | Ilemounciennnie | Cucremsr JIJIY. Mar- | Q=KsanToBast me-
MHOT'OYJIEHBI PUIIBI xaHuka. JInHeitnbe
OTIepaTOPBI
235711 ...a= | f=cI,p*" |y=A®)y Hy = Ey u dop-
I1, p“(p) MyJIa SHTPOIHN S =
- Zi wiln(wi)
[Ipoctoe B cremne- | HenpuBoauMmble | R = R1 @ Ry--- @ R; | BoipoxkeHHbli
oI k MHOTO'LJIEHBI NuBapuaHTHBIE IO/I- | SHEPreTUIECKHUit
(A —a))k IPOCTPAHCTBA. XapaK- | yPOBEHb.
TEPUCTUYECKUI MHOIO-
“LJIEH.
OcnoBras Teope- | BoamoxkHOCTH Omnmucanne aunammde- | MogenmupoBaHue
Ma apudMeTuKn | ajaredpanmvdecKux | CKUX IIPOIECCOB MHUKPOMUPA
onepanui

«— OcnoBanuga

Ot 3TOrO MPOCTOrO NMpUMEpa MbI MOXKEM Ie€peiiTn K JI0Ka-
zaresibeTBy ABC-rumnoressr. [l 9T0oro HEOOXOMMMO TpHU-
MEHUTH OCHOBBI T€OPUU apupMETUKHU, ITepeiTi K MPOCTHIM
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IEJIOYNCICHHBIM MHOTOYICHAM U JIMHEHHBIM OTOOPAsKCHUSIM,
JKOPJIAHOBLIM MaTPUIIAM U KBAHTOBOH MeXaHuKe. AJrebpbl
BCErO BBIICIEPEYUCICHHOIO HAXOJAATCS B OTHOIMICHUAX I'0O-
vomopdusma. OIHM U Te Ke MPOCThIE YNC/Ia, B3ATbIE U3
nenouku Rad(abc), urpaior posib KOpHeil HeI0YrCIeHHOIO
MHOTOYJICHA, XaPAKTEPUCTUICCKOTO MHOIOY/ICHA MATPUIIBI
JIMHEHHOTO OTOOparKeHus, KOPHEBLIX BEKTOPOB JIMHEHHOIO
IIPOCTPAHCTBA, PA3JIOKEHHBIX Ha IIPSIMYIO CYMMY HHBADUAHT-
HBIX TTOJITPOCTPAHCTE, ¥ COOCTBEHHBIX 3HAYEHUNA /I MaT-
PULIBI JTUHEHAHOro 0TOOpaskeHusl, raMUJILTAAHA, OLEePATOPA
KBAaHTOBOW CUCTEMBI.

CocpetoTounmces Ha COOCTBEHHBIX 3HAYEHUSAX WU KOPHSAX U
ybeuMest, 9TO CpejiHee 3HadYeHre JiorapudMa MaTpHIl, T.e
CpeJIHEro 3HAaYeHNe CYMMbI 3JIEMEHTOB Ha TJIABHOMN JIMAaroHa-
JIM, OT TaK Ha3bIBAEMOI'O CJIe/la MATPHUIIbI, HE M3MEHSAETCsI
Jlazke B CJIydae TOsIBJIEHUsI KPATHBIX KOPHeil U3 Toil ¥XKe Tie-
HOYKHM TIPOCTHIX ynces B nepsoil crenenu [nRad(abce). Ecin
MOCJIETHIOI0 (DOPMYJTY Pa3/e/IuTh HA 9UCIO JIEMEHTOB Ha,
[JIABHOM IMArOHAJIM TO MOJIYIUTCS SHTPOINS UCCJIEyeMOit
cucTeMbl S.

HOCKOJIBKy QHTPOIINA - TaKasd 2Ke aJJUuThuBHagd BeJIMYINHA,
KaK 1 91CJIO 9aCTull B U3OJIMPOBaHHOM COCY/€E, 1 obe BeInvu-
HBI ABJIAIOTCA TaK Ha3bIBa€MbIMH NHTEI'DaJIaMI JIBUZKCHIU A,
JIETKO BBIYHCJ/INTL OTHOCHUTE/IbHOE CTaHIapPTHOE OTKJIOHEHUE

KBaJpara ~ —, IJe S - SHTPOINA JacTHIIbI. UCCIELyeMOi
S

lrzRaZ(abc)7 rie L - -

cucreMbl. OCTAIOCh BBIYUC/IUTD S =
HA TJIABHOI JHaroHasu (HEHYJIEBBIX JIEMEHTOB) MaTPHIIBI
U OJITHOBPEMEHHO KOJIMIECTBO MPOCTHIX Ynces B nenouke 1.1.
Kaxk yzke ObLIIO0 pacCMOTPEHO BBIIIE B IVIaBe J3eTa-(yHKIIA
Pumana 3 sra jmymHa paBHa IHUCIYy IPYHIOOOPA3YIOIIUM dJ1e-
MeHTOB - 7 u oupenensiercss Gyukimit Hebprmésa ¢(I') ot

CTaTUCTHUYIECCKOI'O BeEcCa.

BazxHo caenarh peraronuii mar K CTaTUCTUIeCKO MaTpHIle
cucteMbl B [ 1/Ib0CPTOBOM IIPOCTPAHCTBRE, TJE PazMep MaTpu-
1161 OeckoneteH. [Ipu mosiB/IeHnn HECKOJIBKIX KOPHEeH BeposT-
HOCTBH ODHapy2KeHUsi MUKPOOOHEKTa B 3aJJAaHHOM COCTOSTHUU
"pazmasbiBaeTca" 110 TJIABHON JIHArOHAN CTATUCTUIECKOM
MATPHIbI CUCTEMbI B COOTBETCTBHHU CO CTENEHBIO KOPHEii (BbI-
POXKJIEHUEM SHEPIeTUIECKOrO YPOBHS ). DTO JOKA3bIBAET TEO-
peMY | IO3BOJISIeT HaM OIEHUTb TaK HA3bIBAEMOE KATIeCTBO
tpoiiku q(a,b, c), Ho GoJlee OAXOMSIIUM TEPMUHOM OyIeT
JiehexT mm hIyKTyals OrpaHndeH ol cBepxy (pyHKIeit

Puc. 2.1: ABC rumnoresa 06b-
SICHSETCS C TIO3UIUU IIKOJIb-
HBIX 3HAHUI: MOTPENTHOCTH U3-
MepeHuii B 3Kcnepumenrte, I
n Il mHagam TepMOIMHAMUKH,
IIPUHIINIIA, HEOIIPEJIEIEHHOCTHT
U3 KBAHTOBOU MEXaHUKU, JTUHEI-
HBIX OTOOPaYKeHUi, 3aKOHOB CO-
XpaHeHUd SHEePTUU-UMITYJIbCa
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[Moc21]:  Mochizuki (2021),
«Mochizuki’s proof of ABC-
conjecture.»

[Cen03]: Cemupanos (2003), Ilo-
UCK OIMOOYHOTrO U IIPABUIIBHO-
ro

C HOPMAJILHBIM pacipejiejienneM (pedb UAET 06 SHTPOIUH
UCCJIeJyeMOii CHCTEMBI) U IPUMEHUTH TeopeMy 1eObIniéBa,
KaK 3TO 10/ipobHee OyIeT paccKa3aHO HHUKE.

Buakombrech: [Hunman Mounsyku (Shinichi Mochizuki) -
MareMaTuk u3 yuusepcurera Kuoro [Moc21]

500 crpanur npountann 10 gen. Ha 3emiie

Hokazarenscreo BT® B 120-1140 crp. crpanut DHJI-
pio Yaitca - 3To emé He npeaen. Jokazareascrso ABC
conjecture ABC-rumnoressl B IAThCOT CTPAHUIL 3aHUMA-
eT pabora smorckoro maremaruka [[Iuaman Mouaunzyku
(Shinichi Mochizuki), sammmaronierocst Teopueit wncesn u
apudmMeTnIeckoit reomeTpueil B yuuBepcurere Knoro.

CiioBoM, j1azKe He 3Hast (DYHKIMKE PACIPEIEIEHI IIPOCTHIX
uncesn 7(X), JerKo cAesaTh HECI0XKHDBIE OIEHKH, KOTOPDLIE
OKa3bIBAIOTCS JIOCTATOYHBIMU JUIst JloKasareaberBa ABC-
CUIIOTE3DL.

JIBurasichb OT 9KCIEPUMEHTA, OT IMPUKJIATHON MATEeMaTUKH,
MBI clieam pyHIaMeHTaabable 0000menust. [logemy? - mo-
TOMY YTO MHUD MaTepuaJsieH, n pu3nKa MUKPOMUPA U MaK-
poMupa OJUHaKOBa, ,ZLGI;'ICTByIOT IIPUHITAIT COOTBETCTBUA TEK-
cTa ¥ IPUHIUI Heonpeaensennoctn [eizenbepra. Takum 06-
pPa3oM, IPOCTBIE YUCIA MOJCIUPYIOT CHCTEMY, COCTOAILYIO
U3 MOJICUCTEM, KOTOPbIEe He B3aUMOJIEHCTBYIOT, HO CBS3aHbI

obmM pecypcoM - dhazoBbiM mpocTpancTBoM. K coxkasre-

HUIO, PAJT YIEHBIX OTOXKJIECTB/IAIOT IOHATHAE B3aUMOlelficTBIe
U CBA3b, YTO ABJIACTCA OMIMOOYHBIM: 000COOICHHOCTE €CTh
OTCYTCTBHE CBA3U, HO HE IIPOCTO OTCYTCTBHUE, a Pa3be/liu-
nénnocts - [Cen03]. B gacTHOCTH, MBI MOYXKEM TOBOPHUTH O
cMecu HJleaJIbHBIX ra30B. B mociieiHeM cirydae cocyll TaKzKe
SIBJIETCSH OOIIUM PECYPCOM.

Tpyano mepeoreHUTh MECTO MPOCTHIX YHCeN B (PU3NIECKUX
3aKOHaX, KOTOPbIE OIIPEJIESIOT OKPYKAIONNil MaTepuaib-
HBIIT MUD U, B IIIUPOKOM CMbIcIe, Hairy Beemennyo. CMoT-
pure Tabuiy (2.1). VIMEHHO MPOCTBIE YUC/IA TTO3BOJISIIOT
CBSI3aTh CUCTEMY, HAJICUCTEMY U IIOJICUCTEMY.
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3 Mmkenepnsrii monxon. KoHcTpyKind

Bynem orranmkuBaThcs OT aBTOPCKOro JIoKa3are/ibcTBa BT O
M3JI0KEHHOT'O BO BTOPOII IVIaBe, T/le NCIOIH30BaH MHIKEHeD-
HBIH TIOJIXO/T U KOHCTPYKITHSA B BHJIE TPEX BJIOXKEHHBIX JIDYT B
JIpyra KOHIIEHTPUIECKUX MAPOB (N-KyOOB) MEHTPHI KOTOPHIX
HOMeIIEeHbl B Hauas1o koopuHat. ([Tonck nokaszarensersa B n-
MepHOM IpocTpaHcTBe 0OJIbINeil pasMepHOCTH HEOOBIIAITHO
npojaykrusen [f1H12]) KirroueBbiMu MOMeHTaME 3TOrO JI0Ka-
3aTE/IbCTBA SBJISIOTCS: IEHTPAJIbHAS CUMMETPUsI, KOHIICTIIINS
CJI06B, OObeIMHSIONINX MHOZKECTBO 3JIEMEHTOB, TOMAPHO He
[epeceKaloNnecs KjaacChbl SKBUBAJIEHTHOCTH, BO3MOXKHOCTH
romeoMmopdusma uUryp ToJIHKO 0JIMHAKOBBIX pa3MepHOCTEl 1
JINCKPETHOCTb MPOCTPAHCTBA Z, TJie TPUMEHNMBI TTOCTY/IATHI
EBkinia (posib TOYeK MOTYT IPUHSITH Ha cebs rurepkyOuKn
- suieMenThl 1), a Takke akcroMbl Torosoruu. [lap romeo-
Mopden KyOy, a cdepa — cJI0i0 KyOouia, ornpeaeaseMoMy
KaK Pa3HOCTh MHOYKECTB B BUJIE KOHIIEHTPUUIECKUX KyOOUI0B
¢ pebpaMu OTINYAIONINMICS Ha JBE €IMHUIILI 10 KarKJI0i OcH
KOOpAUHAT (T.€. eJIMHUIHON TOJIIIUHBL C YIETOM JIBUKEHIUSI
B3IVIsiJIa MICCJIEIOBATEIIsT BJIOJIb U IIPOTUB OCH).

V3 ycaoBuii cuMMeTpHE UCCIeAyeMOii KOHCTPYKIIUU B YpaB-
nennu, coorBercTByomeit ABC-runorese Haiigercss xorsa Obl
OJIHO CJIaraeMoe CTelleHN He BBINIe ABYX. B MPOTUBHOM CJIy-
Yae CyIIeCTBOBAJIN Obl TPU MHOTOOOPA3Ust COOTBETCTBYIOIINX
dopmyne ka"™ ¢ ocHoBaHMEM B BHjie TUIIEPKYDOa an cTelneHu
n > 3 1 HAIILUIUCH Obl Takue KOI(MMUIIMEHTHI B BUJIE PAIUO-
HaJIbHBIX unces ki, ko, k3 ¢ ycinosuem kix™ + koy" = k3z" u
cyon - cepbl, IpUHAJJIEXKAIIITE COOTBETCTBEHHO KYDOUIaM
A, B u C pasmeprocTbio n-1 Jj1s1 KOTOPBIX:

kiSpherea + koSpherep = ksSpherec (3.1)

3/1ech T037IEMEHTHO CPABHUBAIOTCS MepbI (60J1ee IPUBBITHO
JIJIsE TIKOJIbHUKA: O0bEMBbI, ILJIOMAN, JJIUHBL JIJIs CJIydas
n = 3, 2, 1 COOTBETCTBEHHO) U MOJPA3yMEBAETCsT CUCTEMA
yPaBHEHUIl OT/IEJILHO 10 KaKJ10il pazmepunocTu ot 1 70 n-1
HOCKOJIBKY Pa3MepHOCTh cepbl (CJ10s1) Ha eIMHUILY MEHbIIIe
OXBaTLIBAEMOTO €10 Mmapa (Kyba). 3aMeTuM, 9To BO H30eranum
B JaJIbHENIIeM CMeIleHnsl 0003HauY€eHHs ¢ SHTpoIneil 0603Ha-
qnm cion Sphere. [l ciaydas n > 3 olHOBpeMEHHOE COTIO-
cTaBJieHUe JIByX U OoJiee MOMapHO He IePeceKaronuxcs Kac-
COB 9KBUBAJIEHTHOCTH (Pa3MepHOCTH 3JieMeHTOB oT 1 110 n-1,

[AH12]: dy u ap. (2012), Teo-
pHs CTPYH U CKPBITBIE U3Mepe-
aust Beenrenmoii
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KaK HAIPIMep rumepruiockocti ap - 1771, ay - 1772, 31773 . ..
U AHAJIOTMYIHO THIIEPMEPU/INaHbl Ha cdepe) MPUBOIUT K CH-
cTeMe ypaBHECHUI, Hepa3pelluMoil B CUJIy HepaBeHCTBa Tpe-
YTOJIbHUKA U UCKJIIOYEHUs] TPUBUAJILHOTO CJIydas HYJIEBOIO
karera. (CymMmMma KareToB GOJIbIIE YeM JJIMHA TUIOTEHY3bI).
Ot xkpaTKOro m3joKeHust ujaen goxkasaresbcrsa BT, Bep-
nemcs Kk ABC-T'unorese.

4 OcHoBHas TeopeMa apuMMeTUKN

[AP&7]: Aspren u ap. (1987),  CortacHo ocHoBHO# Teopeme apudmernku [[AP87]| kaxmoe

Kmaccuaeckoe BBesienne B co-  y3 Tpoiiku qmuces B Buipazkennu A + B = C moxker ObITh pas-
BPEMCHHYIO TCOPUIO YHUCEJT

JIO?KEHO Ha IIPOCThIE COMHOKHUTEJIH, JIOIYCKAIOTCA CTEIICHU
BBIIIE €IMHUTIBI, HO 110 ycaoBusM ABC-runoressr, moBTOpsi-
IOIEeCd COMHOXKUTEIIA B 3TOM PAa3JI02KCHUHN HUCKJIIOYAIOTCH B
CUJIy OTCYTCTBUS OOIIUX JIETUTE/IEH.

a+b=c&

ay az ag qn—t B11,B2 B 4n—u Y1 .2 Ym  an—v
aytay’-ooa 1M by by bR =gty g
(4.1)

Definition 4.1 B dopwmyite BbIlle Bce COMHOXKUTEN C HIZK-

HUMM WHJEKCAMU SIBJIAIOTCSA IPOCThIME dncamu. Hapsiay
c JuTepaMu a;, bj, Ck OyZeT MCIOJIb30BAThCA P; 1A 000-
3HAYEHHS IIPOCTOrO YHCIIA.

st cobtoeHnst IpaBul Pa3MEePHOCTH 3JIEMEHTOB B IIPO-
CTPAHCTBE TIEJIBIX YHCE/I, OlpeJIeisieMOM Kak n-kpatnoe /[le-
KapTOBO MPOU3BEEHIE OCH TeNbIX uncen 2" = Z % ...+ 7,
KaxkJioe cjaraeMoe B (popMyJ/ie BBIIIE YMHOXKAETCS TaKKe
Ha cOMHOKHTENb B Bjie 1"~F sementaproro eauHmaHOro
Ky0a ¢ TOfl 1esbio, YTOOBbI KasKJI0e cjaraeMoe MMeJIo pas3-
MEPHOCTDb, PABHYIO Pa3MEPHOCTH €BKJIUI0BA IIPOCTPAHCTBA
N, B KOTOPOE BJIOXKEHBI UCCJIeIyeMble MHOIOOOpa3us pa3HbIX
pa3MepHOCTEN.

(OT anagoruu ¢ KOHCTPYKTOPOM Lego MOXKHO HOIpo6OBaTh
[MY73]: Musmop u ap. (1973),  mepeiitn K akcuomam tonosoruu ([MY 73], [Tpe0l| n nocry-

Jdudbdepennuaibaas  TOHOJNO-  jraTaM Eskimna.)
s
[Tpe01]: Tpemsdamms (2001), Apyruvu cioamum, cyMMbl OKazaTeseii creneneil Bcex MHO-

Tononorus. 3eitdepr I' Tpens-  xureseit B ¢opmysie BbIle paBHLI COOTBETCTBEHHO t, U,
damts B
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V, 9TO KaK pa3 COOTBETCTBYET pa3MepHOCTU MHOI00Opa3mii

A,B,C:

ar+-ar=t,p1+--Pr=u,y1+ - Ym=0 (4.2)

JIerko IOHATH Pa3sMEpHOCTb KayKJIOrO HWIeHAW MUHHMAJIb-
HO HEeOOXOoJUMYyIo pasmepHocth 1 = max(t, u,v) (4.1) es-
KJIMJIOBA [IPOCTPAHCTBA, B KOTOPOE MOTYT OBITH BJIOXKEHDI
nceseyeMble KyOom bl COrJIACHO MPHUBEIECHHON (hopMye.

Definition 4.2 Huxke OyeT UCIOIB30BATHCS 00IIIEE INUCIO
IIPOCTBIX COMHOXKHUTEJIe Ha3BaHHON (POPMYJIbI, OHO PaBHO
L=k+1+m.

PazBuBas npungateiit B [1aBe 2 uHKeHEPHBIN MOJ/IXOT, COTIO-
craBuM Bbipazkenue (4.1) ¢ MHOXKECTBOM B BHJIE TPEX MHOIO-
obpa3uil, Kazk/iblit B (opMe MHOTOMEPHOIO ITapaJiieseluie/ia
I KPATKO — KyDOun/1a B KOHEYHOMEPHOM €BKJIHJIOBOM IIPO-
CTPaHCTBE, C 33JJAHHOW METPUKOM 1 MePOii, UMEHYEMOM JIaJjiee
IIPOCTO €BKJINJIOBBIM ITPOCTPaHCTBOM.

B sTom mpejicraBiennn npuse/ieHHast Bbirre gopmysia (4.1)
TaKyKe MOXKET OBITh 3alncaHa Kak ycjaoBue romeoMopdusma
MHOr000Opasuii - Kyoon10B, 0603HaAEMbIX OOJILITUMEU OYKBa-
M AU B = C, a uccienyeMbiii 00bEKT IPEICTABISIET CODOI
MHOKECTBO TPEX KyOOUJIOB ¢ pa3sHbIME PEOpPaMU, JIJIMHBI KO-
TOPBIX SBJISIOTCS MPOCTHIMUA IUCTAMU KaK pa3 u3 (opMyJibl

4.1

Bnaromapsa menTpaabHO CUMMETPUH, JIETKO OIIPEJIE/INTh
IIEHTP MacC KaKJIoro KyOowja, IpejroJaras, 4To OH 3a-
[IOJTHEH OJTHOPO/IHBIM MaTepuayioM. COBMECTUM STU TEHTPbI
C HAYAJIOM KOODJMHAT U COpPUEHTHpYyeM (TUIep)rpaHu Ky-
OOUJIOB TEPIEHINKYIIPHO ocaM. B naibueiiiemM Mol Oyaem
CYUTATD UCCJIEYEMYI0 KOHCTPYKIIUIO KOHIIEHTPUICCKUMUI
Kybousamu. B KaxKj0M n3 KyOOuI0B JIETKO yBUJIETH THIIEP-
IIJIOCKOCTH 3€PKaJIbHOM CUMMETPUU PA3MEPHOCTH Ha, € THHUILY
MeHbIIell, YeM HCCIIelyeMblil KyOOou 1, OPTOTOHAJILHBIE OCSIM
KOOP/IMHAT M ITPOXOJIAIINE Yepe3 HavaI0 Koopaunat. 1x unc-
JIO 718 KarKJIoTo KyOom/1a paBHO UHCJIYy OCeil CUMMeTPHUHN
—=>> PaBHO TOKA3aTeJII0 CTENEeHN MHOXKHUTEJeH, 00pa3yomux
KyOou/I.

125
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3 menpepbiBHas obparuMast GPYHKIUS SKBUBAJIEHTHOCTH f,
oTOOpaXKaroIas KaxKJIblii 9JIEMEHT B BHUJE 3JI€MEHTAPHOTO
kyba 1" u3 muoxkecrs A u B 8 C f(A,B) — C, uro Tak-
JK€ MOYKHO BBIPA3UTH C IMO3UIIUN TOIOJIOIHU COOTBETCTBYET
HMOHATHUIO TOMEOMOPdU3Ma CJIEYIONIX PUryp:

A=C\B (4.3)

pu sTom 3 obparnasa bynxmus fH(C, B) — A. Uckmouast
OUEBWJIHDI cirydait mepBoix crereneit ABC-runoressr, ne me-
HsIsd OOIIHOCTH, B JIa/IbHENIIeM TI0JI1araeM, ITO Pa3MePHOCTh
dim(A) < 2, a B cBoro ouepens dim(B), dim(C) - xybouast
pa3MepHOCTH J1Ba u OoJiee.

[TomHaEM, YTO pazMepHOCTH KyOOuIa OIpeIe/IgeTcs CyMMO
crerneneil mpocThix comuoxkureseil B 4.2 /Iia 3 f neobxomm-
MO 00€CIIeIUTh BO3MOXKHOCTH B3AUMHOT'O COKPAICHUS CJIOEB

60J1ee BBICOKIX Pa3sMePHOCTEl, YeM JIBa, a TaKKe COKpalle-
HIe IHCJIa TUIEPIIOCKOCTel cuMMerpun 10 aByX (Ormernm,
9TO OIEepalldsd COKPAINEHNs, IePECTAHOBOK, IepeMelleHnsT
1" — 1" BO3MOKHBI UMEHHO B OTHOIIEHUAX SKBUBAJIECHTHO-
ctr. OTHOPOTHOCTH €BKJIMIOBA IIPOCTPAHCTBA ITOCTYJIHPYET-
cst).

Kakomy dusndeckomy gBJICHUIO MOXKET COOTBETCTBOBATH
dopmyna (4.1)? Ona MOmeIUPYeT HEKYIO CUCTEMY, COCTOsI-
IIYI0 U3 [OJCUCTEM, MEXKJIy KOTOPBIMU OTCYTCTBYIOT CBsi-
31, HO OIIpeJIe/IEHHBIM 00pa3oM 1oie/ién obmmit pecype. C
MO3UIUU TITKOJIbHBIX 3HAHUI JIJI [TOUCKA JIOKA3aTeIbCTBA
ABC-rumnoressr 0coOeHHBINT MHTEPEC TPEJICTABISIOT 3aKOHBI
TepmoguHaMuKn. OOIIMM PecypcoM MOTYT OBITH SHEpPrusd,
¢daz0BOE MIPOCTPAHCTBO, SHTPOIUS, TUCJIO TACTUIL U JIP.

5 Mukpococrosgnne 1 MaKpOCOCTOTHUE

CUCTEMDBI

Paccmorpum cucremy, cOCTOAILYIO U3 CMeCH HeaIbHBIX Ta-
30B, MOJIEKYJIbI KOTOPBIX HE B3AUMOJECHCTBYIOT MEXKTY COOOIi.
CriesicTBEEM 9TOTO B 9aCTHOCTH, sIBJIsieTcs 3aKoH JlaibroHa,
COIJIACHO KOTOPOMY JlaBJIEHUE CMECH XMMUYECKU HE pearu-
pYIOIUX MeXK Iy co0OOil ra30B paBHO CyMMe IapIua/ibHbIX
JIABJIEHNH KaKJI0T0 U3 Ta30B — W 3TO CTAHOBUTCS TOHSITHO B
CIJTY OTCYTCTBUS MEYKMOJIEKYJISIPHOTO B3aNMOIEHCTBUSA.
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Aprop npeytaraer paccmarpuarb ABC-runoresy ¢ mosn-
1 ha30BOr0 MPOCTPAHCTBA TEPMOIMHAMIIECKOH CHCTEMbI
HACYUTHIBAIONIEH 28 U3MEPEeHMit, 110 KOOPAMHATHBIM OCSIM KO-
TOPOTO OTKJI/IBIBAIOTCS 3HAYCHUS S 0O0OIIEHHBIX KOOP/IMHAT
q U S UMILYJILCOB P JAHHOIN CHUCTEMBI (S -9HCJIO CTeleHei
cBOOOJIbI) B ypaBHEHUH ['aMUJIBTOHA, U3BECTHBIX MIKOJIHHIU-
Ky U3 KYPCOB MEXaHUKHU I10J HAUMEHOBAHUEM TEOpeMa O
KnHeTH4Ieckoi sueprun. Onepartoprasi (popMy ypaBHEHUsI
FaMuibTOHA B KAHOHUYECKOI (hOpME JIOCTATOUHO KPACUBA,
yHUBepcaJjbHa, OIUCAHA B JIUTEPATyPE, HO TpedyeT HeOO b
IIOrO OMbITa PABOTHI ¢ YACTHBIMU TPOU3BOAHBIME |3e110| u
[Mpii72]]. Emé 6osee TOYHO IpUMEHEHHE CTATHCTHYECKOTO
o/1X0/1a B (bU3HUKE MPEIIoIaraeT 3HaHNe OCHOB KBaHTOBOI
mexanuku |Pep00], mOHUMAaHIE TPUHIUIIA HEOIPEIeJIEHHO
cru leiizentepra ApAq > 11/2, upencrasienne 06 ypaBHeHIN
Ipenunrepa [3e102], 0 MaTpuIle MIOTHOCTH BEPOATHOCTH, 00
orepaTrope raMuJIbTOHUAH, 3HAHUE 3aMeYaTe/IbHBIX CBOMCTB
SPMUTOBBIX OIIEPATOPOB, MPABUI PADOTHI ¢ KOMMYTaTOPaMU
u ckobkamu [lyaccona [Mec78|, ocHOBHBIX hOpPMYIT TEPMOIU-
HAMUKH, HO HUKE U3JIO2KeHUe OyJIeT OMUPAThCS IIPENMYIIie-
CTBEHHO Ha, 3HAHNUE MATEPUAJIOB ITKOJIHHON ITPOrPAMMBI.

[Torpobyem yrajaTh, KaKOMY KJiaccy (PU3UIECKUX SIBJICHUI
coorBercTByer ABC-rumnoresa? Hatunem ¢ moHSITHS MUKPOCO-
CTOSIHUE - 9TO KOHKPeTHas KOH(DUTYPAIUsi CUCTEMBI, KOTOPAasT
OTUCBHIBAET TOYHBIE TOJIOKEHUSI U UMITYJIbChI BCEX OTIC/Ib-
HBIX YaCTHIl, COCTABJILIONUX cucreMy. Kaxtoe MukpococTo-
sIHE UMEET OIPEIeICHHYI0 BEPOSITHOCTh BOSHUKHOBEHUS B
mportecce JIBUKeHUsT MojIeKy 1. MakpococTosiame cucremMbl
OTHOCUTCSI K €€ MaKPOCKOIIMIECKUM CBOMCTBAM, HAIIPUMED
TaKNM CBONCTBAMU SIBJISIOTCS TEMIIEPATYpPAa, JaBIeHHE, 00b-
€M ¥ IJIOTHOCTh. KpaTKo MOBTOPUM OCHOBHBIE CBEJICHUS U3
puzukn.

6 ®aszoBoe npocTpaHcTBo. [110THOCTD

pacliipeje/ieHusi BepodTHOCTH

Kaxnas Touka $ha3oBoro nmpocTrpaHcTBa OTBEYaeT OIpeie-
JICHHOMY MHUKPOCOCTOAHUIO CUCTEMBI. B XOJ1e IBOJIIOIUUN CH-
cTeMbl n300pazkaomias ee pa3oBasi TOUKa OIMUCHIBAeT B (ha3o-
BOM IIPOCTPAHCTBE HEKOTOPYIO da30ByI0 TpaekTopuio. [Ipo-
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[Benl0]:  Beapmoruu (2010),
Bolciiasi  MaTemMaTHKa 1S

HaIMHAIOIINUX U €€ IIPUJIOZKCHUA

Kk dpusuke PUSMATIUT
[Mpbn72]: (1972),

Beicmas maremaTnka CIIenu-

Mpermkuc

aJIbHbBIE KyPChI

[©ep00]: @epmu (2000), «JIex-
I[MU [0 KBaHTOBOH MeXaHUKe.»
[3en02]: Benesunckuit (2002),
Jlekuu 1o KBaHTOBO# buU3MKe

[MecT78]: Meccua (1978), Ksan-
ToBast MexaHuka. Tom 1.
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usBejienue g depeHnuaion:

dgdp = dgqi1dqs...dqsdp1dp;...dps (6.1)

paccMaTpuUBaeTCs KakK <«3dJIeMeHT o0beMay (Hha30BOIro mpo-
crpanctBa Al. [IpumenurenbHO K mccieyemoit hopmyiie,
yuauTbiBag GpopMy Kybouja u paBeHCTBE MPUPAIIECHUS JIH-
HeliHoit pyukmuu eé auddepennualy, jgajaee OyjaeT yrnoTpeo-
JIAThCA HapsLy ¢ obo3HadenueM Juddepennnaa 3HaK A.

Bripasum BepodaTHOCTb U IJIOTHOCTH BEPOATHOCTU P 0bHapy-
JKUTHh OOBbEKT B 33JIJAaHHBIX KOOP/IMHATAX (ha3z0BOr0 MPOCTpaH-
CTBa Yepe3 OUYeBHIHYIO (POPMYJIY:

dw = P(q1/ q2/ "'qS/ pll pZ/ e ps)dpdq (62)

- BEPOSITHOCTDH OTBICKATH UCCJIELYEMbI OOBEKT B 33 IaHHBIX
OECKOHEYHO MaJIbIX MHTEpPBa/aX KOOPJAMHAT U UMITYJIHCOB B
upejenax: §i...q; +dqi, pi...pi + dp;. Ilpu stom obbem
daz0BOrO NMPOCTPAHCTBA, BHIPAXKACTCS UepPe3 SHEPIHIO 110
dopmyie:

_ dI(E)
= —AE

Beiie yepes AI'(E) obo3nadaeTcst 9UC/I0 KBAHTOBBIX COCTOSI-

AT (6.3)

HUI ¢ SHEPIUIMU, MeHbIMUMU uu paBubiMu F. Jlaiee npu-
BeJIeHa IIJIOTHOCTH BEPOSATHOCTH P U 3aIllMCAHO yCJIOBHE HOD-
MUPOBKH:

> p(E)AqAp =1 (6.4)
Q

UHTErpaJl 10 BCEM BEPOSTHOCTSIM COCTOSHUI TIOJICUCTEMbI
obpasyer 1OJIHYIO IPYIILY COObLITH = i (DYyHKIUU II0T-
Hoctu BeposgrHocTH W (E):

/ W(E)dE =1--- > WAT =1 (6.5)

@opMyJibl, IPUBEJEHHBIE BBIIIE, IIOMOraeT HAWTU MHTEpe-
cyfolliee YUCJI0 COCTOsiHMIA ¢ sHeprueii mexay E ... + dE.
[Ipenmonaraercs BRIOOP TaKOW MHEPIIUATBLHON CHCTEMBI OT-
cyeTa, TJie CYMMapHBI UMITYJIbC 1 MOMEHT UMITYJIbCA BCEM
MCCJTETyeMOM TIOJICCTEMBI PABHBI HYJTIO. 3HAK THPe HaJT SHEP-
rueit E 0603HAYaET Cpe/iHee 3HAYEHNE SHEPIHH T0[CACTEMBI
II0 BCEM KBaAHTOBBIM COCTOAHUMAM. BII‘er 1 HU>Ke 0603Ha“leHHe
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Ag u Ap npezcrasisior coboit mponsseenus Bua (6.1) mo
BCEM CTEIEHSIM CBOOOJIBL.

7 KBanToBas Npupoga NPOCTHIX TUCETT

B cuny camoit mpupojpl KBAHTOBOM MEXaHUKU M OCHOBAHHO
Ha Hell cTaTUCTUYeCKO# (bu3nKe, pedb MOYXKET UJITH JIUIIH O
HaXOXK/JEHUU paclpee/eHns] IIJIOTHOCTA BEPOATHOCTH J1J1d
KOOpJMHAT WJIU UMILYJILCOB B OTJCJILHOCTH, & HE TeX U JPY-
I'UX BMeCTe, IIOCKOJIbKY KOOPJAMHATHI U UMILY/IbChl YaCTUIIbI
B 00IIEM cJiyvae He MOTYT OJHOBPEMEHHO UMETDH OIIPE/IeIeH-
HBIX 3HAYEHWIl B CUJIY IPUHIUIA HeompejeieHHocT [eii-
zenbepra. Vlckomble pacrpe/iesieHus BEpOATHOCTEN JTOIZKHBI
YUYUTBIBATH KaK CTATUCTUYCCKYIO HEOIIPEJICJICHHOCTD, TaK U
HEOIIPe/Ie/ICHHOCTD, IIPUCYIILYIO HEIIOCPEICTBEHHO KBAHTOBO-
MEXaHUIEeCKOMY OINCAHUIO.

8 Teopema JImyBuiuig. uTponus

[To Teopeme JInypuig obbeMm ha3oBOro mpocTpaHcTBa 00-
JaJJaeT CBOIICTBOM NMHBapUaHTHOCTU II0 OTHOIIEHUIO K KaHO-
HIUYECKHUM IIPe0OPa30BaHIAM, COXPAHSIIOMIUM MaMUIILTOHIAH
1 MHTerpaJibl JBU2KCHUA, B YJaCTHOCTHU SHEPrun, NMIIyJIbCa,
MoMeHTa uMmiyJbca. [[Tan04] [ crp. 192-193|

JL1st KBa3UKJIACCUYIECKOTO CJIydasi, IJIe 3aKOHbI KBAHTOBOM
MeEXaHUKHN MOXKHO 3aMEHUTb YPaBHCHUAMN FaMI/IIIbTOHa., KO-
TOpbIE ABJILIOTC 11epedOPMYJIMPOBKOl XOPOIIIO U3BECTHBIX
u3 mKoJibl ypasuenuii Hetorona. IIpu sTom odbem dazosoro
[IPOCTPAHCTBA

_ AqAp

Al = (2m)$

(8.1)

Bennuuny A Ha3bIBAIOT CTATHCTUYUECKIM BECOM MUKPO-
CKOIIMYECKOI'O COCTOSIHUS IIOJCUCTEMBI, a ee Jjiorapudm —
suTpolneil. B cBoIO 0vepeib, SHTPOIHS ONpeIesseTcs depe3
cpejiHee 3HadeHUe, 0003HAYAEMOro CKOOKaMu <>, jorapud-
ma Al Kak mjs cirydas onmcaHusi UCCIEyeMO CHCTEMBI
C MO3UIUU €€ KBAHTOBOI'O COCTOSIHUS OT (DYHKIIUU Paciipe-
JleJIeHUs] IJIOTHOCTH BEPOATHOCTH 110 3uepruu E;, Tak u B

[Tan04]: JTanmay (2004), Teope-
Tuuyeckasi ¢pusnka. Tom 1. Me-
XaHUKA
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Puc. 8.2:
man  1844-
muiicsa

CO-OCHOBATEJIb CTATUCTHUYE-
ckoii MexaHuku. QO0bscHMT
II magamo TepMOIMHAMUKH,
BHEC 3HAYNTEJbHBIA BKJIaJ B
KUHETUIECKYIO TEOPUIO Ta30B.

Boubr-
BBIJIAIO-

JItomsur
1906

dUBUK-TEOPETHK,

KBa3WKJ/IACCHIECKOM ITO/IX0JI€ OT IJIOTHOCTU BEPOSITHOCTH, TI0
dopmysiam:

S=- (lgw(E,-)> = - Z wiln(w;) (8.2)

S = — (In [rhyp]) = - / o-In [@rhyp| dpdg (8.3)

Onpejnenennas TakiuM 00pa30M SHTPONUS, KAK U CaM CTATHU-
CTHYECKUI BeC eCcTh Oe3pasmepHas Beauunna. (B mkosibHOM
du3nKe 1 B HEKOTOPBIX YIEOHUKAX TEOPETUIECKO (hU3UKU
B rocsejnein hopmysie nepej; 3HaKOM Jiorapudma CTaBsaT
nocrosHHyio Bosbivana kg = 1.38 % 10%° [T /K, aro mosso-
JIsieT U3MepATh adCOIIOTHYIO TeMIlepaTypy B KenbBunax, a
HE SHepreTuieCKux eJnHnulax, HO IPUMEHHUTEJIbHO K FI/IHO—
Te3e, MOCTOAHHYI0 BoJibiiMana yio0Hee OyJieT B HEKOTOPBIX
cJlydasix OIyCKaTh, 9TO JIEMKO JOTaaThCs U3 KOHTEKCTA).

JLJ1st TpOCTOTHI PACCMOTPUM 3aMKHYTYIO CHCTEMY B I1E€JIOM
(T.e N30JIMPOBAHHYIO OT MHBIX CUCTEM, HalIpUMEpP, ITIOMEIICH-
HyIO0 B TepMmocTat), rje onpejeinenbl Al'y, Alp, Al's ... —
CTATUCTUYIECKUE Beca ee Pa3JInIHbIX mojcucTeM. Ecmm kax-
Jlast U3 IMOJACUCTEM MOXKeT HaxoIuThes B ojgHoMm u3 Al'y co-
CTOSIHMI, TO da30Bble 0OBEMBI TTOACUCTEM IIEPEMHOXKAIOTCSI,
a QHTPOIINU IIOACUCTEM CKJIaAbIBaAIOTCA 9TO UJIJIIOCTPUPYIOT
BbIpazKEHUNA:

(8.4)

AT = [ JATg;...5 =D Sa
o a

Hpyrumu cjaoBamu, popMyJia olucbiBaiomas ¢a3oBoe Ipo-
CTPAHCTBO JIONyCKAeT pasjiesieHue nepeMeHHbix. Ha mpak-
TUKE YaCTO MPUXOJIUTCS UMETH JICJIO CO CJIydasMH, KOTa
KBa3UKJIACCUYECKUM ¢BJIIETCS HE BCE MHUKPOCKOIINYIECKOE
JIBUKEHWE YaCTUIl, a JIUIIb JIBUKEHUE, COOTBETCTBYIOIIEE
JacTU cTelleHeil CBO60,ZLBI, B TO BpEMd KaK IIO OCTaJIbHbBIM
CTeneHsIM CBOOOJIbI JIBUKEHHE sIBJISIETCSI KBAHTOBBIM (TaK, Ha-
IpUMeP, MOKET OBITh KBAa3UKJ/IACCUIECKUM ITOCTYIIATETbHOE
JABUZKEHHUE MOJICKYJI IIPDU KBaAHTOBOM XapaKTepe BHYTPUMOJIE-
KyJIApHOro JiBuzKeHust aroMoB). @opmyra 4.1 moxker ObITH
IpejcTaBieHa B BUJIE:
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eMX1pMX2 - p@kXky oP1Y1pB2Y2  pPRYI = pV1Z1p)272  oVEE
(8.5)

IJIe MMOKAa3aTe I CTEIEHN X, Y, Z, OJI00paHbl TaK, YTOOBI BbI-
JIEJIUTH TOJIBKO OJTHO IIPOCTOE YUCJIO U3 IEPEYNCIEHHBIX B
dbopmyse (4.1), 910 JIETKO TOCTUTAETCS IIyTEM B3sTHS Ha-
TypaJbHOTO Jiorapudma. 3aberas Bepe, OTMETAM, UTO B
KJIACCUYECKON MeXaHWKe IepeMeHHas Wk, OT KOTOpOil 3a-
BHUCHUT SHTPOIUs HE MOXKET ObITh BhIOpaHa OJHO3HAYHO, I10-
CKOJIbKY B KJIACCUYECKOU (PU3MKe SHTPOIUS OIPEJIEIIeTCs C
TOYHOCTBIO JIO MPOU3BOJILHOTO CJIAra€MOTrO0.

Bri6op 0606mmennoro mMiryibca Ap; mmbo 06001eHHON KOOp-
JUHATH Ag; Ha POJIb COMHOXKNTEJ IS, yIUTBIBAEMOTO B op-
myJte (6.2) mpousBoieH. [Ijist IPOCTOTHI OrpAHUYUM OOHEM UC-
cJiejyeMoil cMecH ra3os ( eaunuieil u Oyaem cauTarh Bee Ag;
= 1, 9TO O3HaYAET BHIOOP UCCJIEyEMOrO MAJIOTO JJIEMEHTa
obbemMa B CHCTeMe, YUCJICHHO PABHOIO eJUHUIE (HAHOMETPHI,
AHT'CTPeMbI JTUO0 aTOMHasI €JINHUATIA JIJTUHBI (), IPUMeHsIeMast
B aTOMHOI U KBAHTOBOH (pusmke, T.H. OOPOBCKUI pajuyc —
OJKaiiieil K gjpy opOUThl HEBO30YKIEHHOI'O SJIEKTPOHA
aroMa Bozmopona H B Momesm atoma 5,29 - 10711 M).

ABC-T'ummoredy MOXKHO paccMaTpUBaTh KaK MaTeMaTHIe-
CKYIO UHTEPIPETALUIO CJIOXKHON CUCTEMBI, COCTOLAIIEH U3 IIPO-
CTBIX IIOJICUCTEM, IJI€ BLIIOJIHSCTCS IPUHITUI & JIUTUBHOCTU
SHTPOIUU U ITEPEMHOXKEHUS 00beMOB (DA30BLIX IMPOCTPAHCTB
TOJICUCTEM.

Dopmysa (8.4)npuromHa JIJIs BIDAYKEHUsI 3aKOHA COXPaHe-
HUS SHTPOIUU TIOJICUCTEMBI IIPU Pa3/ieIeHUN TIEPEMEHHBIX
" aanabaTudecKux MpoIeccax, JIOCTATOTHO MEJIEHHBIX 110
CPABHEHUIO C BDEMEHEM DEeJIAKCAITN | YCTAHOBJICHUS JIOKAJIb-
Horo paBHoBecus. Ha mpakTuke 310 BpeMs B J1aDOPATOPHBIX
YCJIOBUSX ITPOUCTEKAET OBICTPO U COIOCTABUMO CO BPpEMEHEM
pacipocTpaHeHus 3ByKOBOil BOJIHBI B cocyjie ¢ razom (330
METPOB B CEKYH/Ty ITPH HOPMAJIHLHOM aTMOC(EPHOM JIaBJICHUN
u temneparype 20 rpajycos Llembecus as Bo3ryxa - COTHI
METPOB B CEKYHJIy B 3aBUCHMOCTH OT IIapaMeTPOB raza Jindo
CMeCH ).

ToBopst 06 sKcronenTe B hopmyste (8.5), OTMETHM, 9TO U3~
BeCTHbIE (DOPMYJIbI PACIPEJIEIEHIS [IJIOTHOCTU BEPOSITHO-
CTHU HaXO2KIACHNA 9aCTUIl BhIPpazKEHbI 9Y€pPe3 IKCIIOHCHTY: KaK

Puc. 8.3: Hxeitmc Knepk Makc-
Best 1871-1879. — anrymiickumii
dusuk, coszjareyib  KJIACCU-
9ecKoit 9JIEKTPOJIMHAMUKH,
CO-OCHOBATEJIh CTATUCTUIECKON
dusukm.
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[JTAJI69]: Tanmay u ap. (1969),
Kypc obieit pusnku. Mexanu-
Ka ¥ MOJIEKYJIApHas (pU3nKa
[Kap76]: Kapues (1976), Maxc-
Besut/Cepust: 2Kusnp 3ameda-
TeJIbHBIX Jiofeit.- M

HallpUMEDP B U3y4Ya€MbIX B q)I/I:SI/IKO—MaTeMaTI/IquKHX IITKO-
mgh

nax [JTAJI69] pacupenenennn Boabinvana nge ®7 | T. 1. Oa-
poMeTpudeckoit bopmysie - U pacipesenennun Makcsesnia

[Kap76]:

3/2 m(v% +v§+v%)

m _ T roy o)
dw = ke e T dvuydv,do, (8.6)

O6e popMyJIbI JAIOT MPEJCTABICHIE O CTATUCTIICCKOM aH-
cam0bJie, KOTOPBIH cje/lyeT paccMoTpeTrh jeraibiee. CM. B
npuaoxkenun 12 Kanonudeckoe pacupenenenne ['nboca 3
st cMecn weaIbHBIX Ta30B IIPUBEJICHHBIE B 9TOM PacIIpe-
JtesieHnr (hOPMYJIbI OCTAIOTCS B CHJIE, TOJBKO BMecTO N 110/1-
CTaBJIAETCHA KOJUIECTBO MOJIEKYJI COOTBETCTBYIOIIETO T'a3a.
Jlng cmecn ra30B 00J13/1a10T CBOMCTBAME &TATUBHOCTH CJIe-
JIYIOIINE TEPMOJIMHAMIIECKHE TTePEMEHHDIE: TUCI0 MOJICKY.T,
SHEPrusi, SHTPOIINUS, aplrajbHOe TaBICHUE KaXKJI0T0 ra3a
TEePMOIMHAMUYIECKHU TIOTEHIHA U Psia Apyrux. [Ipm stom
o0beM U TeMIleparypa 1o MpaBUIaM TEPMOJIUHAMUKU OJIH-
HAKOBBI JIJIT BCEX MOJIEKYJT KaxKI0ro rasa u3 cmecn. Orme-
TUM, 9TO OJIarojlapsd OTCYTCTBUIO B3aUMOJICHCTBUS MEXKLY
MOJIEKYJIAMHE ITPOUCXOIUT CYMMUPOBAHUE 3HAYUECHUN SHTPO-
MU U COOTBETCTBEHHO, IepPEeMHOYXKEHIEe 00bEMOB (pa30BbIX
npocTpancTs (8.4).

Jlerko npocsieuTh anasoruto opmysbt (4.1) ¢ orapudnvom
dopmybl 8.5 1 yoeauTbes B UX MOJI00UU. XOTA (DOPMYJIbI
UMEIOT HeOOJIBIIIIE OTJINYUs, HO 3TO HE JIOJIZKHO 00ECKYparKu-
BaTh. B dopmyIie npuiioxkenusi numeercd BoJibiioe KaHOHM-
Jeckoe pacipejesnerne ['nbbca s cmecn nieaabHBIX Ta30B
4.6, MOCTYIHBIM JIjIs MOHUMAaHUs U CTYJACHTOB 2-3 KyPCOB
GUBUKO-MaTEMATUICCKOTO JIMOO TEXHUYIECKOTO BY30B A3bI-
KOoM. PekomeH IyeTcsi 03HaKOMUTBCS M CTapIIeKJIaCCHUKAM C
IOMOIIBIO TIpenoaBaTesisd. MoKHO IPOU3BOIUTE CYMMHIPO-
BaHMe 10 BCEM COCTOSHUSIM SHEPTeTUIEeCKUX YPOBHEM, a He
MOJIEKYJ/T. DTOT MPUEM UCIIOJIB3YETCsl HAMU BBIIIE B pacipe/ie-
merann Makcsesta 8.6. CocTosiHue SHEPreTUIeCKUX yPOBHE
OlIpeJIe/IgeTCs KBAaHTOBO-aTOMHBIMHI ITapaMeTPaMU MOJIEKY-
JIbI, U3yYaeMbIX Ha YPOKaX XUMUU B IITKOJIE.
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9 Pajmkasbl uncen a, b, ¢ u dpasopoe
IIPOCTPAHCTBO

ABC-runoresa omnepupyer MOHITAEM «KadeCTBA TPONKHU |-
cel» Ha OCHOBe HarTypaJsibHOro Jorapudma. (lomycrum me-
pexo/ K HATypaJbHOMY JIOTapudMy IIyTeM OJIHOBPEMEHHOI'O
JIeJIeHUsT 9UCTUTeNs U 3HaMenarestst [nl0).

Pajmkasy npoussegenus uucen Rad(abc) coorBercrByer Ha-
IpHUMep CMeCh HJIeAIbHBIX Ta30B ¢ HEBBIPOXKJICHHBIMU yPOB-
HSMU SHEPrUU, YTO JOCTHraeTCs IPH JOCTATOYHO HHU3KOI
TeMIlepaType, KOorjia aKTUBUPOBAHBI TOJIHBKO MOCTYIIATE b
HBIE CTEIeHH CBOOOBI U BpAIaTe/IbHBIC JIJIT MHOTOATOMHBIX
moJiekys1. C ydeToM CKa3zaHHOrO BBIIIE 3TO OyIeT 03HAYATh
HEPBYIO CTeleHb MPOCTHIX dnces opmysbt (4.1).

Ba cuer ypasrenug Kianeiipora PV = KNT MOXXHO KOHTpO-
JITPOBATH TEMIIEPATYPY, JaBJICHIE Ta30B PEryIUPYs HAYAb-
HYIO TeMIIepaTypy, 9UCIY MOJEKYJ cMecH (KOHIEHTPAIIHIO)
1 06beM nojcucTeMbl. C MOMOIIBIO TEPMOIUHAMUIECKUX CO-
OTHOIIEHU JIETKO PACCUNTBIBAETCS SHEPIUs MOJIEKYJT Ta3a
1 SHTPOIHSI, a 3HAYUT U 00beM (ha30BOrO IPOCTPaHCTBA
AT'; = exp(S(E;)). Hanee moxuo nomobpars Al'y, A, AT’

. — CTaTUCTHYeCKHe Beca ra3oB 1, 2, 3 B cMecH COOT-
BETCTBEHHO PABHBIMU TPOCThIM uncjam dhopmyibl (4.1) B
nepBoii crenenu - pajukany Rad(abc). Oboznaumm Takoe
3HadeHne obbema dazoBoro mnpocrpancTsa moma Al,, a coor-
BETCTBYIOILYIO €My SHTPOIIMIO

_ Rad(abc)

Ty T

(9.1)

rJe, B 3HaAMeHaTeJ e 3Toi APodu HEOOXOIMMO 110 OIIPE IeIEHITIO
sHTponnu (8.2) NPOU3BECTU yCpeIHeHne 3HaUeHus JJorapud-
MOB OT 3HAYEHWUII M0 JIMArOHAN CTATUCTUICCKON MaTPHUIIBI,
a JJIMHA 3TOH JUaroHAJIN WM ODINee UNCJIO 3JIEMEHTOB L =
k-+14+m Borauciena uz dbopmyssl 4.1 u paBHa 00UIEMY YUCITY
npocthix comHoKuTe e B ABC-rumorese. Ecin kaxtas n3
[IOJICUCTEM MOYKET HAXOJUThCs B OHOM u3 [’y KBaAaHTOBBIX
COCTOSTHHUIT, TO (ha30BbIE OOBEMBI TIOJCUCTEM TTIEPEMHOYKAIOTCH,
a SHTPOIUH OJICUCTEM CKJIAIBIBAIOTCS.

[Ipu ajmadbaTnyvecKoM C2KaTHU OCHOBHOE ypPaBHEHHE TEPMO-
JIMHAMUKK [IPUMET BUJI BHYTPEHHssI SHEPTHUsA ra3a yMeHbIIa-
ercst (yBeIMUMBAETCS) KaK Pa3 Ha BEJUINHY [POU3BEICHHOI

Harypanbabiii gorapudm [1(x)
HO/IPa3yMeBaeTCsl B OCHOBHBIX
dopMyIax TEOPUH YHCEeN U 3a-
[UCBHIBAETCS IpocTo Kak [0g(x).
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razoM (Haj razoMm) paborel. CoriacHo dhopmyse mepBoro
sakoHa repmouHaMuku dQ = dE + PdV | rue dQ — kosnmyve-
cTBO Teria, P — jaBjienne raza, dV — majioe npuparieHmne
00béMa, comHoxkuTeab PdV pasen npoussegeHnoii padore.
[Ipu apmabaruyueckom mporecce dQ = 0, TeryioBoro obMeHa
HET, OTCYTCTBYIOT JIMCCUIIATHBHLIC IPOLECCHI, a CJIEA0BATEb-
HO BCe M3MEHEHUs IOJCUCTEMbBI OCTAIOTCA OOPATUMBIMU U

dE = —PdV.

N3 miko/ibHOTO Kypca TePMOINHAMUKNA U3BECTHO, UTO IIPH
aIMabaTHICCKOM MIPOIECCe COOTHOIIEHUE MEXK/Ty JIABJICHUEM
u 06beMoM |/ TeMmrepaTrypoil U 00BEMOM COOTBETCTBEHHO
puodpeTaeT BUJT

PV =const... TV’ = const (9.2)

rae y > 1 — 3T0 9acTHOe OT JeJjiennud TEIIJIOEMKOCTH IIpHu
IIOCTOAHHOM JaBJICHUN Ha TEIIJIOEMKOCTDL IIPDU ITIOCTOAHHOM

Cp
obbeme rasa o [Ipu agnabaTmyaecKoOM CxKaTUU SHTPOITUS
v

CHUCTEMbI OCTaeTCd IMOCTOAHHOM, HO «BKJIIOYAIOTCHA» BbIPOZK-
JIeHHbIe YPOBHU HEPruu €k (y/eIbHOI SHEPrUuK B pacyere Ha
OJIHY MOJIEKYJy Ta3a), 3a CUeT YBEJINIEeHUsI TEMIIEPATYPbI.

DTO COMPOBOXKIAETCS MTOSIBJIEHUEM CTEIEeHe! CBBIIIe € TMHUIIbI
B hopmyite (4.1). O6o3HAYNM TAKOE CTATHCTUIECKOE COCTO-
AHUE CUCTEMbI JINTEePON Ij, CUMBOJIN3UPYIONICH IIOABJICHIEC
BBIPOXKJICHHDBIX SHEPreTHICCKUX YPOBHEM, & SHTPOIUIO COOT-
BETCTBEHHO Sp. (Ierasn pacKpbITel HiKe). [lajee Bbie/ M
da30BbIit 00bEM, COOTBETCTBYIONIUI HEKOTOPHIM 00O0IIEH-
HBIM KOODJIMHATAM JINOO0 MUMITYJIbCaM (HAIIPUMED, CBsI3aHHBI-
MM ¢ KBAHTOBBIMH deKTamn), B OT/IeIbHbIE TOJIMHOKECTBA
nccsieyemoro ¢asoboro npocrpanctsa: A, B, C B cooTBeT-
CTBUU C UHJIEKCAMHU, NiepedncienHbiMu B opmyite (4.1). Kak
OBLJIO CKa3aHO BBIIIIE, SHTPOIUS SIBJIAETCS aJJINTUBHON (DyHK-
mueit.) B cuty ajgmabarnaeckoro cxKaTus, COXpaHSIONIEro
SHTPOINIO, W YCJOBUI MOCTABJIEHHOT'O SKCIIEPUMEHTa, TIOJTY-
UM

In(c)

InRad(a) + InRad(c — a) + InRad(c)
N Sc mo SC -m

SoL  (Sa+Sp+Sc)L

G(a,b,c) =

<1 (9.3)
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B sroit dopmyste Berauciaserca dyuknusa §(a, b, c), 3aman-
Has Ha OOJIACTH MOJIOKUTEILHBIX JIEfICTBUTEIBHBIX YUCET
GosbIe maM paBHo AByM R > 2| coBmajaiomas ¢ UCXoaHbIM
snauenueM 4(a,b, c) na Z.

C yderoMm paHee CIeTaHHOTO BBIBO/A TMOcse hopMy/bl 4.3
o pasmepuoctu uto dim(A) < 2 6yjaeM canTaThb HE3aBUCH-
MOIl [IEPEMEHHYIO 4 U CHAYa/Ia PACCMOTPETh YacTHBIN CIIy-
Yail IIOCTOSHCTBA CJIAraeMOro €, U3MEHssl JINITh COMHOMKU-
Tesu pi, P2. 34€Ch HOAPA3yMEBAECTCsL, 9TO 4 = Pq - Pp JmbO
a = p?. Toraa MOYKHO 3aMEHUTD BBHIPasKeHIe B 3HAMEHATE-
ne In(Rad(a)) + In(Rad(c — a)) ua In(p) + In(c — p) nmbo
cootsercTeerno Ha [n(p) + In(c — p?) (Bce mocrosHHEBIE CO-
MHOKHATE/IN BBIHECEHBI B KAUECTBE KOHCTAHTBI OTJIEIBHO U
HE UI'PaloT POJIK IIPU B3ATHUU HpOHSBO,[LHOﬁ IJId HaXOXKICHU A
SKCTPEMYMA).

Basava o HaxoXxKAeHNN dKcTpemyMa dyukunn §(a, b, c) npu
3aJ]AHHOM C CBOJIUTCHA K HAXOXKJIEHUIO MAKCUMAJBLHOIO U

MHWHUMAaAJIbHOI'O 3HaYCHUA 3HaMeHaTeJ Id, II1e HepeMeHHOﬁ qa-

CTBIO SIBJISAETCS 9IUCTIO0 P, Ipu 9ToM ¢ = Const. => MUHIMYM
g(a,b,c) mocruraerca Ipu p = 5, AJId CIyHad eClIu 4 = P12
MCKOMBIH MUHUMYM OyjieT p = \/g , 9TO JIEIKO IIOHATE U3 CUM-
METPUYHOIO BXOXKJICHUS [IEPEMEHHOI 9aCTH BLIPAZKeHHUs IO/
3HAKOM JorapudMa B 3HAMEHATe e, aHAIU3UPYS (PYHKIIUIO
B2 i = x(c — x) ymbo coorsercTBenHo Y = x(c — x2).

[Tepeiiiém ot vacTHOTO ciiydasd K obmemy. Jlerko ycramo-
BUTD, 4T0 ((a,D, ¢) Ha pacmupenHoi 06/IaCTH OlIpe/IeIeHUs
SIBJIAETCA HEIPepbIBHON u ud depeHnmpyemMoii.

Paboraem ¢ Tomosioro-aaredpanieckuM TeI0M

Ecan B HeKoTopom asirebOpantdeckom Tejie M nmeercst To-
[IOJIOTHSA, T. €. UMEETCsI CXOJINMOCTH, MHAYe T'OBOPS, M3-
BECTHO, YTO O3HaYaeT COOTHOIIeHue lim, o d, = 4, a
omepanyuu, uMermmuecst B Tejie M | HepepbIBHBI B OT-
HOIIIEHUU STON TOIOJIOTMH, TO TaKOe TeJO Ha3bIBaeTCs
tonosioro-ajarebpandeckum. [[Tou86].

CiretoBaTe/IbHO, MOXKHO BBIYHUC/INTH TPOM3BOIHYIO U IIPUMeE-
HUTHb M3BECTHYIO U3 MIKOJIbHONW MaTeMaTuku (hopmysty Hbro-
Tona - JleliOnuia g BepxHeil u HUXKHEl OIeHOK 3HaYueHMit
HelpepbIBHOM TuddepeHImpyeMoit GyHKINT Ha HEKOTOPOM
UHTEpPBaJIE.

[[Tou86]: IlonrTpsirun
O600mEenns yuce)
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[Tocste 3HaKa paBeHCTBA MPOUCXOIUT EPEXO K CJIYIaifHbIM
(TEepMOITHAMIYECKAM- CTATUCTUIECKUM) MepeMeHHbIM. B
quc/ITesell 3HAMeHaTe e IIPUBE/ICHO 3HAYEHNE SHTPOITHN
$da30BoOro MpocTpaHCcTBa ¢ y9eToM MHOKuTenaeit m u L =
(k+I1+m), BbIpazkeHHOE Yepe3 Olpe ieIeHIe SHTPOIMHU T10/ICH-
crembl C B coctape obbeaungioneii cucremsl D = AUBUC
B YCJIOBUSIX auabaTuIeCcKoro IpoIecca.

Jluneitabrit quddepenimalt s crydas MHOTUX [TepeMeH-
HBIX

Bajiata 0 HAXOXKJIEHUH IKCTpeMyMa (DYHKITUH JIJIsd CIIydast
MHOTUX IT€PEMEHHBIX CBOJIUTCS OTBICKAHUIO I'DaJINeHTa
craygpHoil dynknun § : M — R, onpenenéHHON Ha
TOIOJIOTO-aJirebpandeckoM tejae M = {RLlR > 2} B L
MEPHOM IIPOCTPAHCTBE g7Ad{ - 10 KOJIMIECTBY IIPOCTHIX
quces hopmysibl 4.1 - KaxKg0e IpocToe IUC/I0 PACCMATPH-
BAETCs KAK HE3aBUCHMAasl CIydaiiHas IepeMeHHas (9ToT
[IOJIXOJ] YK€ TPUMEHSJICHA IPU aHaJM3€e TUIoTe3bl Jleo-
Hapga Diiepa B17). Bosee riybokas ¢BA3b IPOCTHIX U
CJIyYalHBIX TTEPEMEHHBIX O0bICHAETCA HUXKE B pas3jesie
Qaykryaruu. B 13.

YacrTaas mpousBoiHast OyIeT CeyIonast

24 1 dc 1 Inc dlnpi
dp;  cdp;InRad(abc) (InRad(abc))? dp;
_k 1 Inc 1
"~ piInRad(abc)  (InRad(abc))? pi
k-4

- pilnRad(abc) (94)

JI1s1 BBIYUCIIEHUS 3aMETHM, ITO:
InC = ZF kip; u InRad(abc) = Xk p;.

B pesymbrare dpopmyna Hoiorona - Jleiibnumna obobimaet-
¢ Ha CIydail MHOI'MX IIEPEMEHHBIX C yI6TOM CKAJISIPHOIO
[IPOU3BEIEHIST ( gradg, Ax) B L - MepHOM IIpOCTpaHCTBE
(pasmepHOCTH B3siTa U3 hopmynbl 4.1 wam Iucao mpo-
creix umces B Rad(abc)), rme xaxkmoe mpocroe wmcto
paccMaTpuBaeTCs KaK He3aBUCHMAasi CIydaiiHas BeJIMInHa,

Ax = (Ax1,Axy, Axs, .. .).

Cuencrsue: rpaguent dynxmun grad(f) Ha Beeit obmactu
ompejiesieHusi 1 He obpalaeTcs B OECKOHETHOCTD U MPU-
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pamenue Aj MoxKeT ObITb OIDAHHYEHO CBEPXY M CHH3Y
HEKOTOPBIMHU YO00HBIMU JIJId paboThl dpyHKImaMu. Hu-
ke OyJjieT BbIOpaHa OrpaHUYMBAIONIAs CBEPXY (DYHKIIHS,
UMEIOIasl HOpMAaJIbHOE PaCIIpe/ie/IeHue.

3 MaTeMaTHYecKoil CTATUCTUKHY U3BECTHO IIPABHIIO CJIOMKE-
HE# IUCIEPCUH He3aBUCHMBIX CIIyYaiiHbIX BeJmduH. 11oaTomy
UTOrOBBII BBIBOJL HepaBeHcTBa §(a,b, ¢) < 1 npueieHHOrO
BBIDAKeHUsS ONUPaeTcss B PaBHON Mepe KakK Ha CTATUCTH-
4ecKy1o (pU3MNKY, TaK U MaTeMaTHIeCKYyIo CTaTUCTHKY. 11o-
JIy9eHHOE HEPABEHCTBO SABJIETCS CTPOIUM MCXO/sd U3 BHUJA,
npobu. 3uak npubszkenus B dpopmyse (9.3) TeM TouHee,
yeM GOoJIbIIE 3HAYCHHE SHTPOIUH.

Obparmenne K ciaydaitabiv epemenabiM A, B, C, D u cratu-
cTUYecKoil busnke /| MaTeMaTHIECKON CTATHCTUKE HOMOIJIO
B ImoJiydenun Bepueil onenku §(a,b,c) n coorBercTBeHIIO
g(a,b,c) - ona He JJOIZKHA [IPEBBIIIATE €/IHHUILY.

Tem He MeHee B X0Jle YHC/IeHHbIX 3KcrepumenTo [ABC| naii-
JICH PsiJT MAKCHMAJIBHBIX 3Hadenuii 4(a, b, c) CBbIe e IMHUIBL.
Kaxk o0bsicHUTE 3TOT mapajokc? - ABTOp yOexkieH, 9To 9TO
sIBJIEHIE ODYCJIOBIEHO (DJIYKTYaIMAMI, KaK 3TO 00bACHIETCS
HUKe, B pasjiere (cM. pasmes 13), crenuansbHO TOCBSIIEeHHOI
9TOMY SIBJICHHUIO.

10 Jlmnefinele mpocTpancTBa. OyHKIIUN OT

MaTpHUIL

st moncka jokazarenbctBo ABC-rumoressr matemaTnde-
CKUM METOJIAMHU HEOOXOJIMMO HCIIOJIL30BAThH MPaBUJIa JIU-
HefiHOI a/jireOphl, IpejicTaB/IeHnsd KBAHTOBON MeXaHUKU O
BOJTHOBO# (DYHKITUH, OITEpATOPHYIO (DOPMY raMUIBTOHUAHA
[/Tan04], onenkn surpormu [Ky607], 't 10, 1.18] ¢ nomorubo
craructudeckoit Marpurst [/Tan02] 9, c. 28-29 B kBaHTOBO-
MeXaHU1IeCcKOM mpejictaBieHun. CTpeMUuTe/IbHOE PA3BUTHE
KBAHTOBBIX BBIYHUCICHUN ¥ KPUIITOrpaduu criocobcTByeT Mo-
MyJITPU3AIMU 3HAHWI O KBAHTOBOI MexaHnke. UToObI pac-
IUPUTH KPYro3op mkoabHIKa X XI Beka, ObLIO ObI JIOTHIHO
PACIIIPUTH MPOrPAMMY CPeJIHEeN IMTKOJIbI OCHOBAMU KBaH-
TOBOII MeXaHMKHM, Ipuberasi K aHAJOTHMU C PaJIMOBOJIHAMUT,
CIIEKTpaMU CUTHAJIOB. MHOrO JIeT B IKOJIe Ha YPOKAX XUMUH
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[ABC]: ABChome (), Bosorrep-
ckag cerb noj Hassannem ABC-
home mocBsmEen pacupeieseH-
HOMY BBIYHCIUTE]HHOMY MTPOEK-
Ty, KOTOPBIN JIOJI?KEeH OBbLI CO-
CTABUTH TOJIHBIA CIHCOK BCEX
tpoek ABC, cocrosiiux u3 1e-
JIBIX 9HCEJI, COCTOSIIIX MaKCHU-
MyM u3 18 mudp.

[Tan04]: JIannay (2004), Teope-
Tuueckasi dpusuka. Tom 1. Me-
XaHUKa,

[Ky607]: Ky6o (2007), Craru-
crudeckasi Mexannka. CoBpe-
MEHHBII KypcC ¢ 3aJa4aMu U pe-
MIEHUSIMU, COCTABJIEHHBII [pU
yaactuu X. Uanmypa, 1. Veyu,
H. Xacusyme

[Tan02]: Tasmay (2002), Teope-
tuueckad Pusuka B 10T. Tom 5.
Crarucruueckaa Pusuka.
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[Kyp13]: Kypom (2013), Kypc
BBICIIENH aJreOpbl

[AP8T7]: Aspnenn u mp. (1987),
Kiaccuueckoe BBenenne B co-
BPEMEHHYIO TEOPUIO TUCET
[Beii72]: Beiinb (1972), OcHoBbL
TEOPUY IHUCEJT

[MII22]: Manun u xp. (2022),
Beesienne B COBPEMEHHYIO TEO-
PHIO YHCe

U3yYaeTCsd IJIEKTPOHHAS KOH(UTYpaIsd aToMa, pacloIo¥XKe-
HUEe 3JIEKTPOHOB B aTOME II0 YPOBHAM U IIOAYPOBHAM Ha
OCHOBE OOIIKX IIPeJICTaBJIEHN 0 KBAHTOBOI MeXaHUKe.

Ncexonga us yenopuit ABC-rumoressl ciegyer BeIOpaTh a/i-
JuTuBHYIO dyHKIMO. Hanbosee moaxoasainmm KaH i 1aToM
SIBJISIETCS SHTPOIINSI, OIIpeiesisieMast Kak jorapudm ¢gpa3oBoro
npocrpancTsa (8.2). [lpu ajnabarudeckux mporeccax 00bem
¢a30BOro MPOCTPAHCTBA COXPAHSIETCS. DTO IIPOCTOE YTBEP-
JKJIEHUE SIBJISIETCS KJIFOUOM K JT0KA3aTeIbCTBY U IPAKTUIECKH
He TpeOyer MaTemaTuieckux Bbraucyenuit. Popmymna (4.1)
[IOJIPAa3yMeEBAET CTATUCTUIECKOE OIMCAHNME HEKOTOPOil (pus3u-
YeCKOI CHCTEMBI, COCTOSIIIEl W3 TOJICUCTEM, BBIPAZKAIOILY IO
aJINTUBHOE CBOWCTBO ODIIEro pecypca JJjisl SHEPIUH, SHTPO-
[IUU ¥ JIP. TEPMOUHAMUYIECKUX BEJIMINH. DTU CBOHCTBA 0Oec-
MeINBAET Pa3JIOKeHNe TeJIbIX YUCe a, b, ¢ Ha MpOCThIe, JIJIst
kotopbix HOJI = 1. I3 BBOIHOTO Kypca TEOPUH IUCET H3BECT-
HO, 9UTO MPAaBUJIA JAEHCTBYIOT /IS KOJIBIA ETOIUCTEHHBIX
MHOTOYJIEHOB B HeKOTOpOoM mojie C KominiekcHbx dnces K([x].
Taxoro Buaa MHOMOYIEHBI 00JIaIaI0T PAJIOM CBONWCTB, aHAJIO-
TUYHBIX TEIBIM 9iCIaM. 4 TOMOMOPMU3M MEXKLy aaredpoit
HEJIBIX YUCesT U aJaredpoit MHOTOUJIEHOB JIjIsI OllepaIuil CJ10xKe-
HUs, YMHOXKeHUs. HuzKe TepMUHBI TIPOCTOM U HEIIPUBOINMBIIA,
IPUMEHUTELHO K MHOTOYJIEHaM, OVIAyT YIIOTPeOJIAThCI B
KadecTBe CMHOHUMOB. [lociemoBarebHOE T0Ka3aTEIHCTBO
CBSI3U TPYIIILI BBIYETOB Z ¢ TepPMOJMHAMUYIECKON CHCTe-
moit em. B [mase 3 Ilycrs f — k[x], Torma cymecrsyer
OJIHO3HAYHOE PA3JIOXKEHIE:

f=c[p®, (10.1)
p

rJie ¢ - KOHCTaHTa U POM3BeIeHne Gepercs 10 HelPUBO,IH-

k ‘ iy
MbIM MHOTOUIeHaM Bujia (A — a;)" [Kypl3], [AP87], [Beii72].
CrerneHn ¥ KOHCTAHTA ONPEJIEISIIOTCsT OJIHO3HATHO.

(A =a))" (A = az)® - (A = ar)™q1(A)
+ (A =b)P (A = b2)P2 - (A = by)Plga(D)
+A=—c)"A =) (A =cm)™gq3(A) =1 (10.2)

B dopmyiie Bble 3anmcanbl MeJIOUNCACHHBIE MHOTOYICHDI,
Ha OCHOBE HEIPUBOJMMBIX, OHM TAK¥Ke sIBJIAIOTCS B3aMMHO
npocteivu |[MI122], aro KpaTkoe BbIpakeHo B (hopMyIie BbI-
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IIe: CyIeCTBYIOT MHOTOWIEHEI {1, {2, {3, UTOrOBasg CyMMa
dbopmyist coorsercreyer HOJI (4.1) u pasua 1. [Tjst paboTet
C TEJOYUC/IEHHBIMI MHOTOW/IEHAMI UCIIO/IB3yeTCst AJIropuT™
EBrimia, Kak u Jjis ciydas qucel.

Kaxk oMy MHOrOWIEHy M3 TPUBEICHHBIX MOYKHO OJIHO3HATHO
COMOCTABUTH JIMHElHOe oTobpazkenue 9 (coorBeTcTBeHHO B
1 6 ) ¢ XapaKTepuCTHIeCKNM MHOro4IeHOM 10.2, KOpHH KO-
TOPOro B34THI U3 GopMysl 4.1 - 9T0 OyIyT Kak pa3 mpocThble
qucsia, Bxojggime B Rad(abc) . Eciu nuneiinoe npeobpazo-
BaHHE PA3MEPHOCTU N UMEET N HEe3aBUCHUMBIX COOCTBEHHBIX
BEKTOPOB, TO IMPUHUMAs 9TU BEKTOPHI B KauecTBe OA3UCHBIX,
MbI IPUBEIEM KBa/JIpATHYIO MATPUILy JIMHEHHOIO Ipeodpa-
30BaHUSA K JUArOHAJTBLHOMY BHJY, ITPU 3TOM COOCTBEHHBIE
BEKTOPBI, OTBEYAIONTNE PA3JIMIHBIM COOCTBEHHBIM 3HAYEHU-
M, OyJIyT JIMHEITHO HE3aBUCUMBI, 1 MOYKHO 0JI00PATh TaKO
6a3uc, B KOTOPOM TaKue BEKTOPBI Oy/IyT OpTOroHaJbHbI. [[j1s
ciydast KpaTHBIX KOpHeil mMeeM:

A —a)*x=0 (10.3)

IyTeM 3JIeMEeHTAPHBIX IPeobpa30BaHUNl MaTPUILY JTMHEHHO-
o OTOOpaKeH!sl MOXKHO IPUBECTH K YKOPJIAHOBOM hopme
pasmepom k X k coorsercrBylomeii kpatHoctu k (BbicoTe)
KOpHeBOro Bektopa |Mobr72], [Szi02].

Cobupas Bcé BMecTe, onpejienm B R” jimHeitnoe oTobpazke-
HIe Ha cebsi, 3ajaBaeMoe MaTpuileii &) B HEKOTOPOM Oasmuce.
XapaKTePUCTUIECKUIT MHOTOYJIEH KOTOPOTO SIBJISIETCS TPO-
U3BEJICHIEM XapaKTEPUCTUICCKUX MHOTOUJICHOB JIMHEHHBIX
oTobpaxkenuit u3 dpopmysisl 4.1. Marpuria &, cOOTBETCTBYIO-
mast 9ToMy 00beJIEHHOMY JIUHEHHOMY OTOOparKeHHIo, OyIeT
UMeTh OJIOTHO-THATOHAIBHBIN BU/I:

[e=le)
~——

D= (‘§ (10.4)

owo
Q

CobcTBeHHbIE 3HAYEHNST MATPUIIBI & — ITO Pe3yabTaT 00b-
eJmHenns coOCTBeHHBIX 3Hadenuit marpuil A, B, € B pe3yiin-
TaTe JIOCTUIAeTCs OJIHO3HAYHOE Pa3JIOZKEHHE ITPOCTPAHCTBA
R Ha npsiMyro cymMMy MHBaApUAHTHBIX TOAIPOCTPAHCTB (TI0-
PSJIOK UX CJIeJIOBAHUST HE UI'PAET POJIN):

R=RiEPRPRPRiPRs--PR.  (10.5)

[Mprmi72]: Memnkue  (1972),
Beicimas MaTemMaTnKa  CIieI-
AJIbHBIE KyDChI

[Szi02]: Szidarovszky (2002),
Introduction to Matrix Theory:
With Applications to Business
and Economics
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[Kyp13]: Kyporm (2013), Kypc
BBICITIEH arebpbl

[Man56]: Masmsnes (1956), Oc-

HOBBI JIMHEHHON aareOpbl

BouJtee nocsienoBaresbHO
IPaBOMEPHOCTD JIAHHOT'O
[IOJIXO/Ia, IPUMEHUTE/IbHO
K IIPUBEIEHHBIM
CTATUCTUIECKIM CyMMaM
7, 06OCHOBAHO B paszjiesie

4.1.

MHO}KGCTBO BCeX KOPHEBbLIX BEKTOPOB, COOTBETCTBYIOHIIUX
coOCTBEHHOMY 3HaUeHUIO A, 00pa3yeT HHBAPUAHTHOE MOJIIIPO-
cTpaHcTBO Kj.

[Ipupasasiem merepmuHanT MaTpuiibl D (Triabaa ob6o3Hagaer
HaJU4Iie KPATHBIX KOPHel B XapaKTePUCTUIECKOM MHOI'O-
YJIeHe) U COOTBETCTBEHHO €€ XapaKTePUCTUIECKUIT MHOTO-
WIEH HYJIO JIJTs TTOMCKa COOCTBEHHBIX 3HAYEHWMII M BEKTO-
pOB:

i=L
DetD=[[(A-2)" = (10.6)
i=1

rie L - aucsio npoctbix wuces B popmyite (4.1) Aj — 310 cob-
CTBEHHOE / KODHEBOE 3HAYEHUE JIMHEHHOIO OTODOpaZKeHUst P
7 COOTBETCTBEHHO MATPHUITHI D. Us aJiredpandeckoil Teopun
matpur [Kypl3], [Man56| ussectro, aro Haj A- MaTpuraMu
MOZKHO COBEPIIATH JIEMEHTapHbIE IPeoObpa30BaHust, CO3/1a-
Bast TEM CaAMbIM HOJOOHBIE MATPUIIBI, HO IIPH 3TOM OCTAIOTCH
HOCTOSTHHBIMHU CJIEJ] MATPHUIIBI T.€. CyMMa €ro 3JIEMEHTOB, pac-
IOJIO?KEHHBIX Ha IJIABHOW AMaroHajm, u jerepmuHadT det -
0be BeJIMYMHBI He 3aBUCAT OT Da3uca U sIBJISIOTCS WHBAPUAHT-
abiMu. O6o3HaunM depes A1, Ap, A3, Ay, ... A; - cobcTBeHHBIE
3HAYEHWs MATPHUIbI, OHU KaK pa3 B3AThl U3 MHOIOWIEHA
(10.2) ¢ xopusaMu u3 Habopa mpocTeix dnces (4.1), Ho ¢ npu-
MeHenueM GpyHKIuU Jiorapudma 1 yCpeHeHns 110 IIaBHOM
Juaronasn Marpuibl (nojpobuee B dhopmyse (10.4)), Bee
9T COOCTBEHHDIE 3HAUEHUs PA3IMIHbI, 1 He PABHBI HYJIIO 110
yesoBusim ABC-ruroressr.

Definition 10.1 M3BectHO, 9TO JeTepMUHAHT MATPUIILI Pa-
BEH IPOU3BEJICHUIO COOCTBEHHBIX 3HAYCHUIT, B €M HE TPY/I-
HO YOe/IUThCs, TOICIUTHIBAA ONMPEIE/INTENb TUArOHATLHOM
MaTPUIIBI HerocpeicTBeHHO "B 106",

B namem ciaydae ¢ nosuium repMoguHaMukyu det cooTser-
CTBYeT CTATUCTHYIECKOMY BECy B HEBO3OYKICHHOM COCTOS-
HuK TepMoMHaMmiecKoit cucrembl Iy = Rad(abe) = detD
¢ HEBO30YZKICHHBIMH SHEPTeTHICCKAME YPOBHAMM .

[TockosibKy MBI paccMaTpuBaeM KBa/IpaTHbIE MATPUIIBI U
B CIJIy CBOHCTBA KOMMYTHUDYEMOCTH MATPUILLI ¢ cODOI, B
psijie CIIyvaeB, BKIIIOYasT NCCJIeLyeMblil, MOYKHO BO3BOIUTH A
MaTpuily 9 B CTelleHb, COBEPINAThL HaJl Hell ajaredpandecKue
omepaIu, BbIYUCISITh MHOTOUIEHBI OT MaTPUIIHI.
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[To obrmemy mpaBuy roMOMOPGU3Ma MOXKHO BbIOpaTh HaM-
6oJiee ipocTyio st noauManust anrebpy. (Fomonvopdusm B
KaTeropuu ajaredpamvdecKux CHUCTEM 3TO OTOOparKeHue ajreod-
pamueckoii cucreMbl A B B, coxpamnsiioriee OCHOBHBIE Ollepa-
[ ¥ OCHOBHBIE OTHOIIICHUSI. )

B mesoM, oT KBagpaTHON MAaTPHUIILI MOXKHO BBIYUC/ISATH CKa-
JpHble (DYHKIUKU IyTeM pasJiozkenus B psij Teiiopa, HO ¢
HekoTopoii crerudukoii [Manb6|, 182-183]. B Teopun ana-
muTHIeCKrX (BYHKIUH (T. €. UMEIOIUX IIPOU3BOIHYI0 KOM-
IJICKCHON IJIOCKOCTH M3 9€ro CJIeAyeT yIUBUTE/bLHBINA BbI-
BOJI 0 GeckoHeuHoi JuddepeHnupyeMoCcT aHAITUTHIECKO
dbyukmmn [Meii72]. W3BecTHO, 9TO psiJi OT KOMILIEKCHOT
IIepeMeHHO 00/1a/1aeT CBOMCTBOM CXOIMMOCTH Ha HEKOTOPOM
KOJIBIIE CXOAUMOCTH ¥ < |Z| < R Ha KOMILIEKCHO ILJIOCKOCTH
C [15, crp. 64|, 3a uckiroYeHwe MOTIOCOB.

Boraucium jrorapudy oT MaTpPHUILBI D c y2Ke KpPaTHBIMU
kopasivu (10.2). 3siech BbIOpaHbl B KavdecTBe Ha3uca pasiimd-
HbIe COOCTBEHHBIE /| KOPHEBbIE BEKTODBI, sIBJISIFOIIUECS TIPO-
CTBIMH YHCJIAMU U TIO9TOMY MaTpuiia Oy/IeT UMeThb OJI0THO-
JaroHabHBI Brl (MOPsiJIOK ciejioBanus Kjietok 2Kopaana
He cyiiecTBeH). Anasmrudeckas dbyukinusg F paboraer ¢ Kax-
JION KOPJIAHOBOM KJIETKOI OTJIEJIbHO:

F(D) = F1(D1) P F2(D2)- - - B Fi(Dy) (10.7)

(M3 3010 pasiozKeHus JIETKO ¢eIaTh BBIBOJ O BO3MOKHOCTH
[O-KJIETOYHOTO / 10-0JIOUHOTO CpaBHEHUsT (DYHKIIUT OT MaT-
pHIl, KOTOPBIil OyjeT ncroib3oBad Hizke). OT KOPIAHOBOI
KJIETKU BBIYUCIUTE JIOTAPUMM JIOCTATOYHO IIPOCTO, ITPUMe-
HUB paziioxkenne B psij Hoorona-Meprartopa (ps Teittopa
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A —%_. A
|

J’£ +!

B —X% B

Puc. 10.4: O6miee npasuiio ro-
MoMopdu3sMa HaJl ajarebpamu.
A=<A,¢>B=<B,¢y>f:
A — B)

[Masi56]: Massnes (1956), Oc-
HOBBI JINHEHHOH aarebpbl
[Mbrm72]: (1972),

Briciiasi Maremartuka crerm-

Mpbnukuc

aJIbHbIE KYPCbI
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JTst QYHKIME HATYPAJIBLHOTO JlorapudMa OT MATPHIHI):

(@]
o
—_
e}

Wt
Il
Il

1 A1 0 o0 0

0 1 At 0 0

0 0 1 A1 ... 0
A .| (10.8)

o o0 o o0 1 A
0O 0 0 0 0 1

1 Jlajiee IIpeICTaBUTh MATPUILy CIPaBa OT 3HAKa PABEHCTBA B
BUJI€ CYMMBI eIMHnIHO MaTpunbl I n maTpunsr G, Ha Juaro-
HAJIAX KOTOPOi HaxoxaTcs Hyaesble sHadenus: D = A(I+ G).
[TpuMeHnB XOPOIIO U3BECTHOE pas/iozkeHue Jjorapudma B psal
Teiiyiopa i cKaJIgpHO# 1TepeMeHHoi 1, ¢ yI4ETOM BO3MOXK-
HOCTH BBIYMCJIEHUsI aHajiora psaja Teilsopa, IPUMEHNMOro B
paBHOI Mepe Jist KOMMYTUpyeMbIX MarTpuri(bl) G nmeem:
2 3 4
mi+c) =S-S5 0 (9
1 2! 3! 4!

DTOT psji 0OOPHIBAETCA HA HEKOTOPOI CTENEHU, MOCKOJIbKY
JKOPJIAHOBA, KJIETKA SABJIAETCA HILILIOTCHTHON 1, OYLy Il BO3-
BeJIeHHasl B CTeleHb kK (pa3sMepHOCTh KOPJAHOBOM KIIETKH),
obpalaerca B HyJIEBYIO MaTpuIly. B pe3y/ibTrare JIErKO BBIYHC-
uTh 3aTpormio S = [nAl', myreM ycpeiHeHUsI 110 BCEM MUK-
POKAHOHMYECKUM COCTOSTHUSIM. BaKHO NPUHUMATH BO BHU-
MaHHe yCJI0BHE HOPMUPOBKH - CyMMa 110 BCEM BEPOATHOCTSIM
COCTOSTHHI UCCJIEIyeMO CHCTEMbI, 00pa3yeT MOJTHYIO T'PYIIILY
coObITHii. 3/1€Ch BEPOATHOCTH BhIPpasKeHa 3HAYEHUEM Ha Jha-
IOHAJIM CTATUCTHYECKON MATPUIIBI 2, OJHO3HAYHO CBA3AHHOIO
C BHEPrueil MUKPOCOCTOSTHUSE, CyMMUPOBAHKE MTPOU3BOINTCS
10 BCEM BO3MOXKHBIM MUKPOCOCTOSIHUSIM M Ha TJIABHOMH Jra-
FOHAJIH MATPHIBI D, PACTIONOKEHBI HEHYJICBbIC SHATCHH.
JlmHa 9TO IMaroHajM COCTABJISET YUCIO0 CMEKHBIX KJIACCOB
9KBUBAJIEHTHOCTH OT CTATUCTUIECKOI'O BECA U BBHIYUCIIAET-
cg ¢ nomompio dyukimn Jitnepa: ¢(I) = L = k+1+m
— 9TO YHUCJIO TPOCThIX coMHOXKUTe el B ABC-rumnorese cM.
dbopmyiy (4.1).



10 Jlumeitnble mpocTpancTBa

lnRaZ(abc) T

pudM OT TPOU3BEIEHUS Pas3/jaraeTcs B CyMMYy JIorapudMoB

HagasbHoe 3Hadenuwe sHTpOonmm Sy = ora-

U PaBHO YCPEJIHEHHOMY 3HAYEHHUIO OT CJIejia MaTPUILI SHTPO-
UK => JIeJIEHe Ha YUCJI0 HEHYJIEBBIX 3HAYEHH Ha TJIaBHOM
JIMaroHa/ M MaTpulbl 9 T.e. JauHa nenodku L B dopmyiie
(4.1). Ilycrb B MOMEHT BpeMeHHU t1 BKJIOUAETCsT BBIPOK/ICHIE
SHEPreTUYECKUX yPOBHEH, 4TO Ha A3bIKe ajareOpbl MaTpPHI]
O3HAYAeT IOSBJICHUEe KPATHBIX COOCTBEHHBIX 3HAYCHUNA —
KOpHEBBIX BEKTOPOB (10.3). DT0 MOXKHO pean30BaTh IIyTeM
«BKJIIOUCHUA» B XaPAKTEPUCTUICCKOM MHOIOUICHE, CTEIeHe
OOJIBITNX, YeM €JIMHUIIA:

1 10.10
L! 1+o(t—t)(ki—1) (10.10)

. E;
=L -+, (A - Ai)1+0(t—t1)(ki—1)
=1

a JaJiee OCTaETCsI IIPpUBECTU COOTBETCTBYIOIIYIO 9TOMY Xa-
PAKTEPUCTUIECKOMY MHOIOYJIEHY MATPHUILy K »KOP/IAHOBOI
dopme u B3gTH OT mosry4eHHoi Marpunbl Jgorapudm. [Tosc-

HHUM 3Ha4Y€HUE IIEPEMEHHDBIX!

» A; — Bce IIpPOCTBIE YHUCJIa — COMHOXKHUTEIN 13 L-psaaa
gquces Rad(abc), onm ke apisiorcs cobCTBEHHBIMI
SHAYEHUSIMU JINHETHOTO OTOOpaYKeHusl /| MaTPUILbI

» ki- 510 MOKazaresb crenenn u3 dbopmy.st (10.2), oj-
HOBPEMEHHO KPATHOCTb KOPHS U Pa3Mep i-0if KJIETKU
2Kopana JtmHEeTHOrO 0TOOparkKeHus

> 0 — curMouJaJibHast PYHKIUS aKTUBAIMU WM IIPO-
cro curmonia o(t) oHa MOXKeT ObITH NPUOJIMKEHa, 110
dopmyite m, r7le mapaMeTp V 3aJaeTcs U3BHE U
peryJimpyer IIaBHOCTh U3MeHEHHs, deM OoJIble 3Hade-
HUE V , TeM Kpyde «CTyIIeHbKa» B MOMEHT BPeMeHW f1.
Dta PYHKIMA 3/1eCh OlpeJiesieHa Ha JefiCTBUTe/IbHOM
ocu R

» E; - sHeprusi, B pacdere MUKPOCOCTOSTHHE 1. DTOT CO-
MHOKUTE/Ib B CTEIIEHU SKCIIOHEHTBI, JIeJIEHHbIA Ha TeM-
nepatypy T ompejesnser MJIOTHOCTh PACIPeIeIeHus]
BEPOSITHOCTH B 3aBUCHUMOCTH OT TaMIJIBTOHUAHA UCCJIe-
JYEeMOW CUCTEMBI.

Beime mocste dopmynbt (10.5) 6bL1 cestan BBIBOZ, O BO3-
MOYKHOCTH Pa3JI0KEHUN JIMHEITHOTO MPOCTPAHCTBA B MIPSIMYIO
CYMMY TOJIIPOCTPAHCTB, YTO O3HAYAET [IPUBEIEHIE MATPUIIBI
K 7KOp/1aHoBoit hopme. Jljist KaxK 101l KIeTKH - CBOI YHUKAJIb-
HbIit Koperb A;j. [lockobKy B mipejesiax Kax ol KOpIaHOBOI

. Oyuknuu or Marpur, | 143

ITockonbky B penenax KazkIon
2KOP/IAHOBOM KJIETKU COMHOXKU-
E:

Teb e~ T OCTAETCS OJ(HUM U TeM
K€, MOXKHO €r0 pacCMaTPUBAThH
KaK KOHCTAHTy U B PACCy K JCHH-
AX HUZKe COKpaTuTh. PopMmyia
saTponuu (8.2) mpocTo onepu-
PYET C BEPOSTHOCTHLIMY BeJIN-
YUHAMH.
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[C T05]: CT I'puropses (2005),
Maremaruka [Jisi CTYICHTOB
yUIpexIeHuit cpeaHero mpod

[Pox15]: Poxo (2015), Boamox-

HO Jda, BOSMO2KHO HeT. CDI/ILHep

CrarucTuyecknii BHIBOJ,

Ej
KJIETKU COMHOXKUTEJIb € T OCTaeTCdA OJJHUM U TEM Ke, MOXK-

HO €ro paccMaTpPUBATh KaK KOHCTAHTY U B PaCCY:KIEHUSIX
HuzKe cokpaTuth ("mo-kiaerounoe”/ "mobounoe" cpaBHerHue
MaTpuaHbX QyHKIWM). C MO3UIMN MKOIBHON (DU3UKHA MOK-
HO 3aMeTUTh, YTO MIPH U3YUEHUH 11/1eabHOI MarHbl KapHo
pacaer K.II./I. mpousBouTcst Ha OCHOBE BEJTMINHbBI %, KOTO-
pas sBisiercst auddepenimaniom saTponnn. CrenoBaTeabHO,
dopmyna (10.10), ¢ yuérom omnpejesenus suTporuu (8.2)
OIIEpUPYET C BEPOSTHOCTHBIMHU BEJIMYMHAMU, 9TO B CBOIO
ovepe/ib ABJIIETCS IUCTO MATEMAaTUIeCKUM ITOHATUEM, WC-
KJII0YAeT TaKyI0 HEIPUBBIYHYIO JIJIsi aireOpbl MaTPUIL BeJIU-
YHHY Kak Temreparypa (IocIeiHsst MOKeT ObITh Olpe/ieieHa
JIUTST UCCJIETyeMON CUCTEMBI U3 KAHOHUYIECKOT'O OIPE/IeIeHUsT
['n66ca myTeM B3ATUS YACTHON MTPOU3BOJIHON SHTPOIUU 10
SHEpPIun ).

Jlorapudwm oT craTucrudeckoro Beca

Oynknus (10.10) auddbepernupyema u MozkeT GbITH aHa-
JIITHYECKH [IPOJIOJIZKEHA Ha KOMILIEKCHYIO IJIOCKOCTb. DTO
3HAYNT, UTO C KaKJIOM YKOP/IaHOBOI KJIeTKOI OHa padboTaeT
oraeabno 10.7. JIerko BLIMUCIUTL MATPUYHBIA J0orapud.

Ecau TonbKo 9TO yIOMSHYTYIO MaTPHILy TPUBECTU K KOP-
JIAHOBOI (bopMe, B3ATH OT KaxKJIO0I'0 dJIeMeHTa Ha IJIAaBHOM
JIMArOHAJIA MaTPUIIHI JJOrapudM, 1 IPOU3BECTU YCPEIHEHHE
10 BCEM 3HAYEHUAM, TO IOJIyYUTCA 3HAUCHUIO SHTPOIIUU UC-
CJIEJIyEMOUN CUCTEMBI.

B camom neste, BuuMaTesnbHblit B3rAL Ha (10.10) BbIsaBiIs-
et opmysty (8.2) st HAXOXKEHHsT SHTPOIMU. YCPeTHEHNe
II0 BCEM MUKPOCOCTOSHUSIM JIOCTHTAETCS IIyTeM JIeJIeHNs Ha
ob1mee 4mcsio MUKpococTogumil. Kazkioe Mukpococrosnne
CUNTaeTCsd PaBHOBEPOATHBIM. lIpm BBIYMCIEHHEN cpegHero

3HadeHne JiorapudmMa OT MATPUII 3HAK MPOU3BE/IEHUS B
dopmysie (10.10) zamenurcs Ha cymmupoBanue. HemHOro
IPOMO3JIKIIT 3HAMEHATEh IPOOH TOCTe 3HAKA TPOU3BEIEHUS
B 9TOil bopMyJIe MO3BOJILET CJleJIaTh CHAYaJa yCpeHeHue
3HaYEHNs Jorapudma dJIeMeHTa Ha IVIABHOU JMaroOHaJIH 110
KazK/I0# KOP/IaHOBOIl KJIeTKe OTJ/IEeJIbHO C YIeTOM KPATHOCTU
(cTemenn) KaxKa0r0 coMHOKUTENsA. [0 pe3yibraraM Takoro
[IO-KJIETOYHOT'O YCPETHEHNSI COKPATUTHCS 1TOKa3aTellb CTe-
[eHU KarKJIOrO MIPOCTOrO YUC/Ia U3 MATPUIBL (M. pabouune
merozsl u Tabumst B [C 1'05]), [Pox15]. danee mpoBogures
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yCp€eJIHEHUE TI0 BCell TNAarOHAJIM MaTPUIIhI, T/e YHUKAJIHHOEe
3HAYEHNE KayKJIOI'0 IPOCTOTO UKCJ/Ia BCTPEUYAETCs JIMIIb OJINH
pa3, a BCero TakKhWX YHCeJ PaBHO UMCIYy MUKPOCOCTOSIHIIA.
[IpoucxomuT «pasMasbIiBaHUE» IIJIOTHOCTH BEPOSATHOCTH OT
olepalnny yCpeaHeHnsI 10 BCeM BO3MOXKHBIM KjieTKaMm 2Kop-
JlaHa M ¢ yIeTOM KPaTHOCTU KOPHEBOTO BeKTOpa Aj T. €. ero
BBICOTHI HJIH [TOKa3aTe/Isi CTEIIeHH IPOCTOr0 Ync/ia B (popMyie
ABC-runoressnl.

1551, Ea
S = —(lnw(A;)) = — Zwiln(wi) =1 ; El”()\i )e T
(10.11)

[Tpu agumabaTuvecKoM C:KaTUH/paciiupeHun oobem (haszo-
BOI'O IIPOCTPAHCTBA CUCTEMbBI U YCPEIHEHHbBI MaTPUIHBII
jorapudM OT HEr0 — FHTPOIIHS OCTAIOTCs MOCTOsTHHBIME. Co-
MHOXKHTENb e~ T KAMECTBEHHO HE MEHSET TYIABHOTO BBIBOJIA
COXpaHeHWe SHTPOIUU B PE3Y/IbTaTe aInadaTUIeCKOro m3Me-
HEHUSI MaKPOCOCTOAHUs crcTeMbl. [Ipn 9TOM cjies MaTpuIibi
D paBeH cyMMe CJIe/I0B 00beIUHEHHBIX MaTpHUIl. MOXKHO CO-
IIOCTaBUTH HavYaJIbHOEC 3HAYCHNE SHTPOIINU SO CO 3HAYECHUE B
MOMeHT BpemeHu t1+0 1 jjajiee BbIJIETUTh HEKOTOPhIE CTEIIeHN
¢BODO/IBI MCCJIEyEMOI CHCTEMBI OTIEIBHO. BhIIe paceMarpu-
BaJIaCh CUTYaIlnsl KOT/a KBA3UKIACCHIECKIM SIBJISIETCS He BCE
JIBUKEHUE CHUCTEMBI, & JINIIb JIBUKEHIE, COOTBETCTBYIOIIEE
YacTHU cTelneHen CBO6OﬂbI7 B TO BpeMd KaK IIO0 OCTaJIbHBIM CTe-
IeHsIM ¢BOOO/IbI JIBUZKEHUE SIBJISIeTC KBAHTOBBIM. [[0CKOJIBKY
SHTPOIINST COXPAHSIETCsT BO BpeMsl aInabdaTHIeCKOro MPOIecca,
MOXKHO BEPHYTH IOJICUCTEMY B MCXOIHOE COCTOSIHUE.

C mosunum mKoJLHOIO Kypca

Ipomosakyio dopmyry (10.10) u dopmymy (10.11), oc-
HOBAHHYIO HA 3HAHUSIX CTATUCTUIECKON (PUUKU, MOXKHO
3aMEHUTH ypaBHEHMEM aJuabaThl U3 ITKOJBLHOIO Kypca
(9.2), orpaHnmMBasich OOIMM OIMCAHUEM BBIPOKICHHBIX
SHEPreTUIECKNX yPOBHEH M COOTBETCTBEHHO MOSBICHUEM
JKOPJAHOBBIX KJIETOK, Pa3MepoM 6oJjiee eJIUHUIbI, 9TO Cy-
OIECTBEHHO YIIPOIIAET IIOHUMaHNe CYyTH J0Ka3aTeJIbCTBa.

Ncxonsg 3 packpbiBaemoro B [Ipuioykennn moHaTus CTaTu-
CTUYIECKON MaTPHUIlhl 2, MOXKHO COPMYJIMPOBATH ITPOCTOE
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MaTPAYHOE COOTHOIIEHWE B BAJE CJIECIYIONNX YPaBHEHUN:

Tr(D) = Tr(A) + Tr(B) + Tr(C) (10.12)
OYEBHU/IHOE W3 aHAJIN3a T[JIABHOW JIMArOHaJd MaTPHUILbI P
A0 O
OJI09HO-TUATOHAJILHOI'O BHU/IA ( 8 %3 g )

A crenyrommas popmysia 03HAYAET YCPEJHEHUE CTATUCTHYE-
CKUX TIEPEMEHHBIX C YIETOM BECOB CJIAraeMBIX (JJIMH JIHAro-
HaJsieit L = k + [ + m kaxjjoro 6j10ka MaTpuiisl .

kTr(A) N 1 Tr(B) N m Tr(C)

I % L1 I (10.13)

1 ~
ET?’(D) =

N3 mocieiHero BBITEKAET COOTHOIIEHHE MEXKy TepMUHAaX
cJIelaMy MaTPUIL U BeJTMIUNHAME SHTPOIINAN JIJIsT HCCIIETYeMbIX
cayqaitaeix A, B, C:

Tr(@(In))p = Tr(@(Inw))a
+ Tr(w(Inw))g + Tr(W(Ind))c
Sp=5a+Sp+Sc (10.14)

Yro mpocTo BhIparXKaeT CBONCTBA aJJIATUBHOCTU SHTPOIINN,
B YACTHOCTHU, TpU pasjesiennu nepemeHubix. [lo ycmoBu-
ssm ABC-rumnoressr A + B = C, BakHO MOMHHUTB, 9TO 110
[paBUJIaM CJIOYKEHUS JIUCIEPCHil CJIyUYailHbIX He3aBUCUMBIX
BEJIMYUH JINCIIEPCHUS CYMMBI PaBHA CyMMe JIUCIIEPCHIT, ITO
JINCTIEPCHUsT BCETJIa MOJIOKUATE/IbHa, =

max(Var(Sa), Var(Sg), Var(Sc)) < Var(Sz) = VarSg

(10.15)
BHaFO,[LapH 9TUM COOTHOIIEHUAM, IIPUHUMaA BO BHUMaHUE
CBOMCTBO aJIUTUBHOCTH SHTPOINH, MO INHEHTE HOPMAJIbHO-
My 3aKOHY (bJIyKTyaluu STON BEJIMIUHBI JIETKO HANTH BepX-
nee orpanudenne §(a,b,c) (em. pazmen 13). Ho mas sroro
HEOOXO/IMMO PACCMOTPETH OCHOBBI CTATUCTUIECKOl (PU3MKI
cM. [Ipunoxkenne 3.
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11 IlpousBosbabie A, B, C u kBaHTOBAas1

MEeXaHUuKa

[[TkosbHast TpOrpaMMa BKJIIOYAaeT B cebsd OCHOBBI KOMOUHA-
TOPUKU U TEOPUH BEPOSATHOCTEN, JIBUKEHIE MAATHUKA, YPaB-
HEHUs OCITUJIIISTOPA, OCHOBBI TEPMOIMHAMUKH, BHY TPEHHIOIO
SHEPTHIO, KOJTMYECTBO TEILIa, IEPBBIN 3aKOH TEPMOINHAMIKH,
uHTepdEPEHINIO BOJH, CIEKTD cUrHAIOB |Xap62|, pesonaHc-
HbI€ SIBJIEHUS, KOHIIETIITUIO KOPITYCKYJISPHO-BOJTHOBOIO JIya-
Jm3Ma, (poToHbl, siBjienne hoTodddeKTa, aTOMHbIE OPOUTAJIN
U CIIMH, IPUHIMI HeonpeesiernocTn [eitsenbepra [Mec7§|,
OCHOBBI J1a0OPATOPHBIX U3MEPEHUIl U MX IOTPENTHOCTH U
TakK JaJjee. - DTOT OOMUPHBIA CIUCOK MOHSITHI TO3BOJISIET
[IPOBECTHU AHAJIOTHIO MU3JIaraeMoro MaTepuasa CO IMKOJIbHON
IIPOrpaMMOil.

Mo2KHO coIoCcTaBUTh JUHEHHBIM OTOOpakeHusim A, B, 6
KBaHTOBO-MeXaHUIeCKyIo cucteMy. llepeiiieM oT eBKIIHIO-
Ba IPOCTPAHCTBO K I'mjib0EPTOBY. [ mib0epToBo mipocTpat-
CTBO, U3yYEeHHOE B IlepBoM Jiecatuierun 20-ro Beka J[s3Bumom
IMums6eprom, Dpxapaom [Ivuarom n Opumpkecom Pucom B
pamkax Teopuii auddepeHuaabHbIX YPaBHEHNN B YaCTHBIX
IIPOU3BOIHBIX U KBAHTOBOI MEXaHUKM, MOXKET ObITh 00bsiCHe-
HO TIIKOJIbHUKAM C ITO3UIMH OCHOB PAJIMOMU3NKHU, YPABHEHHIT,
ONUCBIBAIOIINAIN PACIIPOCTPAHEHUE JJIEKTPOMATrHUTHON BOJIHDI,
siBJICHUE WHTEPMEPEHITNN.

12 Anasnorun ns cucrem JIJIV

NuTepecHo ciaenaTh HEKOTOPHIE aHAJOTHU M3JI0KEHHOTO B
[Ipunokennn 2 KBAHTOBO-MEXAHUYIECKOTO OJIX0/IA C CHCTe-
Mamu JinHeiRHbIX Juddepeniuaibabix ypasaenuit (JIIVY).
[Iycrb ramMuibToHIAH (HATIOMHHUM, YTO 9TO aHAJIOT TEOPEMbI
0 KUHETUYIECKOW SHEPIuu, U3ydaeMoil B IIKoJe, HO B 0000-
MIEHHBIX KOOp/uHaTax) H uccieyeMoil cucTeMbl SIBHO He
3aBHUCHT OT BPEMEHH, TOIAa B Neii3eHOePrOBCKOM IIPE/ICTAB-
JIEHUN JIJIsI OITUCAHUST 3TOTO MMPOCTOTO CJIyYas MPUMEHSIeTCsI
ypaBHEHUE:

inp = Hy (12.1)

[Xap62]:  Xapresuu (1962),
CrekTpbl U aHAJIN3

[Mec78]: Meccua (1978), Ksan-
TOoBasd Mexanuka. Tom 1.
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[3en02]: Benesunckuii (2002),
Jlekmuu 1m0 KBaHTOBO# bu3NKe

[©ep00]: @epmu (2000), «JIek-
MU 110 KBAHTOBOH MEXaHUKE. >

[Mprmi72]: - Memnkue  (1972),
Bricmrag MaTeMaTHKa CIENd-
aJIbHBIE KyPCBI

YHUTAPHBIH OlepaTOP KOHEYHOTO CJIBUTA BO BPEMEHH OIPE-
nensercs no dopmysie [3es02], [Dep00]:

U(t) = e'H/n (12.2)

[Tpeobpazosanue l?[(t) nepesoaut Bekrop Y(0) B P(t) coemy-
IOIIUM 0OpPa30M:

w(t) = Uy (to)
Y(to) = UM OP(E) ... p(to) = UH(H)y(t) (12.3)

PaccmoTrpum cucremy muneitnbix uddepennuaabubix ypas-
HEHUIi, BRIPAXKEHHYIO B MaTpU4IHON (hopme:

y = D(t)y (12.4)

rie D — 6JI0YHO-IHaroHaIbHAsT MATPHUIA JIMTHEHHOTO 0TOOpa-
JKeHUs1, B 00IeM ciiydae 3aBucsiiias oT Bpemenn t. [lo yeo-
BustM ABC-runoressl Bce coOCTBEHHbBIE 3HAUYECHUS HE PABHDI
HYJIIO =>> MaTPHIA HEBBIPOXKIEHHAsI, a BCe €€ cOOCTBEHHBIE
sHadeHus pasandanl detD = Ay, Ay, ...A;, HaYaIbHBIA 00b-

Rad(abc)
em daszoporo npocrpancrsa I'g = —;—. Ha nnaronassx

OJI0YHO- TUArOHAJILHOM MaTPUITHI P PacCIOJIOXKEHBL 3JIEMEH-
THI, TJie K - pasmep KOP/IAHOBOI s49eilKu, Ha JIUAroHaJsIsdX
MaTPHUIBI pacrosiozkena anajuruaeckas gpyukmus (10.10) ¢
apaMeTpoM, yUUTHIBAIOMIUM a/inabaTuIecKue N3MEHEHUs B
cucreme D.

PaccmoTpus by HiaMenTaibHy o MaTPUILY CUCTEMbI JIMHel-
HBIX (D depeHnna bHbIX YpaBHEeHUH Y ¢ OIPe/Ie/INTe b
Bponckoro W = detY(t). Cornacuo reopeme JInysuiis-
Ocrporpasickoro [Merm72] [15, naparpad VIII (18)]:

t

W(t) :W(to)exp/ TrD(t)dt

T
---l_[Ai:exp/ TrD(t)dt (12.5)
0

1



12 Anajornm us cucrem JIJIY

B momenT Bpemenu f; KpaTHOCTH KOpPHEH yBEJIUYIUBAETCH,
4T0 PUBNUECKH COOTBETCTBYET BHLIPOXKIEHHBIM SHEPIreTHIe-
CKHUM ypOBHHM CHUCTEMbI, HO CJIe]] ManI/IHbI 10, I/IHTera.HOIVI
ocTaeTcs IOCTOSHHBIM. Bimskast o cmbicity dopmyia Haii-
JleHa JIJTs OIpee/InTe I MOoJabCKoro dpuiocoda n Marema-
TrKa BpOHCKOTO0, y106HOTO JIJIsT HAXOXKIEHUsT TPOU3BOIHOMN
BEKTOP-(PYHKIMH B CHCTEMe JIMHEHHbIX JuddepeHnpuabHbIX
ypasrenuii suga (12.4)).

[IpuBesennbie MaTeMaTu4uecKue (popMyJibl PACKpPBIBAIOT (hu-
BUYIECKHUIT CMBICT (a30BOr0 IPOCTPAHCTBA U CJI€Ia MaTPUIIBI
B Teopuu OOBIKHOBEHHBIX (P DepPEeHITUATbHBIX YPaBHEHUI.
AmabaTuyecKuii Ipoece U IMOCTOSHCTBO SHTPOIMH UI'PAIOT
BaKHYIO poJib. C 910il mos3urun (hopMyIIbl I HAXOXK IEHUST
obbeMa Ga3oBOro IIPOCTPAHCTBA U SHTPOIUU CUCTEMBI HUMEIOT
AHAJIOT B TEOPUU CHUCTEM JIMHEHHBIX anddepeHuaIbHbIX
ypaBHEHUI, KPATKO BbIPAXKEHHOI B MaTpPUYIHON (hopme.

[Ipomonkaem ps mpuMepoB. Pacemorpum yH1aMeHTa b
HYIO0 MaTpuily (T.e. COCTOSIIYIO U3 JINHEHHO HE3aBHCHMBIX
BEKTOPOB periernii (12.4 cucreMbl Jjist KOTOPOii JefCcTBYeT
IIPOCTOE COOTHOITIEHHE:

Y(t,0) =1
Y(t,t2) = Y(to, t1)™" (12.6)

dJI0Ke B M3BECTHOI TeopeMe JI0Ka3aJjl, YTO I IIepUO/IU-
Jeckux cucreM ¢ 1epuogom T (B cMbICjie BpeMeHH, a He
TeMIIepaTyphbl):

Y(t,0) = ®(t)exp(tM) (12.7)

CobcTBeHHbIe 3HAYCHUS UMEHYIOT MYJIbTUILINKATOpaMu 1-
IepuoImIeckoil cucreMbl. Vcxo/ist U3 cKazaHHOTO BBIIIE, B
HallleM CJIydae BCe 9TH MYJILTUILINKATOPBI MO MOJYJIIO He
GOJIbIIIe eIMHUIIBI CM. BTOPYIO YacThb hopmysst 12.5). [locres-
Hue JBe POPMYJIbI COOTBETCTBYIOT YHUTAPHOMY OIEPATOPY
KOHEYHOro ¢jiBura Bo Bpemenu (12.3). rue ®(t) nepuogude-
ckasg QpyHKIHA ¢ nepuojgom 1.

Nmerorest u ipyrue anajiorun (gaszoBoro npocrpancrsa W —
I' u surpormu Tr(D(7)) — S. O6paTuTe BHUMAaHME, 9TO MAT-
puibl 6eCKOHEUHbI U IpHUBeIeHbl K dhopme ZKopaana, pac-
cMaTpuBaeMas CUrMouIaabHast QyHKINs aKTUBAIMN BKJIIO-

149
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JaeT/BBIKJII0UaeT KPATHOCTH KOPHE( u obecriednBaer mpeob-
pa3oBaHKe TOJIBKO YUTO YIOMSHYTOW MATPHUIIHI.

Bosuukaer Botpoc, 1moduemMy Obl He 3allMcaTh IIPUBEJIEHHbIE
BBIIIIE€ YPABHEHUA C IIO3ULNUA AHAJUTUYCCKON MEXaHUKU IIPU
nccae0BaHuu (Pa30BOro MPOCTPAHCTBA U SHTPOINH JINOO UX
aHajIoros? B eficTBUTEILHOCTH, /I PEATbHOIO (DU3UIECKO-
ro 00beKTa MPAKTHICCKN HEBO3MOXKHO CTPOTO BbIJIEpzKaTh
ycyioBus ajuabarndeckoit n3ossdiun. CKOJIb yTOIHO MaJIoe
HapylleHue 3TOr0 yCJIOBUA O3HAaYaeT BOZHUKHOBEHUE MAJIbIX
CJIy4alHbIX BO3ACHCTBUM, 10 OTHOIIEHUIO K KOTOPBIM MeXa-
HUYECKHE TPACKTOPUU HEYCTOWYNBBI KaK B OOBIYHOM, TaK U B
dazoBom mpocrpancTse. CreJcTBHEM HEYCTOWINBOCTH B (u-
3UYECKOi cucTeme OyJIeT JUHAMUYECKHI Xaoc, 9TO PUBOIAT
K {BJICHHAM IIepeMeIllnBaHns 1 3a0bIBaHUs HaYaIbHBIX YCJIO-
BUil 1 (PaKTUIECKN O3HATAET IIePeX0oJ] K CTATUCTHICCKOMY
ormcannio. CII0KHBIE BOIIPOCHI SPTOJIMIECKOIl TUIIOTE3bI, BbI-
XOJIAT NAJIEKO 3a paMKax IIOCTAaHOBJIEHHOI'O UCCJIEJIOBAHUS.

13 OuykTyamun

Host V bopmyier (4.1) cymiectByer 1esbiit Kiace dusmdae-
CKHX IOJCUCTEM: UIeasbHble Ta3bl, PACTBOPHI, KOJIeOAHUsT
KPUCTAJJIMIECKON PEIIEeTKN ¢ KBa3zudacTuiiaMu — pOHOHAMM,
U Tak Jiajee, TJie peaan3yoTcs U3JI0KEHHbIE BBIIIE T0/1X0-
npl, 1 ABC-runoresa TpuBuabHO JTIOKA3bIBAETCA C MTO3UIIAN
B3IJIsi/1a HAOJIIOIATE ST U3 MUKPOMUpA.

Yemy cOOTBETCTBYeT MOKa3aTe/Ib KauyecTBa TPONKU ( MJTH
OTKJIOHEHUs OT U3JIOYKEHHBIX TPUHIUIOB? YTOOBI OTBETUTH
HA 9TOT BOIIPOC, 0OPATUMCH K MOJTHON CHCTEME, BKJIIOYATOIIE
UCCJIeTyeMYIO MOJACUCTEMY U (DIyKTyallnuu.

C yueroMm paccyzkJieHnii Boiie u (popMyJibl CaeayeT HalTu
MTOJIXO/ISTIYI0 UHTEPIPETAIINIO TTOKA3aTe/F0 KAa4eCcTBO TPONKU
q(a,b,c,), 3anaBaemoii depes HenpepbIBHYIO auddepeHnn-
pyeMmyto QYHKIHIO § BEPXH:AsS I'PAHAIA KOTOpoi 9.3 acuMII-
TOTHYECKU PUOIMKACTCI K TEPMOJITHAMIICCKUM OIICHKaM
[IPOU3BEJIEHHBIM B 9TOU IJIaBe, M TeM TOYHee, YeM OoJIbIle
3HadeHne suTponuu 9.1.

(B repmomHaMuKe OMEPUPYIOT UHUCIOM MOJIEKYJI, TOPSIJI-
Ka 9UCJIY /TOCTOSTHHON ABOTaIpo - YHCIa 9acThIl, CoeprKa-
IIUXCS B OJHOM MOJIE JIFOOOTO BEIeCTBa 6.0221023). Boub-
IITHCTBO M3BECTHBIX IMPUMEPOB OTHICKAHUS TPOEK YUCE C



UCIIOJIb30BaHUEM CYIEPKOMIILIOTEPOB U PACIIPE/ICJICHHBIX BbI-
YUCJUATEJIbHBIX CeTel T. H. «XOPOIIUX TPOEK>» [ABC] cqg>1
upessbimaomux eumuiy (q(a,b,c) ~ 1.4), no sru GosbIre
CHOPTHUBHBIC, Y€M Hay4YHbIC PEKOPIbl COCTABJIAIOT IIOPAIKA
OJIHOI JIeCATU THICAYHON OT IHOCTOAHHON ABOraJipo.

[Tosrarast BepxHioo rpaHuiry npu 6osbimux N, mesrecoobpasnee
3aMEHUTH CJIOBO «KadecTBO» i §(a,b, ¢) cooTBeTCTBEHHO
onpe/ieJieHHOI HaMK (QYHKITUH § Ha OOIIEHPUHATOE B TEOPHU
omuboK «jedeKT» 1o popmysie DIyKTyallmu OT CPEJTHETO
3HAYEHHS UCCIIeyeMOI CHCTeMbI, O0beINHSIIONIEN OICHCTe-

Mmel A, B, C.

Cornacuo 10.15 nokazaresib jgedekTa UCcaeyeMoil CucTeMbl
JABC, OyJeT 3aBeZjoMo Ooiblne § < ABC = AS—S 1 TIOCJICTHAS
OTpaHMIHUBAIONIAsT CBepXy (DYHKIUS OyJIeT UMEeTh HOpMaJTh-
HOE PacCIIpe/ie/IeHne B CUJIy 3aKOHA OOJIBIINX UUCE]I, 8 TaK¥Ke

CBOICTB aJIAUTHUBHOCTH SHTPOINH.

[HenTpasibHas npeaeabHas TeopeMa,

NsBecTHO, 9TO HOPMAJIBLHO PaCIpee/IeHHbIE CIIydaiiHble
BEJIMYMHBI TITUPOKO PACIPOCTPAHEHBI Ha MPaKTUKe. deMm
9T0 00bsicHsieTcst? OTBET Ha 9TOT BOIPOC OBLI JAaH BbI-
JarormMes pycckuM MaremMatukoMm A. M. JIgmyHOBbIM
(meHTpasibHAST TIpejieibHas TeopeMa) @ eCJI CJrydaiiHast
BesimanHa X TPEJICTABIIAET COOON CyMMY OUYeHb OOJIBITIONO
YHncCJ/ia B3aMMHO HE3aBUCUMBIX CﬂyqaﬁHbIX BEJINYINH, BJINA-
HUe KaxKJI0#l U3 KOTOPBIX Ha BCIO CYMMY HHYTOXKHO MaJio,
1o X WMeeT pacipejieieHue, OJIU3Koe K HOPMAJTbLHOMY.
[[my23]

J1J1st M30/IMPOBAHHON TTOJICUCTEMBI HE YMECTHa, caMa IOCTa-
HOBKa O (QJIyKTYAIlUU SHEPIUU, SHTPOIUU, TEMIIEPATYPHI,
YUCJIa YACTHI] U JIPYTUX TEPMOIUHAMUYECKUX TTapaMeTPOB -
FOBOPUTH O (DJIyKTyallnu MOKHO JIMIIb PAcCMaTpPUBasi CHCTe-
My B niesiom. [lycThb ompesiesiena paBHOBeCHAsT SHTPOIUS TeJIa
S(E, V), kak dbyHkus ero (CpejHUX) SHePruu u obbema.
Bynem nmonnmars most uryKTyarmeit SHTpOINN U3MEHEHHe
dbynkuun S(E, V), pacemarpubaemoii popMaibHO, Kak (hyHK-
Ul OT TOYHBIX ((PIYKTYHUPYIOMINUX) 3HAYCHUIN SHEPIUuu U
obbema. M3BecTHO, YTO BEPOATHOCTD (PJIYKTYAIIUA B CUCTEME
[IPOIIOPITMOHAIbHA SKCIIOHEHTE ¢ OTKJIOHEHUEM SHTPOITAN:

w = et (13.1)
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[ABC]: ABChome (), Bosonrep-
cKasl ceThb moj, HazBanuem ABC-
home mocsimen pacipeesieH-
HOMY BBIYHCIUTEHHOMY MTPOEK-
Ty, KOTOPBI TOJ?KEeH OBLI CO-
CTABUTH TOJIHBIN CIUCOK BCEX
tpoek ABC, cocrositux u3 1ie-
JIBIX 9HCEJI, COCTOSIIIX MaKCHU-

MyM u3 18 mudp.

[[my23]: Imypman (2023), Teo-
pHsl BEPOSITHOCTEN U MaTeMaTh-
YecKasl CTATUCTUKA : YIeOHUK
st Bysos / B
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[A.M.
JIanynos|Asekcanp

Muxaitiosuy JIamynos
(1957-1918) — pycckwmit
MaTeMaTUK ¥ MEeXaHUK.
OCHOBOITIOIOKHUK TEOPUU
YCTOWYUBOCTH PABHOBECHS
U JIBUZKEHUS
MEXaHUIECKIX CUCTEM C
KOHEYHBIM YHCJIOM
napameTpoB. Takxke
paboTaJ B obJiacT
JnuddepeHImabHbIX
YPaBHEHU,
TUPOIMHAMUKY, TEOPUU
BEPOATHOCTEH.

[[Tar02]: Tarmay (2002), Teope-
tgeckasg Puzmka B 101. Towm 5.
Crarucruueckass Ousnka.

[C T05]: CT I'puropses (2005),
Maremaruka sl CTYIEHTOB
YUIPEXKIEHUH CpeaHero mpod
[Xyn70]: Xyzncon (1970), Craru-
CcTUKa it (PU3UKOB

[[my23]: Tmypman (2023), Teo-
pusl BeposTHOCTel U MaTeMaTu-
Jeckas CTATHCTUKA | yIeOHUK
Jutst By3os / B

3/1eCh MMeEeTCsl BBUJLY SHTPONNS CUCTEMBI B 1ejioM cM. 10.12
- 10.14.

s navasa HaitjieM cpeiHUi KBaIpaT QpIYKTyallul TUCIa
JacTHUIl OOBITHOTO HJICAILHOIO Ta3a, HAXOIAIIUXCA B HEKO-
TOPOM BBIJICJIEHHOM B T'a3€¢ OTHOCUTEIHHO MaJioM OObeMe.
Ncxons w3 paBHOMEPHOTI'O pacipejie/ieHnsi MOJIEKYJT ra3a 110
BceMy o0beMy Vp U yCJIOBUIT O MAJIOCTU UCCJIEyeMO T10/1-
CHACTEMBI B CPABHEHUU CO BCEU CUCTEMON % < 1 xkBajgpar
durykTyanmy duciia 4acTull B mojcucreMe (TOYeK B MHO-
roobpasun ¢azosoro npocrpanctsa 1") ompejensiercs 1o
dbopmymam [/Tan02] dopmyna 113.1:

((ANRY2
N

((AN)*) = N;... (13.2)

Otrnocurenbraas GIIyKTyaIys 9ucia 9acTHI[ paBHa 00paT-
HOMY KBAJ[PATHOMY KODHIO M3 CPEJHEr0 YHCJIa YaCTHUIL. -
Cpasaure ¢ $hOpMyIaMu TEOPUU BEPOSITHOCTEl 1 MaTeMa-
tuaeckoii craructuku [C I'05], [Xya70]. Ucxons uz cpei-
HEro KBa/[paTa IacTh B 3aJIaHHOM O0ObeMe ra3a HaXO/UTCsI
raycCoBO PACIpe/ieieHne BEPOSITHOCTU (DIIyKTYaIUu TUC/Ia,
JaCTHIL:

_ N2
w(N)dN = ;_exp —M dN (13.3)
V2N 2N

s mastbix 3uadennit N ymoouo npumensaTs opmysty [lyac-
COHA, U3BECTHYIO U3 MATEMATUIECKON CTATUCTUKU.

NNeN
N!
B unTepecytormem Hac ciydae (BbiIeaeHHbIH 00beMm) V < Vy

Wy, = (13.4)

(MCXOHBIN 06BEM) YUCIO0 YACTHI] B BBIJIECIECHHOM 00bEME XO-
TdA U MOXKeT 3HQYUTEILHO OTIMYATbLCA OT CBOEr'O CPEJIHEro
3HAYEHUs, HO IPEJIOJIaraeTcd MaJIbIM 110 CPaBHEHUIO C II0JI-
HBIM 4mcIoM dactul B raze. C yuerom dopmysier CTup/Hra
n! = V2nn (%)n dopmymna (13.3) mepexoaur B dopmyy
(13.4) mpu MaJIBIX OTKJIOHEHHSIX.

Kacasce Bonpoca o diryKTyarmyuy SHTPOINH, 3aMEeTUM CJle-
ayioree. Coryacuo Teopeme Hebbimésa [['vy23], rinasa 9.3)
IPU HAJIMYUHU JOCTATOYHO GOJIBIIOTO YUC/Ia HE3aBUCUMBIX



CJIyYalHBIX BEJIUYUH C OIPAHMYCHHBIMU JTUCTIEPCUAMU COObI-
THE MOXKHO CUUTATh IPAKTUYCCKN HAJIC?KHBIM, YTO O3HAYaeT,
YTO OTKJIOHEHHE CPEJIHETO apuPMETHIECKOTO CJIYYailHbIX
BEJIUYNH OT CPEJHEro apudMeTHIECKOro MX MaTeMaThude-
CKUX OYKUJIaHUii OyJIeT CKOJIb YIOJIHO MaJIbIM 110 a0COJTIOTHOM
BCJIMYUHE YCJIOBUA.

B cuty Teopembr YebObIméBa, MeHTPAILHON MPEJIEILHON TEO-
pembl JIsgnyHoBa u cBO#ICTBA [ TATUBHOCTU SHTPOIUNA MOXK-
HO IpUMeHUTH [ayccoBo pactpejesenue BepograocTr (13.2
-13.4) nyist parykryaruu suaTporuu AS = ﬁ " MaKCUMaJTbHO-
ro 3HaYeHns PYHKINN §Apc 0003Ha"YaeMoro Kak Agagc,,,,- B
caMoM Jiejie, KOJUIeCTBO YACTHUIl B ra3e, PABHO KaK U SHTPO-
7Sl ABJIAIOTCA &IUTUBHBIMU BEJTMINHAMUI W NHTETDATAMI
JIBUZKCHUS, TIO9TOMY OHH JIOJIKHBI OIMCHIBATHCS aHAJIOT U Y-

HBIME (DOPMYJIAMU.

JlocTaTo9HO MBICJIEHHO ITOCTABUTD SKCIEPUMEHT 110 pasjieie-
HHUIO UCXOAHOI'O COCY/Ja Ha N MaJIbIX 9KBHUBaJICHTHBIX COCY/I0B,
1pu 3T7oM N — 3T0 J0CTaTOYHO OOJIBIIOE THCJI0, HO 3aBEJI0MO
HAMHOT'O MEHbIIIee, YeM 9KhCJIO0 ABOTaapo U IUCIO MOJIEKYJI
B cucreme. Torga BMECTO CpeHero 9ucjia 9acTul] B op-
MyJiaxX JIJIg OIeHKH (DJIYKTYalluld BBIIIE MOYKHO ITOJCTABUTD
SHa4Y€HUue SHTPOIINU.

Bormpoc o mioTHOCTH paciipeiesieHnsi MPOCThIX YUCET OCTa-
ércst B Hayke oTKpbITHIM [[Ipal. Bmecre ¢ Tem, MoxkHO BBe-
CTH CJIydaifHy1o (pyHKINIO §ABC, NOIINHAIONLYIOCH 3aKOHY
HOPMaJILHOI'O paclpejie/leHus, KOTopasd OrPaHUYUT Hellpe-

peiBiyio u guddepennupyemyio §(a,b,c) cepxy s go-
.. Rad(abc) .

cTaToHO GosbIuX 3Havennii ——. IIpousseném onenku

CPE/IHEKBA/[PATUIHOIO OTKJIOHEHUSI ABC /IS CHCTEMBI, B

11EJIOM, OO UHSIONIEN TTO/ICUCTEMBI:

) (<(AS)2>)1/2 ~ 1 N \/ L
Ogasc = 3 - VS, ~ N (In(Rad(abc)))

(13.5)

Berie 6b110 ckazano 9.4, 9ro J rpajineHT HENPEPBIBHOM
u auddepennupyemoit dynkunn grad({) na Beeit obiactu
onpezenenud § : M — R. Dtor rpaauent ne obpamraercd B
OeCKOHETHOCTD U npuparienne Af MOKeT ObITb OrpaHIYIEHO
CBEPXY HOPMAJILHO PACIIPEJIeJIEHHON cirydaiinoil byHKImeit

(JABC-
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Puc. 13.5: IladuyTuit JIbBoBuu
Yebbimén (1821-1894) — pyc-
CKUIl MATEMATHK 1 MEXAHUK, OC-
HOBOIIOJIO?KHUK II€T€POYPreKOit
MaTEeMaTUIeCKOH IIKOJIbI, aKa-
nemuk [lerepbyprckoii akae-
MWW HayK ¥ emeé 24 axaJiemMuii
vupa. HeObIéB momyauia hyH-
JAMEHTAJIbHbIE DE3yJIbTaThl B
TEOPUHU YHCeJI

[[Ipa]: IIpaxap (), Pacupenese-
HUE IIPOCTHIX YUCEJI
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[depl0]:  Hep6umup (2010),
IIpocrast onep:xkumocts : Bep-
mxapya Puvan m Benmuaiimrast
HepeleHHas 11pobjeMa B MaTe-
maruke / JI. Hepburmp ; T:xon

Hepburup ; mep

J11s1 onieHKHN BepxHeil IpaHUIbl MAKCUMAJIbHOTO OTKJIOHEHUS
AgaBc,,,,, MOKHO IIPUHSITH BO BHUMAHHE JUCKPETHBIH Xapak-
Tep (ha30BOro MPOCTPAHCTBA U IPUHITUI PABHOM BEPOSITHOCTHU
MUKPOCOCTOSIHUIA, & TaKkKe ycJaoBre HopMupoBku (6.5).

Definition 13.1 MakcnMaabHOMY OTKJIOHEHHE AJABC,,..
COOTBETCTBYET HaUMEHBIIEMY 3HAYEHUIO BEPOATHOCTU @
HAXOXKIeHUsI 00bEKTa B UCCIEyeMOM MUKPOCOCTOSHUM.

B cBoro ouepe/ib, BEpOATHOCTH TAKOTO MUKPOCOCTOSTHUS OIIPe-
JesdeTcd JIMITb 3HaYeHNsIMA Ha TJTABHOW JTUaroHaJii CTaTH-
JecKuil MaTpuribl. Beero Takmx sjaeMenToB L, B pe3ynabrare
nMeeM: Wyin = % x % N3 mnopmaabHOTO pacipeieeHus

[aycca mmeem:

2
1 1 Aqgagc
— = ——exp _67_2 (13.6)
L 210 20
Paspemras ypaBuenue (13.6) U TIpejrosaras, YTo BbIpakKeHne
10T, 3HAKOM KOPHS ITOJIOKATEIHHOE, HAXOUM:

L
AqaBC,,, = 0+[2In— (13.7)

V2mo

Pezynbrar anrebpandeckux rmpeodpa30BaHuii, B KOHETHOM
c4€Te, BBIXOJUT TPOMO3IKUM, HO MOXKHO ITPOU3BECTH OIEHKY,
JIOCTATOYHYIO /11 JoKasareabcrBa ABC-runoressr. Heckoub-
KuMU ab3anaMu HuzKe OyJeT BBITOJTHEH YHCIAEHHBINA SKCIepU-
MEHT - mHTerpaTop 1o Meroxy Mounre-Kapsio n npusejiena
FUCTOTPpaMMa HOPMAJIBHOTO PACIIPE/IEIEHUS.

MaxkcumaapHOe OTKJIOHEHUe CiIyJaifHON (DYHKIUH ABC =
JABC,,,, COOTBETCTBYET HAMMEHbIIIEH BEPOATHOCTH. 3aMEeTIM,
gro L < m(Rad(abc)) dynknun Puvana 7. 910 yTBEp:K Ie-
HUE IIPOCTO KOHCTATUPYET, UTO JIJIMHA, IICIIOYKHU U3 Pa3/Iind-
HBIX [IPOCTHIX 4ucest B dopmyste (4.1) He mpeBocxoauT 06-
IIero 9rc/ia MPOCThIX YHCes, He npesocxoidmux Rad(abc),
onpejiesisiemoro dyukimeit Pumana [/lepl0] or pagnkana
npoussenenus A, B, C.

Onenka 1(x)

[Mosicaum, aro dynkuusa Pumana 1(x) onpepensercsa Kak
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YUCJIO0 TTPOCTHIX YHCE/I, He MPEBBIIIAIONIEe MEI0e TUC/IO X.
Yeopimé B 1851 - 1852 rojax Jiokasasi, 9To €CJIM CYIIe-
CTBYeT IpeJes, TO OH JOJIXKEeH ObITh paBeH €IMHUIIE:

Tty o = 1 (13.8)

In(x)

N3 4ero ciemyer BBHIBOI:

L 1
Cdasc = N In(Rad(abc)) < JRad(abc) (13.9)

DT0 COOTHOIIIEHKE TeM CTPOKe, YeM HoJibiie 3Hadenne Rad(abc).

B obriem ciydae 1 HOPMAaJIbHOTO PACIPEJIC/ICHUS TLI0T-
HOCTbH pacIpejiesIeHUsI BEPOSITHOCTH OTIpeiesisgeTcss (hOpMyIoit

[Caiy23]: [[my23]: Tmypman (2023), Teo-

pHsl BEPOSITHOCTEN U MaTeMaTu-
9JecKasl CTATHCTHKA : yIeOHHK
Jutst By3oB / B

A <20 (). o)== [ eFa
ABCpoy < €| = (—) x:—/ e~ 7dz
! o V2m Jo

(13.10)

Ncxons usz jymmnb! nernodku popmyibl 4.1 paBhoit L, u 3Ha4e-
HUIA AGABC,,qy, OTBIIIEM COOTHOIICHUE MEKy MUHUMAJIbHBIM
sHadenueM JUMHbI Henodkn B 4.1 u Rad(abc), upu KoTopbiM
cKasbIiBaeTcsa (paKTop JAUCKPETHOCTU (ha30BOr0O IIPOCTPAH-
CcTBa:

1 +/Rad(abc) AqABCZ
—=——exp|-————| =
L '\/27’( 202

A 2
L/Rad(abc) = V2mrexp (ﬂ)

(13.11)
202

DopmyJia BO BTOPOiil CTPOKE OIPEIEIACT YCJIOBUA, IIPU KO-
TOPBIX CKa3bIBaeTCs PaKTOP JUCKPETHOCTH (Da30BOrO IIPO-
crpancra 13.6. Crpasa crouT GpICTPO Bo3pacTaiomas QyHK-
ouse, KOTOpad JIETKO IIPEBBICUT 3HAYCHHEC IIPOU3BEIACHUNA V
comuozkureneii ciesa Ly/Rad(abc), aro ¢ yuérom oneHkn
CPeIHEKBAAPATHIHOIO OTKJIOHEeHUA 13.9 03HAYaeT NCIE3HO-
BEHME MCKOMBIX TPOEK IO Mepe HapacTaHMs OIpeIeIEHHOM
Boitre sarpornuu 9.1. BaskHo MOMHHUTH, 9TO 13 (HOPMYJIBI
9.1 u 13.9 cnemyer sKcrnoHeHIMaJbHBIN poct rad(abc) 1o
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Puc. 13.6: rta rucrorpamma mir-
JIIOCTPUPYET JUCKPETHYIO IIPU-
pony $a30BOro MpOCTPAHCTBA
IJId UCCJIleayeMOil TpOUKHM d4u-
cen ABC. B cayuae g(a, b, c) >
JABC,,,, HE CyIIEeCTByeT HHU OJ-
HOIl TPOHKH, YJIOBJIETBOPAIONIEH
ABC rumnorese.

OTHOIIIEHUIO K JIJTUHE TEIMOYKU MPOCThIX uuces L B dpopmyite
4.1.

N3 cka3aHHOIO JIEI'KO JI0Ka3aTh, 9TO JJId V Halepé 3a1aH-
HOI'O € CYIIECTBYET TOJBKO KOHEUYHOE UNC/IO0 TPOEK UHCeI,
7t Kotopeix §(a,b,¢) = § < qagc,,, — € (He cremyer 1y-
TaTh IIPOU3BOJILHBIN 3aJlaBacMbIil ITapaMeTp € ¢ dHepruei
OJIHOI MOJIEKYJIbI, ODO3HAYaEMOIl BBIIIE TOM 2Ke 6yKBOI71!)

3911(0117/ C) = ‘7 > qABCmux’

15

10
| I|I|‘||“‘|l|“‘lll
.III |I|I|
o 10 15

20 25 A0

Moxkuo cpaBanth ¢ ABC@home mpoeKToM 3T HECJIOXKHBIE
orerku. Huke mpuBegeHa rucrorpamMmMa KadecTBa TPOEK (
OT YHUCJIA JIECATHIHBIX pa3psioB B unciax ABC.

B IIpoekre ABC@home rosopurcs: Crimcok T. H. XOPOIITIX
Tpoek, cocrosmnuii u3 20 mudp, yxe 3aBepireH. Hampumep,
Ha rpaduke MOKa3aHO, 9TO CyIIecTByeT 11 Xopommnx Tpoex,
B KOTOPBIX ¢ cosepkut 20 nudp. Kormga OyayT obHApYyKEHbBI
HOBBIE XOPOIIHEe TPORKM, YBEJIUIUTCS TOJBKO KpacHasl 4acThb
Ha rpaduke Boie. (yxke 20 TeCATUIHBIX PA3PSIOB).

Bosonrepckas cetb ABC@home

Bomonrepckas cerh o Hassannem ABCQhome mocssire-
Ha PAaCIIPE/IeIEHHOMY BBIYHC/IUTEILHOMY IIPOEKTY ITOUCKA,
T.H. "xopormmx"Tpoek (unbitten triples). B 2011 romxy mpo-
ekt ABC@Qhome jocTur 1e1m cocraBUTh MOTHBIN CIIMCOK
Beex TpoeK ABC, cocTosIMX U3 MEJIbIX YUCEI, COCTOSIIIX
MakcuMyM u3 18 nmudp. Crucok macaurbiBaer 14,482,065
rpoek. Cm. 241 ABC-tpoiika «kadecTtBay  He HuxKe 1,4,
KOTOpPBIe 9acTo Ha3bBaioT «xopormumuy ABC-Tpoitkamu.
https://www.math.leidenuniv.nl/ desmit/abc/index.php
o coct. Ha 11.05.2024
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Bepxuee Hauenne unjerea jeerra qasc
I

Qasc qasc + Agase

Het Tpoek (a,b,c), Bb!)(D,EIﬂLIJ;;IX 3a npegens

BEPXHETro 3HAYEHUA AQaac max

B neiicrBurensroctu B [Ipoekre [ABC| mpumenena jorapud-
MUYECKas IKaIa K HOPMaTbHOMY PACHPE/ICTICHUIO JABC,,,, =
1+ Agagc,,,, U Jajee KOJIMIeCTBEHHBIA MeTO/| IPYIIIHPOBKH
HabOpa paHKUPOBAHHBIX JIAHHBIX Ha PABHBIE HOJIPYIIIIbLI, B
JIAHHOM CJIy4ae - JIeIIJIN), HO XapaKTePHbIH BUJ HOPMAaJIb-
HOT'O pacipejieieHus (CM. Bbilie pactpeesnenne Makcsesuia
(8.6) u Puc. 1 13.6 or 31010 He M3MEHUJICS.

NurerpaTop mo meromy Monte-Kapio u rucrorpamma
HOPMAaJIBHOT'O PaCIIpe/IeICHUS

FHHEF7F historgam.m FF##7547#

# 3necy 100000 - 310 pa3mep ciydaitHOM
# BBIOOpPKH. JlaHHBIN mapaMeTp ImepeaaeTcs
# B dyuk. mcintgrv (Monte-Carlo Integral Vector)

for i=1:10000

s(i) = 0.5 * mcintgrv("sin", 0, pi, 100000);
endfor

# Crpoutcs rucrorpamma, 30 HHTEPBAJIOB.

hist(s, 30, 1)
#+# Komnern daitna historgam.m

AT Meintgrv.m  FHA A
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Puc. 13.7: TIpoekr ABC@home
naxoaut Bce Tpoiiku ABC un-
ceJsl Ji1d 33JIaHHOM BepxHell rpa-
HUIBL «KadecrBa» §(a,b,c) u
YUCIIa JIECATUYHBIX Pa3PsIOB.

[ABC|: ABChome (), Bosourep-
cKas ceTb 110 HazsanueM ABC-
home mocBsimeH pacipeelieH-
HOMY BBIYHCJIUTEILHOMY IIPOEK-
Ty, KOTOPBI JOJ2KEH ObLI CO-
CTABUTH IOJIHBIA CIUCOK BCEX
Tpoek ABC, cocrosiiux u3s 1e-
JIBIX YHCEJI, COCTOSIIUX MAKCH-
MyM u3 18 mudp.



158 | 5 ABC-rumoresa: or sKcliepuMeHTa K TEOPUI

[Hanll]: Hansen (2011), GNU
Octave Beginner’s Guide

Beime npusenén ko [Hanll| BekTopmsoBaumoit ¢yHKIHs
mcintgrv (Monte-Carlo Integral Vector), kotopas BbI3bIBaeT-
sl C apryMeHTaM.

Hanmubiit kot cozman #Ha GnuOctave (ananor MathCad) o jm-
nen3unt GNU GPL. On cocrout u3 nByx daitios historgam.m
u mcintgrv.m Ilepssril Kot 103BOJISET TOCTPOUTH MHCTOIPAM-
My paCIpeJie/IeHns] INIOTHOCTU BEPOSITHOCTHU JIJTsT CJTyIaifHoO



reHepupyemMoii BBIOOpKU 13 Habopa JaHubix oobemom 100000
3HAYEeHUIl MHTerpaJa.

B daitne meintgrv mpomcxouT BeIYUCIEHNE HHTETPAIa Me-
tonom Monre-Kapsio On padoraer jijist mpou3BoIbHON yHK-
MY, IIOJIOXKUTEJbHOM Ha 33JaHHOM HHTEpBaJle 3HA4YCeHUN
U 3aKJIIOYAeTCd B TOJICUETE IO PABHOMEDPHO I IAIONINX
"karesib 10K 1" (MM pacIbLIEHHON ¢ TIOMOIBIO TTY/IbBEpU3a-
TOpa KPACKM), OCEBIIUX MO/ KPUBOI, B CPABHEHUH € OOIIUM
KOJIMYECTBOM Kallejib (KPacKu), MPUXO/ISIIUXCS Ha IPSIMO-
YTOJIbHUK, IOCTPOEHHBIN Ha WHTEpBaJe 3HAUYeHn (DyHKINN
110 OCH a0CIUCC U OT HYJIsd 0 MakKcuMyMa (DYHKIIUHA 110 OCH
opaunar [a,b] X max f. Vcxoasa u3 paBHOMEPHOIO pacipe-
JIeJICHAS CIy9IailHbIX TOYeK (X, V), Hafi/leHHAsT TAKIM CIIOCO-
6oM 107151 OyIeT paBHA COOTHOIIEHUIO ILIONIAJIN TI0J] KPUBOI
— MCKOMOT'O WHTEerpaJja K 3JIEMEHTAPHO MOJICTUTHIBAEMON
Iornau npsgmoyroiabuuka. Meroja Monrte-KapJiio ocobernto
s deKTUBeH It YUCTCHHOTO MHTETPUPOBAHNS B N-MEPHOM
IIPOCTPAHCTRBE.

Kom npoct g nonnmanusi. Ocoboe BHUMaHME CIEAyeT yiie-
JINTH BBITIOJIHEHUIO CPABHEHUS MEK/1y 3HadeHueM (hyHKIUN
U 3HaYEHUIO OPJAMHATHI Y cilydaiinoil Touku. Pesyiabrarom
3TOU Ollepalud CPABHECHUA ABJIACTCA JIOTUYECKANA MAaCCUB,
KOTODBIN BO3BpalllaeT UHAEKChl BCeX UCTUHHBIX 9JIEMEHTOB B
MaccuBe. V3Biiekasi KOJIMIeCTBO MHIEKCOB TIPOCTO MOCYU-
TaTbh KOJUYECTBO CIYyYalHO IeHepUpyeMbIX I1ap 3Ha4YeHUMN
(X, Y), KOTOpBIE PACIIOIOKEHDI 110/, TpabuKoM (DYHKIUHL.

OcTOpOoKHO CTyTIEeHbKA!

['mcrorpamma, TosrydeHHAs ITyTeM MOJIETMPOBAHNS HILTIO-
cTpupyeT GakTop JUCKPETHOCTH (HA30BOI0 IIPOCTPAHCTBA!
BMECTO IIJIABHOI'O yOBIBAHUS XBOCTOB I'MCTOIPDAMMBI CJIEBA
U CIIpaBa UMeeM CTYIeHYaThIil OOpPBIB: IO Mepe yBeJInve-
HUS MaCINTada MIKAJIBI 10 BEPTUKAJIN YaCTOThI CTAHOBATCS
[IEJIBIMA YUCJIAMUA.

Ha noyTtbyke aBTOpa BEKTOPU30BaHHAs BEPCUA UHTETPATOPA
Monte Carlo Bemosnasier npumepno B 300 pa3 ObIcTpee, dem
"oObranbIil ' MeTO, YncenHoro uaTerpupoBanusd. Mcmon-
3ysl BEKTOPU30BAHHOE ITPOTPAMMHUPOBAHUE, MOKHO TaKKe
n306eKaTh MHOYXKECTBA ITUKJIOB, KOTOPBIE BBITOJTHSIIOT TPUBU-
aJIbHBIE 331441 U 3arPOMOXKIAIOT KOJI. BeKTOPU30BaHHBIIM

13 @aykryarmum | 159

TTonpobyiiTe 3amIycTUTh 3TOT
kox B GnuOctave wian ero ana-
JloraxX, W3MEeHHTEe pa3Mep BbI-
6opku co 100000 mo 10000,
1000, 100, BapbupyiiTe KOJIH-
9eCTBO WHTEPBAJIOB B THUIITO-
rpamMme. DTH YUCTHHHBIE IKC-
MEPUMEHTBI TIO3BOJIAT HEIIOCPEI-
CTBEHHO IIPOBEPUTH, KAK 3aBU-
CUT CPEeTHEKBAPIAPTUBHOE OT-
KJIOHEHUEe 0 CIIyJaifHON Besmvn-
HBbI OTHOCUTEJILHO €€ MaTeMaTH-
YECKOT0 OXKHJIAHUST OT Pa3Mepa
BBIOODKM.
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KOJI HAMHOTO Jierde BOCIIPUHUMATH M OCYIIECTBUTDH €0 OT-
JIAJIKY.

Wrak, KoJim4ecTBO YaCTUIL B Ta3e, PABHO KaK M SHTPOIUS SIB-
JIAIOTCs aJIITUBHBIME BeJimanHamu, (popmydia (13.7, 13.10)
TaKzKe TOJIXOJIUT JIJIsi OIleHKU (pryKTyaruit suTponun. Js
9TOr0 JIOCTATOYHO MBICJIEHHO ITOCTaBUTH SKCIIEPUMEHT I10
pa3JIe/IeHIIO UCXOTHOTO cocya Ha N 9KBUBAJIEHTHBIX COCY-
J0B (B cilydae CMecH Ta30B 3Ta Olepallus JOJKHA ObITh
npou3sejicHa 6e3 pas3jie/ieHus MOJIEKYJT PA3HBIX T'a30B, UTO
npuBeso Obl K U3MEHEHUIO SHTPONuN), mpu 37oM N — 310
JIOCTATOYHO OOJIBIIIOE YUCI0, BMECTE C TEM MHOT'O MEHbIIee,
yeM 9ucI0 ABOrajipo / 9mMCI0 MOJIEKYJ B cucreMe. Bmecto
CPeJIHETO YUCTIA YaCTHUIL HEOOXOIUMO TIOJICTABUTEH 3HAYEHUE
SHTPOIINH.

JIerko 1mokasaThb, 9TO 3TOT BBIBOJ 3KBUBAJIEHTEH JPYTOMY
npescrasaennio o gedexre q(a, b, c) < K(e)rad(A, B, C)1+¢
rie K(€) - onpeenennas KOHCTaHTa, 3aBUCAIAA TOJILKO OT
€.

BumecTo ucrosib30BaHUSI CyHEpPKOMIIBIOTEPOB U PACIIPE/ie-
JICHHBIX BbIYUCJIMTEJIbHBIX PECYPCOB JIEI'KO CO31aTh BbI60p-
Ky HOPMAJILHOI'O paclpe/ie/IeHns 00bEMOM COTHS- CTO Thl-
cAY €UHUIT U 32 TOJICEKYHIbI - TPUIIATh CEKYHJI MOJIY-
JUTh 60JIee CONEPIKATENBHBINA PE3YILTAT ¢ MOMOIIBIO KPOCC-
wiargopmentoro nputoxkennu GnuOctave (anasmor MathLab
o smnensnn GnuGPL) naxe naseko He Ha HOBOM HACTOJIb-
HOM KOMIIbIoTepe. - Hajuio coeperkerre NHTEIEKTYaIbHbBIX
U SHEPIeTHIECKUX PECYPCOB.

14 Oyuxnum YeObIéBa 1 SHTPOIUS

Apudnmernueckue dyuknun HeObnEBa ONpPeIeIsioTCs Cie-
JyIONUME BhIpazkenusmu. s cayqas 6(x) :

O(x) = Z log(x),p >0 (14.1)

p<x

O0(x) —

U3 uero ciemyer, 9To e Rad(x) T.e. npousseaenune Bcex

IIPOCTBIX YUCEJT, O6p3,3yIOHLI/IX X, B34TbhIX B HepBOﬁ CTCIICHU.

Dynkims YebbImésa 1(X) ompeiessieTcss HECKOIBKO HHBIM
BbIPayKEeHNEM:
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P(x) = Z log(x),p >0 (14.2)

pmgx

— e¥®) _ 510 HanMmenbiee o01Iee KpaTHOE BCEX IT0JIOXK -
TeJIbHBIX P < X.

U3 nByx onpenenenubix dyukmnuii Yebpimésa [Tan74| cie-
JIlyeT UX B3aMMOCBSI3b 110 CJeytoniei hpopmyie:

P(x) = 0(x) + O(x7) + O(x3) + ... (14.3)

DroT psi KOHEUeH, ocKoybKy 0(x) = 0 nmpu x < 2. Ecim

p™ < x < p™* 10 log(p) Berpeuaercs B 14.2 posHO M pas

m = [log(x)] a CJIeJO0BAaTEJIBHO:
~ [ log(p) |” A :

[
0= 3 |15 og(p) < 37 125 g

7 L1og(p) P g(p)
=log(x) Z 1=1log(x)m(x) (14.4)
p<x

[TpejicraBum cebe rIaBHYIO JTUATOHAL CTATHCTUYIECKON MaT-
PHIIBI, COCTOSIIILYIO U3 BCEX IIPOCTHIX YHCEsT He Hojiee X, KarK-
JIoe M3 KOTOPBIX 3allMCaHO JIUIIb OJWH pa3. Puman BBE
crienuabHo GyHKIMIO Tt(X) Jist 0003HAYEHHUsT YUCTIa IPO-
CTBIX YHCJIEe HE TPEBOCXOIANINX . XOTs TOPSAIOK CJIeI0OBAHUST
HE UTPAeT POJIU C MO3UIUN CTATUIECKON MATPUIII, HE MEHSIsI
obtTHOCTH Oy/IeM CUNTATh U3 PACIIOJIOXKEHHBIMU 110 BO3PAaC-
TAHUIO.

N3 onpenenenns surpormu 8.2 depe3 ycpeIHeHne 3HaYeHn i
Jiorapudma 3HAUEeHH 110 CJIe/y CTATUCTUYIECKON MaTPUIIbI
cieyet, 9To puzmdeckuii cmbica dyukimit Yebbimésa naxo-
JUTCA BO B3aUMOCBA3U C SHTPOIUECH HCCIICIyeMON CUCTEMbI
B COCTOSHUAX

» s O(x) 6e3 KpaTHOTO BBIPOXKIEHUST SHEPIeTUIECKIX
0(a)

YPOBHEN SO = W
» 1 (X) ¢ KpATHBIM BBIPOKJICHIEM SHEPIeTHICCKIX
o a
ypoBHei S = % -
B oboux ciydasix B 3HaMeHaTes e CTOUT (DYHKIUs Diljepa.
[Ipu ajgmabaTnyecKux M3MEeHEHUAX 110 Teopeme JInyBusiid

[Tau74]: YanpacekxapaH
(1974), Beenenue B anajmurude-
CKYIO TEOPUIO IHCEI
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[Tau74]: Yangpacekxapam
(1974), Beenenue B aHATIUTHYE-
CKYIO TEOPHUIO IHCE]T

[/Tan02]: JTammay (2002), Teope-
trnueckasa Pusuka B 10T. Tom 5.
Crarucrudeckasg ®usuka.

dasz0BbIil 06beM coxpansieTcss u Sy = S. Kpome Toro, oue-
BuHO, G(n) < n, mug ciayydasg n = p™,m > 1 (p - upocroe

u%>e), d(n)=n(l-¢) =

— n
limn_woM =1. (14.5)
n
B pa6ore |Yan74] npusesena 6osee Tounast onenka G(n) c
MTOMOIIBIO CYMMATOPHO (DYHKITHH.

3 TepMOAMHAMUKYA M3BECTHO, YTO 3HAYEHNE UMCJIA YACTHUIL
N, sHTpornuu S, SHEPIUK U JIPYTUX aJJIATUBHBIX TEPMOJIU-
HAMUYECKUX IEePEMEHHBIX UCCIeAYeMOil CHCTeMbI B COCTaBe
HaJICKCTeMbI (BHEIHEH CpeJibl) TOBEPKEeHbI (hJIyKTYAIHsIM
[/Tan02]. Qs oHO# MOJIEKYJIBI HJIeaIbHOTO ra3a (MOYKHO
pPacCMaTpUBATh €€ B KAUECTBE OTJEJBHOIO KJIACCa CMEKHO-
cti) 3Havenue jucrepcnu pasuo exunuie D [N] = 1. Beero
rakux dacrut 77(a). opmyssr 14.4 u 14.6 coracyorcs MexK-
Jy coboit, ecsin cunrarh kK = 1. Ilo npaBunam ciroxkeHust
JIUCIIEPCHTi HE3aBUCUMBIX CJIyYaiiHBIX BEJIMUUH (CM. CKa3aH-
HO€ BBIIIIe O CYYIalHbIX TePMOJNHAMIIECKIX BEJININHAX) U
BBIPaKAIOTCs 10 (DOPMYyJIaM:

((AN)*) =N
(AN 1
N VN
((AS)*) = kS
({(ASPD'2 &
RS

(14.6)

31ech npuBeeHbl (IYKTYAIIMH aOCOTIOTHBIE B OTHOCUTE b~
Hble. Byrarogapst cBoiicTBY ainTUBHOCTHU, QJIYKTyaIluu ad-
COJTIOTHBIE U OTHOCHUTEJIbHBIE BBHIPAYKAIOTCA Yepe3 caMo 3Ha-
JeHue MepeMeHHol ¢ HeKOTOpbIM Koaddunmentom k. Ha-
npuMep, ((AS)2> = kS BBIpazKaeT TO 0OCTOATEILCTBO, ITO
SHTPOINSA & JIATUBHAsA IIepeMeHHasl, U 9TO TP a uadaTh-
YeCKOM IIporiecce eé pJIyKTyarus IpaMo MPOIMOPIMOHATILHA
KOJIMYECTBY YaCTHUIL B UCCJIEIyeMOIl crucTeMe.

U3 oreHKu cBEPXY, CJIeJIAHHON Ha OCHOBE SHTPOIUU BO30Y K-
JIEHHOT'O COCTOSTHUST UMEEM:
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B log(a) _ 0(a) -

S _ Y@ pla) _ log(a)m(a)
0— —_— =

o@) o =" "o .
S—>SQ
a
log(a)
(14.7)

n(a) —

Ecnu nonoxkute koaddurment k = 1 st baykTyarmn SH-

Tponuu, ydecthb 14.5, npumenuts Teopemy Jlunysumist (AT =

const = S = Sp), U NOJIOKUTH, 4TO Ti(A) —> ZO;W’ TO
0(a) 0(a) Y(a) P(a)

obe gpobn ——= — —~ —> 1 u — =~ — 1. Bame-

P(a) a ¢(a) a

TUM, 9T0 (PYHKIHA Jiljiepa B 00EUX MOC/IETHIX BBIPAYKEHUIX
npoberaeT psiJi U3 BCEX MPOCTHIX YHCEJL.

Psan I'panau 1 KBaHTOBas HEOIPEJIEHHOCTH

Kak maremarnueckuii mapaiokc IpuBea MoHaxa JIynkn
['pangu K pua0cOPCKUM U TEOJIOTUIECKUM BBIBOJIAM, ITe-
PEBEPHYBIINM TIPE/ICTABICHUE O HECKOHETHOCTH !

Bormpoc o Tom, KakoB pe3yabTaT 0€CKOHETHOI'O MaTeMa-
Tugeckoro psiga 1 -1 + 1 -1 -+ ..., HA [HepBbIik B3TJISLI
MOXKET TIOKa3aTheCsl mpocToit 3ajadeii, Ho B XVIII Beke
OH CTaJI HACTOSAIIUM BBI3OBOM JIjI MHOTHX BBIJIAIOIINX-
¢ MATEMATUKOB. DTOT IMapaJIOKC, U3BECTHBIN KaK Pl
['panu, mosyun cBoe Ha3BAHUE B 9UE€CTh UTAIbSHCKOTO
MaTeMaTuka u MoHnaxa JIymmxu ['Bumo I'pamau, KoTopblii
BIIEPBbIe Ha4daJs ero uzydarb B 1703 romy.

CyThb Hapajiokca 3aK/IH0uaercsi B TOM, 4TO, HECMOTDs Ha
KAXKyIIYIOCsd IPOCTOTY BBIYUCICHUMN, PA3IMIHBIE METOIbI
[O/ICUeTa IPUBOJIAT K PA3HBIM pesysbraraM. Ecam npej-
craBurhb psj B Buge (1-1) + (1-1) +(1-1) + ..., To
KaxKgasd napa yucesa 1 - 1 paBHa HYII0, 1 BCI CyMMa psa
comuTest K Hysmo. OJIHAKO, eciin paccTaBUTh CKOOKM MHA-
9e, HAIPUMED, OCTABUTD MEPBbIil 3JIEMEHT BHE CKOOOK, a
3aTeM Crpynmuposarh ocraabhbie: 1 + (-1 + 1) + (-1 + 1)
+ ..., TO CyMMa y2Ke oKasbiBaercs pasnoii 1. Takum o6pa-
30M, MIPOCTOE U3MEHEHUE MOPsI/IKA BBITIOJTHEHUsT OTlepaIluil
[PUBOJIUT K COBEPIIEHHO PA3JINIHBIM UTOTAM.

DTOT mapaJIOKC MHTEpPecoBaJ He TOAbKO ['pamam, HO u
TaKUX BBIJAIONINXCA MaTeMaTHKOB, Kak ['ordpua Buib-
resibM Jleitonur u Jleonap Dittep. JleitOHut, pasMblriisis

163
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HAJT 9TOI TTPOOJIEMOI, IPEJIJIOXKII, ITO TPABUILHBIM OT-
BETOM MOXKET OBITh % OH 000CHOBBIBAJI ITO TEM, UTO
€CJIM OCTAHOBUTL CJIO?KEHHUE B CJIIydalHONW TOYKE, IIpOMe-
KyTodHas cyMMa Oyzaer anoo 0, mmbo 1 ¢ paBHOIT Bepo-
ATHOCTBIO. [[oaTOMY, 110 €ro MHEHUIO, cpejiHee 3HaYCHUE
CYMMBI JIOJIZKHO OBbITh % Jleonap Ditsep B cBoeM Tpyiie
«O pacxomsgmmxcs psajgaxy, onybankoBaaHoM B 1760 oy,
OJJIEPKAJl ITY UL U JIaXKe YTBEPKJaJl, UTO CyMMa
psaga 'panan u apobdh % 9KBUBAJICHTHBI U MOTYT OBITH

3aMEHEHBI JAPYT Ha JApyTra 0e3 OIMuOKH.

O nako, HeCMOTPsI Ha BCe apryMEHTDI B IIOJIb3Y Pa3Jind-
HBIX PE3yJIbTATOB, COBPEMEHHbIE MATEMATUKHU ITPUIILIH K
BBIBOJLY, UTO psJi ['panym He uMeeT OINpe/Ie/IEHHON CYMMBI.
DTOT BBIBOJ OCHOBAH HA AHAJN3E YACTUIHBIX CYMM DA,
KOTOpbIe Yepeyrorcs Mexk iy 0 u 1 ¥ HUKOT/1a He CXOIATCS
K KaKOMYy-J100 (PUKCUPOBAHHOMY 3Ha4YeHni0. B maTeMa-
THKe TaKoe MOBEJIEHNE Psijia 0O3HAYAET, YTO OH PACXOJUTCS,
TO €CTh He UMeeT KOHKPETHON CYMMBI.

CoBpeMeHHbBIE MTOIX0/Ibl K OECKOHEUHBIM PsIaM U UX CyM-
MHUPOBAHUIO MOABUIACH OJIaromapsi Pa3BUTHIO aHAIN3a B
XIX Beke. BoL1o BBemeHO MOHATHE CXOANMOCTH, KOTOPOE
[IO3BOJISIET OIIPEIE/INTh, K KAKOMY 3HAUCHHIO ITPUO/INKAeT-
cd CyMMa psjia 1o Mepe J106aBaIeHus BCE DOJIBIIEro Jucia
€ro 3JIEMEHTOB.

Tem ne Menee, B cirydae pgja ['panim qacTUIHbIE CyMMBI
KoJtedmoTe Mexkay 0 1 u He IpuOIMKAIOTCI K KAKOMY-
JIOO OJTHOMY 3HAYEHUIO. DTO BEJAET K 3aKIIOUEHUIO, ITO
psa I'pangu He nmeer ompemesaeHHoit cymmbl. OgHaKO,
CYIIECTBYIOT aJIbTepHATUBHBIE METOJbI CYMMHPOBAHUS,
Taknme Kak MeToj de3apo, mpu KOTOPOM BBITHUCISIETCS
cpejiHee 3HAYEHUE JACTUIHBIX cyMM. [[pumenerue 3Toro
MeToJla K psijty ['panu mpuBOUT K PE3YILTATY %

OparmenT u3 nyosmkanun: "MareMaTHK-MOHAX HAXOIUT
60KECTBEHHOE B MApaJIOKcabHOM psje uncen"21:49 / 16
aprycra, 2024 Vcrounuk Securitylab.ru

Yurareseit, 3nakoMbix ¢ napagokcoMm "Kot [Ipéunrepa rakast
KBAHTOBAasi HEOIPE/IEJIEHHOCTD HE YIUBJISET. DTO €IE OIUH
npuMep cBsa3u apudMeruku (B JJAHHOM CJIydae MOXKHO TOBO-
pUTH 0 criocobax 000CODIEHHST YUCET 38 CUET aCCOIUATUBHBIX
[PABUJI) ¢ KBAHTOBON MEXaHUKOIL.
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1 Introduction

For nearly four centuries, the mathematical community has
been engaged in the pursuit of a solution to Fermat’s Last
Theorem. A proof of more than a hundred pages has been
developed by experts in number theory, but it is not feasible
to provide a comprehensive summary here. Let us attempt
to examine Fermat’s theorem from the vantage point of
physics and geometry. From these vantage points, Pierre
de Fermat was able to identify a solution, the core tenets
of which could be schematically represented in a relatively
expansive margin of the book, as illustrated in multiple
diagrams. However, the paradigms that have prevailed in
mathematics for centuries have proved to be a significant
impediment in finding a solution that is effective in the
modern context. Those with a sceptical outlook continue

to believe that Pierre de Fermat was most likely mistaken.

However, the consistent application of the basic principles
of physics, geometry and thought experiment encourages
a different way of thinking. The story of the discovery of
Fermat’s theorem should be included in school and university
training programmes. Indeed, the essence of the proof can
be expressed in a single formula and a single drawing.

2 Discussed questions

Why are a ball and a cube homeomorphic? And what is

homeomorphism? What role do isotropy, symmetry, homogeneity

of space play in the search for mathematical proof? Why is
there a fatal conflict between form and content in Fermat’s
Last Theorem? After discussing these questions, we will
make generalisations and conclusions about the fundamental
properties of our universe. Fermat’s Last Theorem (FLT)
was formulated by Pierre de Fermat in 1637, it states that
the Diophantine equation is true:

a" +b" =" (2.1)
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has no solutions in whole numbers Z, except for zero values,
for n > 2. The case degree of two is known in the school course
under the name Theorem Pythagoras. Euler in 1770 proved
FLT for n=3, Dirichlet and Legendre in 1825 - for n = 5, Lame
- for n = 7. In 1994 Prof. Princeton University Andrew Wiles
[Wil95], [BGI4] proved, for all n, but this proof, contains
over one hundred and forty pages, understandable only to
high qualified specialists in the field of number theory.

The field of Diophantine equations encompasses both Fermat’s
Last Theorem and Pythagoras’ theorem. At the II International
Congress of Mathematicians in Paris in 1900, the German
mathematician David Hilbert presented a list of 23 mathematical
problems [Gil00], including the Tenth Problem, which can
be expressed in a few words as follows: Let us define a
Diophantine equation with arbitrary unknowns and integer
rational numerical coefficients. We must then specify a method
by which, after a finite number of operations, it is possible
to determine whether this equation is solvable in integers or
rational numbers.

170 years later, the Soviet mathematician Yuri Vladimirovich
Matiyasevich proved that there is no general algorithm see
also a popular publication in the magazine "Quantum for
some cases, can understand whether the Diophantine equation
is solvable without resorting to calculations, relying on the
methods of geometric algebra, symmetry, analogy and fundamental
properties of multidimensional space, see [Avd22].

FLT is formulated by Pierre de Fermat in the margins of the
book Arithmetic of Diophantus of Alexandria (III NE). Pierre
de Fermat wrote in the narrow margins of the book that he
had found a truly wonderful proof, but the narrow margins
did not allow him to present the proof in full. Subsequently,
descendants slandered the French mathematician, and considered
that he made a light judgment, in other words, bragged and
lied. The basis for this statement was the canonized proof of
Andrew Wiles, for more than a hundred pages, for which he
was awarded the prestigious Abel Prize in 2016. Subsequently,
Andrew Wiles became dean of the Mathematics department
at Princeton University, part of the Ivy League. But the
scientific search cannot be stopped even after the most
prestigious awards have been handed out, and the disharmony
between the short wording and the complex proof of FLT only
encourages audacious research. - Why not prove it easier?
Truth is a process, not a finale.
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3 Human mind vs Artificial Intelligence?

Are there short and simple ways to prove the Fermat’s Last
Theorem? To understand this is it necessary to waste one
hundred or more pages and help of Artificial Intelligence?
We refer to five hundred page work of Shinichi Mochizuki
Japanese mathematician working in number theory and
arithmetic geometry from Kyoto University, dealing with
the ABC conjecture in Number theory [Harl7|. But there is
another approach. Minhyong Kim, a mathematician at the
University of Oxford said: It should be possible to use ideas
from physicists to solve problems in number theory, but we
haven’ t thought carefully enough about how to set up such
a framework And one more his quotation: We are at a point
where our understanding of physics is mature enough, and
there are enough number theorists interested in it, to make
a push).

The answer to the question whether there is a quick and
easy way to prove Fermat’s Last Theorem is yes! And this
method involves a series of mental experiments. Consider
a construction of three concentric nested n-cubes or balls,
with centres at the origin, with edges or radii just equal to
natural numbers a, b, c. It should be noted without change
generality that the natural numbers in formula (2.1) are
related asa < b < ¢, and the situation of equality of edges
a = b is excluded due to the irrationality of /2. The case
of negative numbers can be considered by moving term into
another part of the equation and substitution of variables -
it is enough prove the theorem for the case of a, b, ¢ € N;
and generalize the result to whole numbers Z.

4 Mental experiments

Mental experiments are hypothetical situations used to explain
a situation or a phenomenon, through which would be the

results, if the experiment actually occurred. In other words,

a mental experiment is a resource of the imagination (it

consists of narrating a fictitious situation), which has enough

logic to make it possible to imagine coherent results, so that

these results allow us to explain something.

[Harl7]:  Hartnett  (2017),
«Mathematicians Explore
Mirror Link between Two
Geometric Worlds»
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If you take the three nested n-cubes here symbolically depicted
on the planea-Small cube, you layer around it a certain
number of unit cubes, create theb-Middle n-cube, layer
another certain number of layers, create c-Large n-cube,

where volume of a-Small n-cube is equals to volume of
difference of c-Large and b-Middle n-cubes. Note: the edges
of n-cubes are whole numbers a.b,c. The same approach is
sutable for concentric balls with radii a < b < ¢ natural
numbers, where volume of B} = volume of B} - volume of
BZ. Note for n > 3 instead of volume should be measure
defined below.

Puc. 4.1: Concentric n-Cubes and balls with natural numbers edges / radii a, b, ¢

You have got a construction that doesn’t really exist in
nature for the case n greater than two, it’s amazing! You
will never be able to put each point / unit cube from a small
ball B} in correspondence with another point / unit cube of
this subset of layers between the middle and the large one or
B?\BZ. in such a way that you do not destroy the symmetry
of the construction and do not allow voids.

In general, these subsets are not equivalent. This is the
main idea of the proof. The reason is that this figure has
the property of central symmetry and does not contain any
inhomogeneities. As a result, each layer in this figure is
not comparable to any other layer. So each layer in this
figure is not reducible to another layer. Additivity conditions
and axiom of measure do not work here. In other words,
it is impossible to speak of an addition of volumes. The
mathematicians of ancient Greece introduced the concept of



incommensurability of linear segments. We will make sure
that arithmetic operations of comparison or reduction of
layers are prohibited.

5 Objections

Why did Andrew Wiles need more than a hundred pages
to prove it, when half a page is enough, or six faces of a
wooden cube for a child? Rospatent found the author guilty of
plagiarism with Andrew Wiles’ prove, for which he received
an Abel prize in 2016. Rospatent refused to register the
author’s patent No. 2021501435/49 of 20 March 2021 for
an industrial design in the form of a wooden cube with a
proof of Fermat’s Last Theorem on it under the pretext of
violation of public morality. Rostpatent’s claim of plagiarism
of the proof does not stand up to any criticism because the
proof you see is original and new and it really brakes the
stereotypes formed in science about the absence of a short
proof of this theorem.

6 Symmetry. Isotropy and homogeneity of
space.

We distinguish between a ball and a sphere that surrounds
the ball. The sphere is the so-called layer for the ball or
n-cube underneath. A sphere has one unit less dimension
than a ball. This is clear from physics and maths lessons.
Remember the formulas for the length of a circle 2R and
the area of a circle mR? , the area of a sphere %T[Rg and
the volume of a ball. It is interesting to imagine that in
the one-dimensional world we would have such an open ball
in the form of a segment, excluding its endpoints or zero-
dimensional balls located at a distance r from the origin.
Below is a sphere of dimension n - 1. This is also a sphere,
but of smaller dimension. It is no coincidence that there is a
sign of homeomorphism = of figures here.

Let’s imagine that we dissect our n-dimensional ball by
hyperplanes, starting with the simple case of four-dimensional
space. What do we see? This three-dimensional ball centred

5 Objections

171
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Puc. 6.2: Dimensions
hemispheres and planes

of

on the origin is the result of the intersection of the 4-
dimensional sphere with the 3-dimensional subspace R3.
You can see the equator on the sphere. Here we see the
northern and southern hemispheres, the equator is excluded.
The equator becomes a meridian when you rotate it ninety
degrees.

SN\ S = R! T p §%\5! = R? "‘“"’"»\‘“

Now, for the case of the 2-dimensional plane, the open ball
becomes the familiar circle, excluding the 1-dimensional
sphere already considered. Finally, for the 3-dimensional
case, we have the usual ball resembling a football, closed by
a 2-dimensional sphere. Again, we exclude any meridian from
the sphere. As a result, we know the sequence of geometric
elements on the sphere from dimension 1 to n-1. These are
the so-called hyper-meridians, which will be useful to us in
the future.

Imagine a cascade of spheres and an enclosing meridian for
the largest sphere. If 3 is a triple of natural numbers a, b,
¢ (see the existence quantor 3 for a short notation), then
in this case we can map every point of space in this interval
between the middle sphere and the big sphere into a small
sphere k ﬁjc " ldr = kfoa r"~1dr, where k - some coefficient
depends on the dimension of space n. And since this whole
construction is symmetric, this means that any surrounding
of these spheres can be mapped into a set of spheres. Note,
that S™\S"~! = R™,dim(S™) = m, where R™ is the space
dimension of m, see Figure 2 above.

{S]'} — {....S;} (6.1)

which means that the set containing only the element layer
S;j is mapped to the set of the layer containing the element
Sj by equivalence function, i.e. point to point is mapped in
Ni unit to unit 1" + 1". In other words, there is a certain
equivalence function F(X) — Y mapping the open set X to
the set Y. Each image has a preimage. When explaining the
integral, teachers often operate with the notions of splitting
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a figure, a ball B” into separate pieces or differentials S”~1,
like cutting a lemon, which are later reassembled into a
whole. It is more usual for high school students to talk
about integration, but the application of higher math will
be unnecessary here. Enough to write the equation above. In
our construction of a set of continuously following spheres
forming open spheres, regardless of size, always a large sphere
contains a smaller sphere, in its turn a smaller sphere, and
so on. In primary school we study the texture of a cut tree,
the layered structure of the Earth’s crust in a section, the
traces of layers on a probe taken from a super-deep well - all
are examples of induced topology. Fermat’s Last Theorem
excludes the existence of such a symmetric construction,
given the conditions of equivalence and continuity. Why not?
To understand this phenomenon, we need to analyse equation
(6.1) by elements:

Tabsuna 6.1: Any spheres from preimage can be mapped into image by each element separately.

Sphere | Element™-* | ... | Element® -sphere | Element! -circumference | Radius
m m\ gm—1 2\ ¢l T\ cO0 ;
S]. S]. \S]. e S]. \S]. S]. \S]. j
l l . l l -
S Sl’.”\SZT”_1 e Sf\S} S}\S? i
=T 7\ al T 1\ a0 .
S5iL SI\STT | Si-1\Si Si-1\Si1 -]

Each layer contains elements of dimension 1 to m = n-1. The
observation structure has been layered from the periphery j...
i, (i-1) towards the centre therefore, the indexes are listed
in descending order. The equivalence function maps each
element of the layer S; separately to the set of elements of
the corresponding dimension.

To ensure the simultaneous matching of the elements of the
layer more than to one dimension is impossible due to the
unsolvability for n > 2 of the stipulated below system of n-1
equations), where i and j means natural radii of concentric
spheres:

[ Lo (R ) L S
6.2
PER-1) 4. (6.2)

j=i+(@-1)+...
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Each equation has at least two or more terms. This series
of equations continues from n-1 to the power of 1. Any
element of arbitrary dimension can only be mapped by the
equivalence function into an element of the same dimension.
In other words, there is a construction similar to what we
have done: a set of successive spheres around the origin form
a ball. The structure of the layers is determined only by the
dimensionality of space and does not depend on the geometric
size of the layer. The condition of equivalence or equality
of volumes (more precisely cardinality for a set of points
for any n-dimensional space) of the mapped layers means
that any arbitrary layer of a large sphere can be mapped
into a natural number of layers of a set of successive small
spheres.

The number of layers in the image on the right side of each
equation is > 2, since 2 is the natural number after 1. This
leads to a system of equations that is unsolvable even in real
numbers. You can check this with the triangle inequality
||x +y|| < |lx|| + ||y|| for metric space, where the sum of
the lengths of the legs of the triangle is greater than the
length of the hypotenuse, except for the zero case, which is
excluded by the conditions of Fermat’s Last Theorem. If the
number of terms in the system of equations (6.2) is more
than two, you can concentrate on the last pair of equations,
where x? is the square of the length of the vector and x is
the projection of that vector onto any fixed axis, and then,
using the associative law for terms of the same dimension,
reduce the problem to the triangle inequality.

7 Why do Pythagorean triples only 3 on
the 2D?

Pythagorean triples were known to mankind thousands of
years before Pythagoras himself was born, since the time
of the Sumerians, who used them to solve trigonometric
problems easily. What are the special features of a 2D plane
compared to an n-dimensional space, n > 37 To find the
simplest answer, we can use the good old reel-to-reel tape
recorder, where the tape is wound from the left reel to the
right reel or vice versa. In this case, the sum of the areas of
the left and right tape circles remains constant and is equal

to the thickness of the tape multiplied by its length. Let’s
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assume that we have captured the moment when the left side
of the spool has a radius j greater than the right side of radius
i. When we talk about the need to maintain the symmetry
of the figure when displaying or moving a layer continuously,
this means that one turn of the tape on the left should fit
into the whole number of turns of the spool on the right: two,
three, four, etc., but not fractions, otherwise the condition of
maintaining symmetry when moving or displaying layers will
be violated. In fact, the partially filled layer has a symmetry
defect, it is asymmetric. If we can make a ribbon of any
thickness, then for any given ratio of the radii of the coil
circles we can easily achieve symmetry in this model, namely:
one layer or coil on a large coil is equivalent to a set of
complete coils or layers on a small coil.

For V wapeézolds {

Lol 3 i,_| and scale g

- ¢ Q

n n nn nn
a (1 ¥ ]'J y x ¢

Hypercube=2n regular hyy
¢® 18 hOomogs
forn=2butnotforn=>3

Actually, this is not a single layer, but an ordered set of layers
{S]-...} — {...S;}. In the prototype, S; is the first element,
and in the image, S; is the last element. This implies that
the integer radii of the layers are j > i at least j =1 +1
otherwise one can simply rewind the tape or change the coils.
For the number of terms in system of equation (6.2) greater
than two, one can focus on the last pair of equations, where
x? is the square of the vector length and x is the projection
of that vector onto any fixed axis, and then apply the law
for terms to reduce the task to the triangle inequality.

Note that the picture is similar in the case of an n-cube
(defined below) of dimension 2 or, more simply, a square
on a plane. Because of the symmetry, it is convenient to
concentrate on studying a single segment formed by rays
emanating from two adjacent vertices and apply the formula
for the area of a trapezium by the product of the length of
the median line by its height on the right). As a result, the

Puc. 7.3: Equivalece of layers
on the 2D plane for circles and
squares. Photo of author’s 3D-
cube
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volume is storedmeasure as a subset of layers mapped into a
set of successive and continuous layers closer to the centre,
and the symmetrical shape of the structure under study.

It is not necessary to be able to integrate

It is not necessary to be able to integrate in order to
calculate the volume of a (hyper)pyramid - it is enough
to learn how to dissect a (hyper) cube into identical
hyperpyramides by number (hyper)faces. And don’t just
limit yourself to correct (hyper) pyramids. To do this,
you can mentally fill the pyramid with liquid, placing
it in a homogeneous gravitational field, you can apply
Pascal’s law and notice that the pressure on the base of
the pyramid depends on the weight, mass, volume of the
pyramid, but ultimately, it is uniquely determined by the
height and area of the base, regardless of the shape of

the pyramid. Apply the resulting formula %S to 2D, 3D,
4D . . . and make sure that it corresponds to the area
of the triangle and the volume of the pyramid known
from the school curriculum. Remember that the area of S
corresponds to the measure of the face of dimension n-1.
Creative imagination simplifies calculations and makes
integration unnecessary in some cases!

The figure 7.4 resembles a square-section stranded cable,
where only axial symmetry is observed, but not central
symmetry.

Tabauna 7.2: Symmetry in four-dimensional space n = 4.

Symmetry with Symmetry along Where the point
. the subspace || : :
Symmetry with | respect to the . . will be displayed
by  Dimension . .
respect to: subspace L by with coordinates
dimension (degree of (x1, x2, X3, X4)
symmetry) 1, A2, A3, X4
I II [T =n-1II v
Cubes along the
axes Xl/ le X3 3 1 (xlr X2, X3, _x4)
Planes (Xl X Xz), 2 2 (xl, X2, —X3, —X4)
Axes X1 1 3 (xl, —X2,—X3, —X4)
Points at the
origin and center | 0 4 (=x1, —X2, X3, —X4
of all hypercubes

What prevents us, in the case of three or more dimensional
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Puc. 7.4: An example of a Pythagorean triple in 3D. Only the axial symmetry is observed. A figure
corresponding from the standpoint of set theory to an arithmetic expression (5%\4? = 32) x 5!

space, from "unwinding"layer by layer (sphere by sphere)
from a large sphere into a small one, like unravelling a
knitted thing from a woollen thread? Let’s try to consider this
question from the perspective of "pure mathematics for which
it is necessary to briefly consider some concepts of set theory,
continuity of functions, metric topology, homeomorphism,
pairwise non-overlapping equivalence classes.

At school and university, in physics, geometry, drawing,
engineering graphics or 3D modeling classes, students are
used to working with axial symmetry, symmetry relative to a
plane built on certain axes, as well as with central symmetry.
It is easy to generalize the above table to the n-dimensional
case.

What prevents us from carrying out a similar experiment in
the case of three and more dimensional space? To answer this
question, it is necessary to briefly consider the concept of set
theory, continuity functions, metric topology, homeomorphism,
pairwise disjoint equivalence classes.

The FLT proof boils down
to solving the problem of an
irreconcilable conflict between
a centrally symmetric shape
and content in a construction
of three concentric spheres
BZ\B, # Bj with integer radii
a,b,c € Q for the case of
the dimension of the space
n > 2, since symmetry and
the condition of preserving
the measure (volume) under
equivalence relations would also
have to be fulfilled for an
arbitrary "large"plane mapped

into a set of "small"planes, but
ﬂ{S]'} — {...5;}. It is the
conflict that is formulated on
the title page of the monograph.
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8 Continuity. Homeomorphism.
Equivalence classes

Russian figure skater Kamila Valieva, she is plastic, she
performs a beautiful smooth dance. You can see Kamila
Vialieva doing different figures and these images are reversible.
You can play the film backwards. Similarly, imagine a certain
function f(X) — Y mapping the open set X to the set

Y. Each image has a preimage. And for And for mutually
reversible functions f~}(Y) — X. In this image, a point can
have an open neighbourhood, for instance in the form of
ball. Suppose that point A is completely mapped onto this
neighbourhood of point B. This is the definition of continuity.
Speaking of homeomorphism, we note the interesting transformation
of a mug into a torus and vice versa. In terms of topological
theory, equivalence functions help to prove Fermat’s Last
Theorem from the other side by the impossibility of constructing
three concentric balls defined above with the centre at the
origin and with integer radii such as B?\BZ — B!’ in homogeneity
and continuity space.

9 An understanding of Set Theory.

The following information is essential for an understanding
of set theory. 3D modelling offers great opportunities to
demonstrate the operations of intersection, union and subtraction
of sets. And this is the notation of an empty set (). Here is
the notation of a universal set U. In the Euler-Wien Diagram,
the universal set corresponds to the whole rectangle. Basic
knowledge of the complement of a set wood be useful [6].
Chessboard - well known illustration of the Cartesian product
denoted as X. But why only numbers? The most common
metal hammer on a wooden handle can be seen as the result
of operations of difference of sets, such operation as union U,
intersection N, subtraction \. The author urges the reader to
turn to mathematical forums, online courses and a reference
book for initial information in the listed areas of knowledge.

When working with 3D figures, you can see the advantages of
knowing the basics of set theory and, in addition, check the
effect of distributive rules when expressions can be rewritten
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in two ways. For example, it is easy to get a cascade of
spheres, see formula (6.1) above and table 77.

10 Cardinality of Set and Equivalence
function

The cardinality of a set is nothing more than the number
of elements in it. This concept is easy to understand using
examples. Consider the set A = {A, A, A} of triangles and
the set B = {%, %, %, } of stars. These sets are called equal-
power sets because they have the same number of elements,
denoted by these symbols A is equal to B or |A| ~ |B|. It is
easy to see that the set of natural numbers N is equivalent
to the set of integers Z, because each pair: 1 +— £1, 2 > +2,
3 — £3 and so on is numbered with one number. Such a
set is called a countable set. The set of natural numbers
N is countable. And the set of rational numbers Q is also
countable. The mathematician Georg Kantor proposed an
original way to approach each number as a fractional division
p of q. Imagine a large cinema with rows p and columns
q. You walk around this cinema like a checker to find a
stowaway, but you follow the diagonals obliquely, going for
example to the upper left corner, and now you start moving
along the zigzag line and gradually examine each seat in this
infinite cinema, you will find a stowaway.

So the set of rational numbers Q is countable. In the case of
the real numbers R, which include irrational numbers that
cannot be represented as fractions, this is not true.

It is important to remember that when we talk about relations
of continuous and mutually reversible functions, we can
only compare spaces of the same dimensions. Let’s take
a pencil, for example. You can imagine a point source of
light illuminating it from above, and this vertically oriented
pencil is mapped to a point, but you can’t do the inverse
transformation from a point back to a pencil, because the
principle of mutual unambiguity is violated. The antipode
of mutual unambiguity is, for example, the axiom-defined
operation of measure f : R" + R over sets or the volume
of a figure for the 3D case. Measure has the property of
additivity.
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Puc. 11.5: Nested n-Cubs and
Balls

11 Metric topology

Author is forced to resort to set theory, binary functions
and the basics of topology [5]. A collection of sets in the
form of open n-cubes e” with the centre at the origin, i.e.
the Cartesian product of the open segment e" = (=5, —5)"
defines the base of the topology Q in the metric space R"
[clause 3.1. in 4] The equivalent topology is set by a set
of sets in the form of open balls - only their metrics differ:
max(x;) < r , for the first and X7 x]z < r? for the second
[clause 4.3. 5|. Below, under the words hypercube and layer,
an open sphere of dimension n, radius r B} and its closure
- a sphere §77! of dimension n-1 and radius r will also be
used.

The structures defined by these

bases are the same
The set of all B.(R) is base

Cubes of topology
"max(x,y) <r Px2 +y?2 <2
Pmaxix,, ;.. X )<t PX2 X2 4. 0 2= R
»Sin-1) » G(n-1)

0eZ*cRe
@ .
\
: e
y ‘: :‘l

The structures defined by these bases coincide. You say
that metric topology is defined here, and we have a metric

space. So a sphere and a cube are the same, just slightly
deformed in topology. Compare this cubic watermelon and
the rounded cube. Let’s imagine nested open balls. Because
the spheres themselves that enclose the ball do not belong
to this set. For the n-dimensional case everything works the
same way, but here instead of two coordinates there are
n coordinates. The sum of their squares is still less than
the radius R squared. What about cubes? - The picture is
not fundamentally changed, just used a slightly different
metric, where instead of the square is substituted function
maximum value of X or Y less than the radius R for the case
of n-dimensional space we will have n variables listed here.

A similar pattern of nested layers to the Russian Matryoshka
doll can be seen on the two-dimensional plane piercing
the n-cube. We would like to emphasise piercing and not
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dissection, because from the basics of linear algebra it is easy
to understand that a cube is dissected by such a plane into
two disconnected spaces, and for a higher dimensional space.
Starting from the tesseract, a 2D plane can be enclosed by a
continuous contour transverse to it. The picture resembles
a baked apple on a skewer. In fact, from the linear algebra
course, if AX = 0 then rank(X) = n - rank(A) = n-2, so
starting from 4D, the plane can be threaded like a thread
through the eye of a needle. Unfortunately, this revealing fact
is not understood by some scientists when they encounter a
chain of n-cubes nested inside each other!

For the balls situation is self-evident. But we have seen that
in topology a ball and a cube are homeomorphic to each
other and are easily transformed into each other as a result of
deformation without breaking the space. It turns out that on
a perfectly smooth homogeneous surface of an n-dimensional
ball there are geometric elements of all dimensions from 1 to
n-1 hyper-meridians. For the case of a n-cube of dimension
two or, more simply, a square in the plane, the picture is
similar. What prevents us from making a similar experiment
for the case of three and more dimensional space? To answer
this question, it is necessary to familiarize ourselves with the
concept of pairwise disjoint equivalence classes.

12 Pairwise disjoint equivalence classes

Look at a photo of the Taj Mahal, a monument of Indian
architecture. It has symmetry with respect to the vertical
axis passing through its centre. We can say that the mirror
just plays the role of an equivalence relation. Symmetry is
one of the types of equivalence functions.

There are other examples, such as homeomorphic figures
already familiar to us, such as displacements, rotations, and
so on. Note that the Taj Mahal is made up of different
elements, columns are mapped into columns, domes into
domes and there is no mixing. Another example is chess.
While the game is played on parity, pawns are exchanged
for pawns, light pieces: Bishop, Knight - for light pieces,
heavy pieces Rook are exchanged for Rook or Queen for
Queen. These are pairwise disjoint equivalence classes. The
equivalence function deals with each class separately, it is
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easy to prove strictly mathematically. There is no mixing
going on.

S| ~={Sn-1\Su-2, ... 52\51, 51\S0} (12.1)

(in particular, for n = 3 these are two hemispheres excluding

a circle in the plane (0,x,y), a circle excluding two endpoints
[0,0,-7/2],[0,0, r/2]. The expression S| ~ denote factorization
of layer useful for analysis of its elements. Each of the
listed classes has the dimension of the subspace to which it
belongs

Su\Sm-1=R"™, dim(S) =m. (12.2)

Applied to our construction of three concentric spheres or
n-cubes. Any element of any dimension can only be mapped
to an element of the same dimension by the equivalence
function. Let’s focus on the formula layer {Sj} — {...5;} in
a collection of layers. Such a formula is called a restriction
of equivalence relations to a layer, as if the set had been
placed there with a stencil. Because of the central symmetry,
the image of a layer should also be symmetrical - the set of
continued layers.

13 Chain of n-cubes

As mentioned above the a-Small n-cube a” is the set of layers
indexed from 1 to k, theb-Medium b" is the set of layers
from k+1 to k + 1 and the c-Large ¢" is the set of layers
from k+1+1 to k + 1 + m. The layer is defined as the subset
difference S; = e;\e;_1, 1 > 1, where e; denote n-cube with
edge i. Here below is a totally ordered set of layers (also
named as simply ordered set, linearly ordered set. Sign <
):

eo0CegCeyCeryem S U (13.1)

or
60 <851 <Sy++ < Spymel (13.2)

The first hypercube ey denote 1" or 2", in parity, but given
the enclosures below, this detail is not leads to qualitative
differences. A set partition one can see above. A chain of
sets (6) define a topology in Z". On the other hand, this
formula describes a one-dimensional probe penetrating three
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nested hypercubes through a common centre. The result of
the Cartesian Product of two orthogonal probes can be seen
in 4.1 above, so the researcher can obtain a two-dimensional
plane regardless of the space dimension.

Definition 13.1 The layer is defined as the difference of
subsets S; = e;\ej_1, i> 1, where e; denotes an n-cube with
edge i.

The topology of n-cube is induced on this subset because
0€ Z%> € 7" € R" . There is no parallax effect.

Puc. 13.6: The construction of
one layer (left) and set of layers
in the octant (+, +, -)

Let’s try to create a construction in OpenSCAD

//***********************************************

// Listing 1 Layer.scad

// This program creates a 3D corner from

// elements of different dimensions (2-D siding)

// a pair of corners 1-D and the vertex of the cube 1°n -
0-D

// The vertex of the corner is at the beginning of the coord.

// (center=false, not center=true)

| [RRRRR AR A AAAIR A AR AAAI Ak

q = 5; // Sets The Scale. Do not forget the sign ";"

edge = 5*q; // Edge dimension n-cube

step = 1.5; // Step or gap step >= 1

cube(|edge,edge,1],center—false);

// Lower face of the cube, orthogonal Y, edge size

translate(|edge + step,0,step]|)

// Moving the course to a point with a coord. (x,y,z)

cube([1,edge,edge|,center—false);

// The face of the cube, orthogonal to the X axis

translate([edge + step,0,0])

// The translate operator without ; is followed by a figure

cube([1,edge,1],center=false);

// The edge of the cube located across the X-axis
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translate(|0,edge + step,0])
cube([edge,1,1],center—false);

// The edge of the cube located across the Y axis
translate(|0,edge + step,step])
cube([edge,1,edge|,center—false);

// Cube face, orthogonal Y axis
translate(|edge + step,edge + step,step])
cube(|1,1,edge|,center—false);

// The edge of the cube, located parallel. Z
axes ranslate(|edge + step,edge + step,0])
cube([1,1,1],center=false);

// Vertex of the cube.

As a result, you will get a layer, and together with the
program cycle:

for (j = [1i:-1:1]) //Slightly modified listing 1}

to build layers from the periphery to the center, the counter
j=1,i—1,i—2...11is used - a set of layers or, more simply,
a corner is formed, as in the figure 13.6

[Tanl5]:  Tansuepun (2015),

The dimension of the n-cube layer can be seen from the well-
MmuoromepHsIit Ky6

known Newton’s binomial. See also [[an15] To understand

what elements an arbitrary layer S; consists of, use Pascal’s
n!
triangle, in which the coefficients C)} = ——————, the
m!(n —m)!
number of combinations are written in rows, and each coefficient,
with the exception of the extreme ones, is obtained by
summing two adjacent ones located a row above, here are its
first lines: 1-2-1, 1-3-3-1, 1-4-6-4-1, etc. as in the table 13.3

Tabmnna 13.3: Pascal’s Triangle ) the margins of the book.

n | Binomial. coefficient.

1 1 As a result, the senior member of the polynomial below

2 121 disappears, and the degree of the polynomial decreases to

3 1331 n-1. The sign of the sum 3] can be replaced by the union

4 1464 1 sign U. The dimension of the n-cube layer can be seen from

5 1510105 1 the decomposition of Newton’s binomial. To simplify its
appearance to one layer, use Pascal’s triangle, where the

binomial coefficient is written in rows. As a result, the higher
term of this polynomial disappears and we are left with the
highest degree, n minus one. You can replace the sum sign
>, with the union sign U. Here, understanding the structure



of the layer gives the following formula

k=n-1
Si=({+1)"-i"=¢j41\e; = U Crliikln_k (13.3)
k=1

Look at this corner (13.6 left). And this is a cascade of corners
(13.6 centre) that together form a cube (13.6 right). The
Cartesian product of a linear segment per square forms a cube.
This shows that the principle of dimension is respected. The
above formulae are derived from the Newtonian binomial and
describe the plane as the difference of successive hypercubes
with a common vertex coinciding with the origin.

Another way of representing the construction under study,
"the origin of the coordinates located at the centres of the
hypercubes is obtained by iterating n reflections of hyperplanes,
i.e. multiplying by 2", which does not fundamentally change
the nature of the formula. Both geometric constructions are
transformed into each other by reflections from hyperplanes
perpendicular to each of the n coordinate axes, or by cutting
and scaling the figure. Each layer of the hypercube has
elements of dimensions n-1, n-2, ... 1 (hyper)faces, and the
edges of such elements are described by the formula %177 -
i.e. cuboid. If we neglect the binomial coefficients, then the
resulting formula coincides with the one previously obtained
to describe the structure of the sphere (12.1)

In the case of a square (n = 2) n in the plane, see above Figure
7.3 on the left the formula for the area of a trapezoid by the
product of the length of the median line by its height. As a
result, both the volume, the power of subsets, in the form of a
plane mapped into a set of successive and continuous planes,
and the symmetrical shape of the structure are preserved.

It is important to remember that when we talk about relations
of continuous and mutually reversible functions, we can only
compare spaces of the same dimensions. Summarising the
above, we can conclude that a point cannot be equivalent
to a linear segment, a segment to a linear square or a circle
in the plane, and these last figures to a three-dimensional
cube. It is only possible to establish a continuous, mutually
unambiguous correspondence between figures of the same
dimensions. The same principle applies to a discrete space
made up of elementary cubes. This is a clear demonstration of

13 Chain of n-cubes

the correspondence principle in science. The term "correspondence

185
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Puc. 13.7: L’ultima Cena The painting The Last Supper by Leonardo da Vinci demonstrates the parallax
effect. All the lines: the continuation of the corners of the walls, ceiling, and floor converge at the vanishing
point - on the forehead of Jesus Christ. This creates a sense of spaciousness

principle"is used in a more general sense to mean the reduction
of a new scientific theory to an earlier scientific theory in
appropriate circumstances, for example, Einstein’s special
theory of relativity reduces to classical mechanics at speeds
small compared to the speed of light.

14 Euclid’s Axioms in XXI

Euclidean Geometry is also known as plane geometry. It deals
with the properties and relationships between all things. It
is possible to supplement Euclid’s Postulates with elements
derived from elementary unit cubes lined up in a row, a
rectangle, a three-dimensional cube and so on. Note, that
we work in n-dimensional space!

Tabaumna 14.4: The postulates of Euclid in discrete space

Figure in Euclidean space R" Analogue in Z" Dimension
A dot 1" 0orn*
A linear segment A set of 1" lined up in a row it = 1771 1
A plane A set of 1" ordered in a square % 1"72 2

* depending on the situation.

In the digital age, we can supplement Euclid’s postulates
with the following elements derived from elementary unit
cubes lined up in a row, a rectangle, a 3D-cube, and so on.
The dimensions will be as if we were dealing with points.
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dx"

For example, 7~ = nx1

corresponds to formula (8). In
addition to the axioms of Euclid, it is useful to analyse the
constructions we have studied from the point of view of the
axioms of topology, which are well described in a number
of textbooks, e.g. We have already discussed the concept of
metric and topological space (see figure 4). From the axioms
of topology, the correspondence between a point in the space
R™ and an elementary n-cube 1" in the topological space ()
is even clearer. The elements 1" in a topological space can
be created by combining operations, differences, Cartesian
product of sets of elements with dimensions from 1 to n-1.
Note that the clause 0 or n, depending on the situation
in the first row last column of Table 2, means that in the
formula (8) above i¥1"7% of the cuboid the multiplier 1%
has no dimension. On the other hand, by partitioning the
space 1" +— e, i.e. an n-cube. Spaces of different dimensions
Q" = OF are homeomorphic if and only if n = k.

In fact, if Fermat’s Last Theorem holds for triples of whole
numbers, then the units do not matter, be they metres,
centimetres, millimetres, micrometres, nanometres, etc. This
means not only equality, but also the identity of the equation
of Fermat’s Last Theorem, or in other words, the independence
of the result from the division of the space. A unit cube can be
made as small as you like, but the essence of the phenomenon
does not change. This is important for understanding for this
student and for students who aren’t familiar with mathematical
analysis.

Separating a figure, let’s say the sphere S?\S!, from its
element - the equatorial circle. This is a legal technique
known from Euclid’s Elements from the third century BC
and from school geometry courses on the plane, stereometry
and drawing. Let us continue this thought. The sides of a
triangle or other polygon are mapped onto the elements
of another figure by parallel transfer/homothety /reflection
from the axis/plane, rotation and other means. Note that if
such a mapping is reversible, mutually unambiguous, then
a point remains a point, a segment remains a segment
(here dimensionality is preserved). The figure shows how
two equivalent correct 3D pyramids are mapped, e.g. when
looking at a hologram. The principle of equivalence means
that a small pyramid as a whole is mapped to a large 3D
pyramid, an arbitrarily chosen face is mapped to a 2D face,
a one-dimensional edge is mapped to a one-dimensional edge.

187
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Drawing and architecture are based on this principle, which
has stood the test of time for at least six millennia. Why,
in this situation, can we not select hypermeridians on the
sphere and expect each of these elements to be mapped to the
set of elements of the corresponding dimension?

Tested for millennia

Is it legitimate to isolate from the sphere S?\S?, its arbitrary
V element - the equatorial circle? - This is a legitimate

technique known from the "Elements"of Euclid, formulated

in the I1II century BC, and from school geometry courses on

planes, stereometry and drawing. induced topology. It has

been verified by architectural monuments for thousands

of years.

When we work with a decorative material, such as siding for a
house, it is common to measure it in square metres. Moulded
products, such as railings or skirting boards, are measured
in metres. But in reality, all of the above materials have
certain dimensions in length, height and width. However,
smaller dimensions are usually neglected. From the definition
of topological space and Euclid’s postulates, it follows that
a unit cube or unit of degree n corresponds to a point in a
space of dimension n. All the figures just listed are made of
such unit cubes.

They have the dimensions we are used to from the axioms and
the definition of topology. What is an axiom in mathematics?
- It’s the result of careful observation or a well-conducted
experiment. Euclid’s and topology axioms are based on the
principles of physics: homogeneity, isotropy, continuity of
space, symmetry.

15 A paradox

From the algebraic decomposition it follows that figures in
the form of a cube with a defect in the form of a missing point,
corresponding to the expression i"” — 1" a set of layers or
2" —1" alayer (in Z" provided central symmetry), indifferent
to elementary transformations, have a dimensionality one
unit less than the space in which these figures are created.
Given the above, such expressions and figures correspond to
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B"\point or S'~1. However, only in the plane is it possible to
simultaneously fulfil the conditions of symmetry preservation
and volume equality inherent in the Pythagorean Theorem.

Note that 22 — 1 is also a 1D figure in the central symmetry
space of Z", which is mapped to the 1D perimeter of the
square 1% layer by layer. This situation is normal, because of
the condition of one class equivalence for n = 2.

Dimension is not a trivial question in mathematics. There
is a great visualisation of Malderbrot’s fractal set, which is
defined by a recurrence formula, and such fractal sets differ
from our usual sets in that as you increase the scale of the
set, the same features are repeated infinitely. Imagine you're
looking at a map from a bird’s eye view, then you go down,
you get closer to this object, you see more and more details,
so these details show a more complex structure, it repeats
all the time. There are no arcs, no smooth curves or straight
lines. So the dimensionality of this fractal set is fractional.
It’s amazingly beautiful!

16 Journey to the vertex of the n-cube

Some respected scientists object that piercing the n-dimensional

cube with a two-dimensional plane is too simple and distorts
the complex structure of this cube. This misunderstanding is
caused by a poor representation of what the n-dimensional
cube actually is. To understand the structure of n-cube let
us apply the method of setting up an experiment in virtual
reality.

Astronaut Fyodor went into multidimensional space to make
a trip from the origin of coordinates and simultaneously the
centre of the 10-dimentional cube, whose faces are orthogonal

to the coordinate axes, to an arbitrary vertex of the hypercube.

The movements made by the astronaut imposed restrictions:

Puc. 15.8: Dimension of defect
cube 2" — 1 is n-1 in central
symmetry space of Z"
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allowed movements only in the direction or against the direction

of any of the n coordinate axes. Fyodor made n jumps: the
first one from the origin of coordinates to the centre of the
face of the highest dimensionality n-1, and all the rest - across
the first jump. At each step or jump, Fyodor changed the
direction of motion, turning at right angles.

Puc. 16.9: Fyodor made n
jumps: the 1-st one from the
origin of coordinates to the
centre of the face

The astronaut’s loghook after the experiment looks like
this:

» Starts from the Deceract in the direction of the axis.

» ['m moving into the Enneract in the direction of the
axis.

» Moving in an Octeract against the direction of the axis.

» Moving into the Hepteract in the direction of the axis..

» I'm moving into a Hexeract against the direction of
the axis..

» Moving in a Pentact against the direction of the axis.

Moving into the Tesseract against the direction of the

axis.

v

Moving into the Cube in the direction of the axis.
Moving to the Square in the direction of the axis..
Moving into the Segment in the direction of the axis..
Moving towards the Vertex against the direction of the
axis.

» Finish!

vvyYyy

(It is easy to guess that with the existing restrictions on
movement along/against the axis direction, Fedor will be able
to freely visit V of 219 = 1024 vertices of the hypercube.)

In the last three steps we, as three-dimensional beings, could
see the sudden appearance of Fyodor in the centre of a three-
dimensional cube from the invisible to us four-dimensional
space, followed by a jump to the centre of the wall, ceiling
or floor - at the discretion of Fyodor, after which from a
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2-dimensional square - a jump to the centre of the edge and
finally, the last step - arrival at the top.

Analyzing the two-dimensional and three-dimensional cases
and generalising the result to the n-dimensional case, it is easy
to calculate the length by formula % n of the distance from
origin of coordinate to vertex. The edge of an n-dimensional
cube lies in the hyperplane perpendicular to the height just
constructed and passing through the base of this height - the
point of intersection of the straight line with this edge.

Note, that from Fyodor’s point of view, all faces of the n-
dimensional cube are perceived not as n-dimensional, but as
flat figures.

Without changing the generality, we can arrange the indexes
of the coordinate axis in ascending / descending order and
get the following result in the form of the ship’s Log of
cosmonaut Fyodor. At the end of the flight, we turn to the
data of the autonavigator, where Fyodor’s observations and
directions of movement along each axis were recorded. From
the basics of combinatorics, it is easy to see that the number
of elements - the power of the set, consisting only of binary
elements zero and one, is 2" - exactly the same number of
vertices in the n - dimensional cube. In this experiment,
Fyodor started from the centre of the ten-dimensional cube
moved only in the direction (denotes as one) or against the
direction (denoted as zero) successively explored all of its
faces of dimension from nine to one.

It is important to remember that Fyodor on his way observed
multidimensional cubes with the effect of parallax. There
are a number of examples from astronomy, everyday life,
and works of visual art to explain this effect. Images of an
n-dimensional cube are mesmerizing in their beauty. Let’s
imagine a projection of an n-dimensional cube onto a two-
dimensional plane, for example, passing through the X, Y
axes, without the parallax effect. What figure will it be? The
answer is shown on Figure 1.. So, when we talked about
piercing an n-dimensional cube with a probe, the Cartesian
product of two probes perpendicular to different faces, we
worked with induced topology.

In fact, Fyodor investigated nested topological subspaces
0cQlc Q?c Q% - c Q in the original n-dimensional
space Q, they all pass through the origin, the index from

191



192 | 6 Fermat’s Last Theorem on the school Globe

above means the dimension of the subspace. For example, in
4D Q: 0 c (x,0,0,0) C (x,y,0,0) C (x,y,2,0) C Q.

A relative topology is induced in each of the subspaces:
concentric balls with a common centre at the origin with
radii based on natural numbers (Figure 4). The dimension
of the balls, m-cubes corresponds to the dimension of the
subspace. For simplicity, we can imagine the last three subsets
in this chain: in 3D - 2D- 1D subspaces, respectively: ball B
- circle B? -a linear segment B'.

17 Proof in a single formula and drawing

In the tradition of Indian mathematical treatises, the proof
is reduced to a single drawing and signature: Look! For a
physicist, it is usually enough to look at a 3D cube with its
faces or a globe with its equator to understand the proof of
Fermat’s Theorem.

Let’s imagine a construction corresponding to the expression
a" = ¢" — b" in n-dimensional space. On the left is a
symmetric figure of dimension n. On the right is a set of layers
with one dimension less. This set will be asymmetric (e.g. a
sphere with an irrational radius is asymmetric), or have an
irreparable symmetry defect or a violation of the continuity
of the layers for dimension n > 2 (see Fig. 7.3 above). When
talking about an irreparable symmetry defect, it is important
to apply the rules of dimensionality, compare the volumes
(capacities) for each element of the layer separately, and
then take advantage of the triangle inequality. Therefore,
an object whose fundamental properties are described in a
contradictory way 3a,b, ¢ € Q, such that By = B{\B; does
not exist in nature! - This proof is given very briefly on the
cover of the book. The central symmetry allows you to move
to a layered comparison, but 7 {S]-} — {...S;}. This is the
conflict formulated on the title page of the monograph.

When constructing equivalence relations, hemispheres are
mapped to hemispheres and an arbitrary meridian is mapped

to a meridian. In order to satisfy these conditions simultaneously,
it is necessary to ensure that the sum of the cathets is equal
to the length of the hypotenuse of a right triangle - one of
the cathets must be zero, which is forbidden by the FLT
condition. This proves Fermat’s Last Theorem to be false.
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It is sufficient to utilise basic educational instruments.

The study was conducted using a limited set of basic school
tools, including a wooden cube for children’s creativity,
a globe, a chess set, a tape recorder on reels, a stencil, a
right triangle, and a mirror. In the context of inclusive
education, it is possible to initiate discussions on topics
such as symmetry, equivalence, and uniformity of space, as
well as the preservation of the dimensions of the elements
being compared, by simply touching the surface of a school
globe or an orange with a thread stretched along the
equator. To further illustrate this concept, one can peel
an orange and observe the layers within.

In contrast to the American version of the FLT proof, which
is over a hundred pages in length, these straightforward tools
collectively imply a conclusion regarding the asymmetry
of our universe. To achieve this, the reader is directed to
undertake the final experiment described in this chapter.
Observe the face of an aesthetically pleasing female and note
that a human being, a creature of the universe, must exhibit
slight asymmetry in order to be considered beautiful. In light
of the billions of years of evolution that have occurred on
Earth, it is pertinent to question whether this phenomenon
is merely an accidental occurrence or whether it can be seen
as an embodiment of the more general principles that govern
the evolution of the universe. For further insight, one might
consult an intriguing volume on superstring theory and the
part played by geometry and symmetry in the genesis of the
universe.

The above proof is presented with a focus on school knowledge.

For a deeper acquaintance with the theory of prime numbers,
readers can refer to the scientific works [Apol3], [BS86].

18 The Leonard Euler hypothesis

In 1769, Leonard Euler suggested that by increasing the
number of terms in an equation similar to Fermat’s theorem
to four, five, etc., when the degree of n exceeds the total
number of compared hypercubes on the left and right in
the Diophantine equation, the researcher will necessarily
come to the conclusion that it is unsolvable. A number of

[Apol3]:  Apostol  (2013),
Introduction to analytic
number theory
[BS86]: Borevich u ap. (1986),
Number theory
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mathematicians and amateurs have refuted this hypothesis
for the case of 4-, 5-, 7-, 8-dimensional hypercubes. (The
method of decomposing one hexeract into five other hexeracts
is still waiting for its finest hour.) Another generalization
of Fermat’s theorem to the case of four hypercubes leads
to the Diophantine equation in the form: a* + b* + c* = 4*.
Using set theory and the Euler-Venn diagram, assuming
d > c > b > a, one can represent an expression from the
sum of four hypercubes as:

d*\c* = p* U a* (18.1)

here on the left is the set of hypersurfaces of dimension n = 3,
on the right is the union of two hypercubes of dimension
n = 4. The fourth hypercube a* is obtained by operations
on layers of b*, but performed with deviations from the

principles of symmetry of degree three in terms of the above
table 7.2.

According to Fermat’s theorem proved above, there is no
equivalence between subsets of (d4\c*)\b* # a* . Therefore,
there are chances to create a new shape from the defects of
the layers (partial removal of the layer), perhaps a*. Let’s
make sure that it is possible in principle to build such a
structure.

The manifold becomes disconnected

If this new construction is placed in the area of positive
axis values, then when reflecting from hyperplanes and
scaling, the number of hypercubes a* increases by 2n, that
is, by 16 times, while the figure becomes disconnected.
This makes the new model radically different from the
previously considered combination of three nested cubes
with a degree of symmetry n - the condition of uniformity
of space is violated.

And what can we say about probing a two-dimensional plane?
Let’s arrange the four tesseracts in such a way as to preserve
the maximum possible symmetry of the degree two structure.
To do this, consider the planes on the axes X1, X5 (remember
that both axes X3, Xy are perpendicular to this plane.)

Since on the 2D plane V the layer Si is commensurate with
another S;, we build a plane stretched on the axis Xy, X»
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d*\c* = b*U a*

X3
X4
d b
—

C ol o X1*X2

|
Nl 0

a | d

Will the layers match?

Puc. 18.10: Is the Diophantine equation a* + b* + ¢* = d*solvable?

(for shortening, we denote it as X; X X5,- the Cartesian
product of the axes. For ease of presentation, we choose
two-dimensional projections d*\c4 on a plane drawn through
the X3 axis and orthogonal X; X X5, and the projection of
hypercubes b*Ua* on a plane drawn through the Xy axis, also
orthogonalX; X X5. (The volume/measure of c*, subtracted
from d*, is highlighted in a distinctive color and shading.)

Note that the two-dimensional projections of all subsets of b
on Xj X Xp are symmetric with respect to subspaces 1D L X3
and, respectively, L X4 and symmetry along the subspace
2D ||X1 X X>.

Let’s make sure that it is possible to find an equivalence
function that displays d*\c* — b*Ua*. In fact, it is possible
to write in layers:

{({Sile<k<dy {St<l<dyy —{{Sj1<j<b} {Si1<i<a}}
(18.2)

Here we write the mapping of a set consisting of two subsets
of layers into another set also consisting of two subsets of
layers (the condition for the range of layers follows after the
vertical line | ). It is easy to find the corresponding equivalence
function based on the equality of measures d*—c* = b*+a*, as
well as taking into account the condition of layered symmetry
and Fig. 17.17. As a result, you can write a formula for
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cuboids, taking into account their height (see the analog of
a square cable in Fig. 7.5:

chSk|+(d—c)Z|Sl|—bZ|S|+aZ|S|

LCD

w|
S

CTL;D 1 LCD
= 2315m |d2+—Z|sm|(d—c> EZ Sl b2+ Z|sm|a
1

1

Here in the formula above, LCD (Least Common Divisor).
LCD(d —c,a,b,d). The capacities of 2D layers are written
under the sum sign. The manifold in the form of a difference
of tesseracts (d*\c* is divided into cuboids projected on the
axis X3 into segments [c, d] and [1, c] respectively. (Compare
with splitting a variety into parts when taking an integral).

In the lower equation of the last formula, the variable is
replaced by a single natural counter m, which runs through

the value of theranges 1...d,c...d,1...a,1...b, respectively,

for each set of layers. By defining an expression in this way,
one can visually verify the consistent mapping of subsets
of layers of the studied structure and the search for an
equivalence relation with respect to symmetry with respect
to the above subspaces. It is easy to make sure that it is
possible to set such a partition of the structure under study,
which will ensure work not with fractions, but with natural
numbers - for this, instead of nodes, you can simply use the
product of (d —c¢)*a*b*d and display subsets of successive
layers with power (read thickness or number of intervals)
numerically equal, respectively: hy = d?, hj = d*>—c?, hj = b2,
h; = a® , as in Fig.7.3.

As a result of this representation, the Figure will have
symmetry of the second degree and any layers in it will
be commensurate, which indicates the potential possibility
to find four hypercubes with integer edges for the above
formula.

The method of determining solvability described in the last
example is necessary, but insufficient condition for finding a
positive answer to the question. In the penultimate example,
it is a sufficient condition for formulating a conclusion about
the unsolvability of the Diophantine equation.

(18.3)
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Grundy series and Schrodinger’s quantum uncertainty

How did the mathematical paradox lead the monk Luigi
Grandi to philosophical and theological conclusions that
turned the idea of infinity upside down?

The question of what is the result of an infinite mathematical
series 1 - 1 + 1 -1 + ..., At first glance, it may seem
like a simple task, but in the XVIII century it became a
real challenge for many outstanding mathematicians. This
paradox, known as the Grandi series, was named after
the Italian mathematician and monk Luigi Guido Grandi,
who first began studying it in 1703.

The essence of the paradox lies in the fact that, despite the
apparent simplicity of calculations, different calculation
methods lead to different results. If you imagine a series
in the form (1-1) + (1-1) + (1-1) + ..., then each pair
of numbers 1 - 1 is zero, and the entire sum of the series
is reduced to zero. However, if you arrange the brackets
differently, for example, leave the first element outside the
brackets, and then group the rest: 1 + (-1 + 1) + (-1 +
1) + ..., then the amount already turns out to be equal to
1. Thus, a simple change in the order of operations leads
to completely different results.

This paradox interested not only Grandi, but also such
outstanding mathematicians as Gottfried Wilhelm Leibniz
and Leonard Euler. Leibniz, reflecting on this problem,
suggested that the correct answer might be % He justified
this by saying that if you stop the addition at a random
point, the intermediate sum will be either 0 or 1 with
equal probability. Therefore, in his opinion, the average
value of the sum should be % Leonhard Euler, in his work
"On Divergent Series published in 1760, supported this
idea and even claimed that the sum of the Grandi series
and the fraction % are equivalent and can be replaced by

each other without error.

Historians of mathematics note that for Grandi, this
arithmetical inconsistency had a deep religious significance.
He believed that such a possibility of obtaining different
amounts from the same series proves the divine creation
of the world out of nothing. His conclusions that this
paradox confirms the possibility of creating something out
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of nothing reflect not only the mathematical, but also the
theological views of that era.

However, despite all the arguments in favor of various
results, modern mathematicians have come to the conclusion
that the Grundy series does not have a definite sum. This
conclusion is based on the analysis of partial sums of a
series that alternate between 0 and 1 and never converge
to any fixed value. In mathematics, this behavior of a
series means that it diverges, that is, it does not have a
specific amount.

Modern approaches to infinite series and their summation
appeared due to the development of analysis in the 19th
century. The concept of convergence was introduced, which
allows us to determine which value the sum of a series
approaches as an increasing number of its elements are
added. For example, we can consider a series describing
Zeno’s paradox, where to complete the path you must
first cover half the distance, then half the remaining, and
so on. This row % + % + % + ... has partial sums that are
getting closer and closer to 1, which means that the series
converges to 1.

However, in the case of the Grundy series, the partial
sums range between 0 and 1 and do not approach any
one value. This leads to the conclusion that the Grandi
series does not have a certain amount. However, there
are alternative summation methods, such as the Cesaro
method, which calculates the average of partial sums.
Applying this method to the Grundy series leads to the
result %

Thus, the study of the Grundy series demonstrates that
mathematics, despite all its rigor, can be subject to different
interpretations depending on the chosen approaches. The
Grandi series does not have a specific amount in the
traditional sense.

Excerpt from the publication: "A monk mathematician
finds the divine in a paradoxical series of numbers"21:49
/ August 16, 2024 Source Securitylab.ru

Readers familiar with the Schrodinger’s Cat paradox are
not surprised by such quantum uncertainty. This is another
example of the connection between arithmetic (in this case,
we can talk about ways to separate numbers due to associative



rules) and quantum mechanics.

19 Summing up

For physicists, a look at the cube is enough to understand
the proof of Fermat’s Last Theorem. Let’s go to the right side
of the equation: a" = ¢ — b" and imagine the construction
in n-dimensional space corresponding to this expression. On
the left you see a hypercube of dimension n, a symmetric
figure. On the right you see a set of layers of dimension one
less. This set will be asymmetric or will have an irrecoverable
symmetry defect or a violation of the continuity of the layers
for dimension n > 2, because elements of dimension form 1 to
n-1 belong to a layer (use the rule triangle inequality). It is
impossible to describe the same construction as an object in
such a contradictory way. There is a conflict in the properties
of dimensionality, continuity or symmetry. Therefore, such a
construction does not exist in nature!

It turned out that very simple tools were all we needed:
constructions in the form of an ordinary wooden cube for
children’s creativity, a globe, a chess set, a tape recorder
on reels, a stencil, a right-angled triangle to prove Fermat’s

Theorem in a way that was understandable even to the blind.

It is enough to feel with your fingers the faces, the edges
of the cube or the meridian on the globe, concentrating on
symmetry and maintaining the dimensions of the figures
compared. These simple tools also allow us to infer the
asymmetry of our universe! Look at the faces of beautiful
women and notice that man, a child of the universe, must be
slightly asymmetrical to be beautiful. Is this by chance?

19 Summing up
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The Riemann hypothesis from
the standpoint of statistical
physics

1 Introduction

The Riemann hypothesis RH is regarded as one of the
most significant unsolved mathematical problems in the
field. In this manuscript, author considers a proof of the
RH concerning the so-called non-trivial zeros of the zeta
function. The Riemann zeta function occupies a pivotal role
in the realm of analytic number theory, with its applications
extending to the domains of theoretical physics, probability
theory, and mathematical statistics. The author is convinced
that the RH should be verified from the standpoint of physics,
quantum mechanics, reference to the Standard Model of
the Universe, symmetry and algebra. In the contemporary
era, fundamental knowledge of these subjects is imparted in
educational institutions. Prime numbers can be considered a
mathematical model of the possibility of separateness of a
subsystem within a system. Despite the fact that the formulae
delineating the zeta function and its properties are somewhat
cumbersome and necessitate a grasp of higher mathematics,
the theory of analytic functions, and number theory, the
proof’s fundamental premise is predicated on the principles
of physics, mathematics, and logic that are typically covered
in school.

With a focus on a broad readership, including high school
students, the italics marks special terms that can easily be
found in the scientific literature. The interdisciplinary
nature of the study and the conflict in the notation used,
such as p - probability and p - momentum, p - prime
number, prompted the author to declare at the beginning of
each section the main local variables, functions, in order to
convey in what sense their use is meant.

The most characteristic property of the Riemann ((s) function,
which can be written by two formulas. The first one is an
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infinite sum Dirichlet series of the form:

()= (11)
n=1

where is meant the convergence of the series for s (the
question of convergence is discussed below), and n runs
through all natural numbers. The second formula defines a
C(s) function as an infinite series of products:

-1
C(s):“(l—%) :]_[(1+1+ iz+i... (1.2)

. ;s\ opr PP

in this formula, p runs through all the primes. (In the case
of a convergent series (1.1), it is easy to consider its partial
sums, apply the associative law, and perform arithmetic

operations on prime numbers, discarding low-order terms).

Euler proved [Cha74| that both definitions are equivalent for
the case of integers s.

As an analytical function of the argument of the - complex
variable s = g +it, C(s) was first studied by Riemann [Rie4§].
It turned out that C(s) can be extended analytically to the
entire complex plane C, including negative values of ¢, and
has no features on it other than s = % + it (first-order
poles). C(s) = 0 turns to zero in the range (-2,—-4,—6...)
negative values o - these are the so-called trivial zeros. Of
particular scientific interest is the search for non-trivial zeros
of the ((s) - function. The RH states that all nontrivial
zeros of C(s) are located on the imaginary axis s = % + it.

2 The Infinity of Non-Trivial Zeros

In this section, I' denotes the mathematical Gamma function;
Y(x), x, and E are functions specially defined by Riemann
to simplify expressions; and T is an interval for the variable
t along the imaginary axis on C.

203

[ChaT4]: Chandrasekharan
(1974), Introduction to Analytic

Number Theory

[Rie48]:  Riemann
«Collected Papers»

A function f(z) of a complex variable z which is single-valued
in this domain and which has a finite derivative at every
point. Such function that can be locally represented by power
series.

(1948),
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[Tit86]: Titchmarsh (1986), The
theory of the Riemann zeta-
function

Puc. 2.1: Georg Friedrich
Bernhard Riemann. German
mathematician who made
profound  contributions to
analysis, number theory, and
differential geometry. To the
right - zeta function

7 The Riemann hypothesis from the standpoint of statistical physics

The following functional equation holds [Tit86], whose form
may initially appear overly complex:

C(1 = s) = 2515 cos (”75) T(s)C(s) (2.1)

due to the use of the FEuler gamma function in the form
familiar to modern readers, as refined by Legendre:

+00

I'(z) = / t* e~ dt, zeC, Re(z)>0
0

(2.2)

This integral is easily evaluated by parts and reduces to an
integral of a similar form — ultimately yielding the recurrence
relation I'(z + 1) = zI'(z).

v

i
<

<
(
it

[(xa 4+ Hdle x4+ 52l

For school students, it suffices to recall the definition of the
factorial n! to better understand the gamma function and
its properties. From 2.2, through a double substitution of
variables, the following formula emerges:

+00
_ax1] +1
/ 19 exp(—atf)dt = a~F —T (a ) L (23)
P\ B
0
Substituting a = —n?n, p =1, and a = 5 —1, we arrive at
the expression:
+00
T (s
(3) (2.4

s_ 2
x2 leTMTX dy = )
nsms/2
0

Since the C-function can be analytically continued to the
entire plane s = 0 + it for ¢ > 1, factoring out the constant
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from under the summation sign yields:

r(3)C6) T(3) 1
75/2 - ns/z ; E
+o0 - (2.5)
/x%—l —nnxdx_/xi 1Zennxdx
n:l 0 0 n=1

Here, the interchange of summation and integration is permissible
due to the absolute convergence of the series. Riemann
isolates the function

P(x) = Z e (2.6)

and simplifies the expression:

+00

/x%_ll,b(x),dx, o> 1. (2.7)

0

s/2
r(3)

From 2.6, using the known formula for the Gaussian integral

fooo e_kyzdy = %, we derive:

C(s) =

20(x) +1= % {2¢ (%) + 1} : (2.8)

Titchmarsh deduced from the last formula that there is a
connection between the derivative and the function itself
[Tit86], which is easy to see directly by simplifying the  [Tit86]: Titchmarsh (1986), The
expressions obtained during differentiation by replacing the  theory of the Riemann zeta-

variable with its values x = 1: function

, 1
(W) + (1) = -3 2.9
So from 2.7 and 2.8 follows the formula:
rEw o [
- / x27p(x)dx + / x27P(x)dx

0 1

1
-/ x%—l{i¢(1)+i--}dx+ / pxdx (2.10)
. X X
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[Rie48]:  Riemann
«Collected Paperss

(1948),

Riemann drew attention to the symmetry of the occurrence of
the factors s and s —1 in the resulting formula, from which he
concluded that the zeros C should be located symmetrically
relative to the axis 0 = % on C. From the obtained formulas

1
2.8 and 2.9 by replacing s = 3 + it Bernhard Riemann easily

obtained the expression:

1

E(t) = 5~ (t2 — 411) / gb(x)x_%cos (%tln(x)) dx (2.11)
1

Also to simplify working with the expression 2.1 Riemann
specifically introduced the function x(s) according to the
expression ((s) = x(s)C(1 - s).

—_

I'(
I'(

)
)

Therefore, x(s)x(1 —s) = 1. According to the formulas 2.1,
2.12 above, if you put:

N

X = 21_571_5005(%5)1“(5) o (2.12)

N

s(s — 1)7_(;5

&) = 2 =nT () <o) (2.13)

then you can output a symmetric expression for the function:
&(s)=¢&(1-s) (2.14)

Riemann then replaced the variable by rotating the axes of
the plane C by an angle of 7:

B(z) = & (1 ; iz) (2.15)

2
Thus, the functional equation 2.1 is equivalent to the statement
about parity of the function E(z). In Chapter XI [Rie4s§]
On the number of primes not exceeding this value Riemann
concludes that the function & can vanish only if the imaginary
part of t is enclosed between —% and %, and the number of
roots of the equation whose real part is enclosed between 0
and T is approximately equal to:

—log— - — (2.16)

Riemann writes: ‘the specified limits contain approximately
the same number of valid roots; therefore, it is very likely
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that all the roots are valid. In any case, it would have been
desirable to find a rigorous proof of the second proposition;
after several futile, not very persistent attempts to find one,
I temporarily abandoned them, since it was not necessary
for the immediate purpose of my research‘. Based on the
biography of Riemann [Der(9], it is natural to assume that

[Der09]:  Derbyshire (2009),

Riemann made many persistent attempts to prove the HypothesisPrime — obsession:  Bernhard

formulated by him, but based on the level of development of
physics in the middle of the XIX century, it was impossible
to prove it.

Riemann’s conclusion also confirms Titchmarsh by analyzing
the following integral [Tit8&6]:

E(t)
1
2 + 1

(=1)"mcos §

2 _
t" ch(at)dt = T

lim (2.17)

rd
a—7

where n =(0,1,2...N) has as many zeros as the sequence
(=1)" for sufficiently large a = a(N) and sufficiently close
a — . Therefore,on the interval (0,a), the function Z(t)
has at least N variables of the sign. By directing N — oo,
Riemann concluded that the number of non-trivial zeros is

infinite.

Thus, the RH states that all non-trivial zeros of ((s) are
located on the imaginary axis s = % + it. But no one has yet
succeeded in confirming or refuting this statement, despite
the persistent efforts of mathematicians using supercomputers

Riemann and the greatest
unsolved problem in
mathematics

[Tit86]: Titchmarsh (1986), The
theory of the Riemann zeta-
function

and distributed computing. Algorithm found Odlyzhko-Schoenhage

for calculating the Riemann zeta function up to 10% (The
102°-th zero of the Riemann zeta function and 175 million of
its neighbors) see. also [OS88].

It is not difficult to derive [Kub07] the formula for the
propagator of free particle motion:

K(r,7v',t) =

2nn:ht exp {—% r— r’)z} (2.18)
It is easy to trace the analogy of the propagator with the
formula for determining the so-called 1/}(%) - function introduced
by Riemann 2.6, where you can set ¥’ =0, r = n, t = x.
This analogy may seem artificial at first glance, but it will
be explained more fully in the next section.

TheGreen’s function and propagator are based on the principle
of linearity of the influence of independent factors, superposition

[0S88]: Odlyzko u mp. (1988),
«Fast algorithms for multiple
evaluations of the Riemann zeta
function»

[Kub07]: Kubo (2007),
«Statistical ~ Mechanics: A
Modern Course with Problems
and Solutions»
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of forces, and fields. For the case of a quasi- classical approximation,
a function is substituted into the Schrédinger equations

but with the addition of a complex term as the root of

the probability density p to the phase ?ln(\/ﬁ) and further
expansion of the phase in a series with respect to the degree

of the Planck constant f:

$(x) = exp (%sm)
(2.19)

;—12
S=So+7’—l51+352+"'

Substituting 2.19 in the Schrodinger equation and equating
the terms with the same powers i, it is easy to derive
the equation for a wave packet with a given propagation
direction, calculate its amplitude through the pulse p(x) as
in the classical case using the formula for amplitude of wave
function: A(x,t) = €25L and the phase exactly up to the

. Vr()

multiplier ; equal to the classical action.

It is interesting to note that from a mathematical point of
view, the quasilassical approximation described by in solving
problems of quantum mechanics (1926) WKB Wentzel, Kramers,
Brillouin and is a variant of the stationary phase method.
Based on WKB, an alternative formulation of quantum
[TakO8]:  Takhtajan  (2008),  theory is developed Feynman path integral method [Tak0g],
Quantum mechanics for

. which consists in summing the contributions from all trajectories
mathematicians Graduate

Studies in Mathematics vol
95 (Providence, RI: American  along this path. The classical textitprinciple of least action

with the exponent weight exp {i %}, where S - classic action

Mathematical Society) selects from the family of virtual trajectories one that satisfies
the classical equation of motion.

The analogy between the propagator 2.18 and Riemann’s
W(x) 2.6 function merits closer examination. Meanwhile,
since the formulation of the RH in 1859, important discoveries
have been made in physics, repeatedly confirmed by experiments.
And this knowledge will help you find a proof of the RH.

Definition 2.1

[Osi06]: Osipov (2006), The

Russian Academy of Sciences,  According to |Osi06] Verification (from Latin. verificatio —

2006 Update proof, confirmation, from Latin. verus — true and facio — to
do) is a concept used in epistemology, logic and methodology
of science to refer to the processes of establishing the truth of
scientific statements as a result of their empirical verification.
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Such verification is possible by setting up a physical experiment,

observing the phenomenon, measuring and interacting the
observation instrument with the object under study.

Although it may be of scientific interest to build mathematical
models for which there are no analogues in the known physical
world [Vin03], but in this paper the Riemann hypothesis
will be proved to the contrary: if the nontrivial zeros (s)
were located outside the imaginary axis s = % + it, then this
would contradict the fundamental laws of physics, quantum
mechanics, the axioms of arithmetic, abstract algebra.

3 Statistical Weight and Density of States

Hereinafter I denotes the statistical weight in physics. A
linear operator is denoted by A. Eigenfunction 1. N - the

number of particles (or another micro object). T - temperature.

(Further in the text, the temperature T is set in energy units
and the Boltzmann constant kp) is lowered, as is customary
in the traditions of theoretical physics kgT — T, 1 electron
volt = 11606 degrees. Similarly, the Boltzmann constant is
omitted below in the formulas for expressing entropy S).

[VinO3]:  Vinberg (2003), A
course in algebra

Everything said in this manuscript about the Lebesgue space
£>(G) is transferred to the Lebesgue space with weight
Z2(G; po). Definition of (f,g)po:

(£}, = [ ottty as 31)
G

where Po € C(G) and po(X) >0, x € G, f,g Ggfz(G,' po)
(Further, for simplicity, weight po = 1 is omitted below and
in the formulas, but the conclusions regarding orthonormal
functions can be extended to VYpo(x) > 0, x € G, as can
be easily seen by replacing the variables [Vla]). In the space
of measurable functions for which the integral of the square
of the module is finite f ||f(x)||2dx < oo - in the Lebesgue
space £, consider the equation system of the linear operator.
Suppose that in the studied system, a physical quantity A is
observed. From a microscopic perspective, A is a dynamical
quantity and a function of microscopic variables. In classical

[Vla]: Vladimirov (), Equations
of mathematical physics
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St

g

" The system under .
/ consideration N, T

\
\ Subsystems 1,2, . . k

~

~ NiNo. N
a ‘\
( ‘
_ N = const Nsystem <N
ETotaI = Const
______________________ T = const T = const
Microcanonical ol | esposrey
ensemble ensemble ensemble
\ ) \
\. - \_

Puc. 3.2: The system refers to a specific part of the universe that is being observed. A thermodynamic
system is a part of matter with a defined boundary on which we concentrate our attention.

mechanics, the microscopic value of an observable is defined
by a function of generalized coordinates of the phase point,

A(l) = / o Addr = (I|All) (3.2)

while in quantum mechanics, the average value of such an
[Mes14]:  Messiah  (2014), observable is expressed as follows [Mes14]:

Quantum mechanics
Ao = avpa,  (Yi,9)) = 01,
_ (V, AV) (3.3)
AN

where the proper functions of ¢, are linearly independent,
and the eigenvalues of the linear operator A are set over the
field C. The last formula in 3.3 evaluate a as the average
value of the observed A in the dynamical state Y4, it is
assumed that the norm ||A]| < co.

Every orthonormal system {gb k} consists of linearly independent
functions, i.e., for Ycr with X |cx| # 0, it is impossible
k

to have Xk cxpr = 0. Eigenfunctions 11, ¢, ..., can be
transformed into a set of orthonormal functions via the
Gram-Schmidt orthogonalization process. For these functions,
V  f(x) can be expanded into a Fourier series:

o = (f, i) f= 2 i = 2 Fooe) v (3.4)

The Parseval-Steklov equality holds for an orthonormal
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system {gbk} that is complete in &£»:

S v = [ (35)

k=0

Each point in a given region of phase space evolves over
time according to the equations of motion of the mechanical
system. Consequently, the entire region evolves as well. The
distribution function remains constant along the phase trajectory
of the subsystem. In the quasi-classical case, where quantum
mechanical laws can be replaced by Hamilton’s equations (a
reformulation of the well-known Newtonian equations from
school mechanics), we consider the following differential:

_ AgAp
~ (2mh)s

AT (3.6)

The quantity AT is called the statistical weight of a microscopic
state of the subsystem, and its logarithm is the entropy [LL.L.02]

(the discreteness of phase space Al estimated as formula
1

~ 2nhys

due to Heisenberg’s indeterminacy principle) .

Define the probability density p of finding a particle near a
point 7 as:
p(r,t) =|W(r, ) (3.7)

and write the normalization condition over the entire manifold

J: )
> p(E)AqAp =1 (3.8)
J

The number of quantum states with energy E € (E, E + SE)
is denoted as dI" (R. Kubo uses the notation [Kub07]| Qp —
I',QQ — AT, which is deemed unsuitable in Russian literature
in physics due to the letter () traditionally denoting the
thermodynamic potential).

Entropy is defined as the average (denoted by ()) logarithm
of AT', both for quantum states via the energy probability
distribution w(E;) and in the quasi-classical approach via
the probability density p:

S = —(Inw(Ej)) = - > w;In(w)
i (3.9)
S = — (In [@rh)p]) = - / o-In [(2rh)p| dp dq

[LLO2]: Landau u ap. (2002),
Course of Theoretical Physics:
Volume 5 — Statistical Physics

Heisenberg uncertainty
principle states that there
is a limit to the precision
with which certain pairs of
physical properties, such as
position and momentum, can
be simultaneously  known.

1
dpdq > Eh

[Kub07]: Kubo (2007),
«Statistical ~ Mechanics: A
Modern Course with Problems
and Solutions»
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Entropy defined this way (for quasi-classical case the lower
formula) , like the statistical weight itself, is dimensionless.
The Planck constant i in the last formula is crucial for
defining entropy in classical statistics. By introducing #, the
entropy in the classical case becomes independent of the
choice of measurement units.

The simplicity of formula 3.6 belies the complexity of calculating

the statistical weight. The statistical weight is closely tied to
[Vin03]: Vinberg (2003), A  the system’s symmetry and irreducible group representations,
course in algebra which generally obey tensor product rules [Vin03].

Let the manifold M be the set of all possible microscopic
states of the system under given macroscopic conditions Fig.
3.2. In the classical case, Jl is a subspace of phase space;
in quantum mechanics, it is the set of quantum states. The
probability of realizing these microscopic states is determined
by the probability that a state lies within the phase space
volume element AT

Pr(AT) = w(q,p)dl
AFC/ﬂ/L
Pr(l)y=w(l), (I € )

(3.10)

[Kub07]: Kubo (2007),
«Statistical Mechanics: A  (where Pr abbreviates Probability). The formulas apply to

Modern Course with Problems  classical and quantum cases, respectively [Kub07]. Choosing
and Solutions» a reference frame with a stationary centre of mass (total
momentum and angular momentum zero), express the statistical
weight via energy as:
dI'(E)
Al = ——=AE 3.11
IF (3.11)
Here, AT'(E) denotes the number of quantum states with
energy E’ in E < E’ < E + O0E. The quantity AT is the
statistical weight of the system’s microscopic state, and its
logarithm S is the entropy.

The energy probability distribution is given by:

dr(E)

WIE) = =3

w(E). (3.12)

Integrating over all subsystem probabilities forms a complete
group of events, leading to the normalization condition for



3 Statistical Weight and Density of States

W (E):
/W(E)dE =1
J

k
DIWAT = > > W AT =1
) i=1 |

(3.13)

For the classical and quantum mechanical cases respectively,
where in the lower formula summation is performed over
quantum states [ grouped by each subsystem 1,2. ..k within
the studied system. Recall that the manifold 4l represents
the collection of all possible microscopic states the system can
occupy under given macroscopic conditions, with quantum
number [ enumerating the discrete set of quantum states.

The total number of microstates I' is a function of the
system’s energy E, particle number N, volume V| and some
parameter X such as electromagnetic/gravitational field

strength:
1
F(E'N'V'X)_(2nh)3(Nﬂ+Nb+Nc-~-)Nu!Nb!NC!.., / dT
H<E
IEN,V,X)= >, 1
0<E;<E

(3.14)

for classical and quantum mechanical cases respectively. In
both formulas, the manifold /4 in phase space and eigenvalues

of H (the system’s Hamiltonian) are considered for the energy
range E < H < E + OE.

Note that in quantum mechanics, identical particles are
indistinguishable - this permutation symmetry of identical
particles. Therefore, the result of phase space integration
is divided by the number of permutations from combinatorial

formulas, explaining the appearance of factors like N;!Np!N,!. ..

in the denominator. By introducing 7, I" in the classical case
becomes independent of the choice of measurement units
(compare with 3.9).

Let us express the differential of the probability distribution
function in phase space and the probability density p to
find the object at given phase space coordinates through the
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evident formula:

E(p.9)
dw = p(q1, 92, s, P1, P2, - ps)dpdg = e~ T dpdyg
(3.15)

- the probability to find the studied object within infinitesimal
intervals of s coordinates and s momenta: q; ... g;+dq;, pi ... pi+
dp;, abbreviated in formula 3.15 and hereafter as dpdq,

considered as a differential of phase space. Here, the probability
E(.q9)

density is expressed through the system’s energy p = e™ T

Again, significantly simplifying the presentation while avoiding
the general case of tensor products of symmetry group

representations (discussed later), let’s consider a closed system
as a whole (i.e., isolated from other systems, e.g., placed in a

thermostat), where Al'1, AT, AT's ... are defined as statistical

weights of its various subsystems. If each of k subsystems

composing the studied system can be in one of AI'y, states,

then phase volumes multiply while corresponding entropies

add, as illustrated by:

AT = [ [ AT,
o
S=>Sa
o

In other words, the phase space function is multiplicative

(3.16)

and allows separation of variables across subsystems within
the studied system.

The additivity property is crucial for entropy (along with
other thermodynamic variables: energy, particle number,
enthalpy, free energy, thermodynamic potential). Thus, the
phase space is discrete 3.6 and is a multiplicative function of
generalized coordinates. Here, the principles of phase volume
multiplicativity 3.16 and entropy additivity hold.

4 Algebra and Symmetry

As in classical mechanics, the presence of integrals of motion

is closely related to the symmetry of a quantum-mechanical
system. Suppose the system is invariant under some transformation
l:l, where only unitary transformations preserving vector
norms and the Hermiticity of operators have physical meaning.
Since the system’s dynamics are determined by its Hamiltonian,
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the invariance property implies that under such a transformation,
H satisfies:
H=UHU'=H (4.1)

(For classical mechanics, Poisson brackets are analogously
applicable.) In other words, the operator U commutes with
the Hamiltonian H, and their commutator vanishes:

[0, d)=UA-HU=0 (4.2)

If the operator U does not explicitly depend on time, it must
correspond to a conservation law. Then, the eigenvector W of
the Hamiltonian H, with definite energy E, transforms under
U into a vector W7 possessing the same energy: W}, = UWE.
Each transformation group 5 is associated with a certain of

conservation laws. Whenever a conserved observable has a
classical counterpart, these conservation laws are identical
to the corresponding classical laws. The most common ones
are listed below:

1. Translational invariance and conservation of total momentum.
A necessary and sufficient condition for the invariance
of the Hamiltonian with respect to translations is its
invariance with respect to infinitesimal translations;

2. Invariance with respect to rotations and conservation
of angular momentum,;

3. Reflection invariance and parity conservation. From
the invariance of the Hamiltonian with respect to
reflections at the point [I:I , §0] = 0, it follows that
the parity of Sg is the integral of motion.

4. Permutation invariance and symmetry conservation. In
a system consisting of identical particles, the Hamiltonian
of invariance under any permutation P of these particles
[I—AI , §0] = 0 for all P. = that V observable (quantity),
in quantum physics, constructed from P, is the integral
of motion.

To construct a consistent mathematical model, a coherent
algebra can be established via homomorphic relations.

Definition 4.1. A mapping f from an algebra A to an algebra
B is called a homomorphism if it is linear and preserves the
multiplication operation, i.e., f(x-y) = f(x)o f(y) for any
x,y € A Fig. 4.3. The image Im f of the homomorphism f
is a subalgebra of the algebra B and its kernel Ker f is an
ideal of the algebra A.



216 | 7 The Riemann hypothesis from the standpoint of statistical physics

Puc. 4.3: A group

homomorphism is a function A —¥ . A
that translates one group \
operation into another, I £ 1 I
preserving the law of element o
composition. 3 B

5 Symmetry. Groups. Characters

The term ’transformation group’ is conventionally applied to

a set of transformations that, in conjunction with any two
transformations, encompasses the transformation resulting
from their sequential execution. Moreover, each transformation
within the group is required to contain the inverse transformation.
All representations are considered over the field C , which is

an algebraically closed field.

Definition 4.1

Abelian group — a group in which the operation is commutative:
Vg1,$2 € G we have g1 0 g2 = g2 0 g1.

A representation of a group is a homomorphism of the group
into a group of linear operators on the vector space. If the
representation is irreducible, it cannot be decomposed into a
direct sum of smaller representations.

Representation dimension — the dimension of the vector
space on which the representation operators operate.

Let be in the space of R™ is a representation of D of a finite
group G. If there is a subspace in the space R c R¥ (where
(0 < k < m)) is invariant under all transformations of D, then
the representation is called reducible - t. e. Vx € RF result of
D(x) € R¥. If an invariant subspace cannot be separated in
the R™ space, then the representation is called irreducible. If
the space R™ is decomposed into invariant subspaces, each
of which implements an irreducible representation, then the
representation of D is called completely reducible.

Lemma 1. If a reducible representation D is unitary, then the
orthogonal complement of the subspace R* which we denote
by R™~¥ is also invariant under the transformations D. The
selection of the first basis k elements as the first and m basis
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elements as the last m elements, respectively, of the subspaces
R¥ and R"K) | results in the attainment of a block-diagonal
form of the representation matrix D. To illustrate this let
{v1,...,vx} be a basis for RK and {vk41, ..., v} be a basis
for R™"k. The combined basis {v1, ..., 0} transforms D
into block-diagonal form:

D(g) = ("3 prg) V8€G (5.1)

where D; acts on RF and D, on R™k.

For an irreducible representation, any operator that commutes
with all representation operators must be scalar of the form
cE, where ¢ is a number.

Schur’s lemmas

Below are Schur’s lemmas from which the orthogonality
relation matrix elements of the unitary representation:

1. The matrix M commuting with all matrices of an
irreducible representation is a multiple of E - unit:
MD(g) = D(g)M = Mx = cx (M is a scalar t. e.
multiplying E by a number c).

2. Let DM(g) and D@ (g) are matrices of two irreducible,
nonequivalent representations of the group G of
order n1 and njy, respectively. Then any rectangular
matrix M with n; columns and n; rows satisfying
the relation MDM(g) = D@(g)M for Vg € G, must

be a null matrix.

In the case of irreducible unitary representations D@, D)
of order n; and nj, respectively, for the group G with m
elements from the first and second groups Schur’s lemmas
implies orthogonality relation for matrix elements.

The following calculation will determine the character of a
group representation - complex value function y(ab) # 0 and
as x(ab) = x(a)x(b). This is defined as the function x(g)
that is applied to the group in question, with the purpose
of returning the trace of the matrix for the element under
study ¢ in the representation:

(&) = S Dilg) = (D) (5.2)
i=1
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[PTCO09]: Petrashen u gp.
(2009), «Applications  of
Group Theory in Quantum
Mechanics»

[PTC09]: Petrashen wu p.
(2009),  «Applications  of
Group Theory in Quantum
Mechanics»

In physics, the Clebsch—Gordan
(CG) coefficients are numbers
that arise in angular momentum

coupling in quantum mechanics.

They appear as the expansion
coefficients of total angular
momentum eigenstates in an

uncoupled tensor product basis.

Properties of group representation characters [PTC09]:

» Equivalent representations have identical characters
x(D) = x(V)"{D)V(g), since the matrix trace is
invariant under similarity transformations.

» The characters of representation matrices corresponding
to elements of the same conjugacy class in group G
coincide. Characters are constant on conjugacy classes.

» Characters of irreducible representations satisfy the
orthogonality property:

S X (@)xi(g) = mdi, (5.3)
g€G

» The character x(g) of a completely reducible representation
D equals the sum of the characters of all irreducible
representations into which it can be decomposed. The
decomposition into irreducible representations is unique
up to equivalence:

X = D rix9) 1= ST (5.
j 8eG

Here, the number 7; counts how many times the irreducible
representation DU) appears in the decomposition of the
reducible representation D. This is symbolically expressed via
the formula (analogous to decomposing a reducible representation
into components of irreducible representations):

G = @ riGY (5.5)
J

The @ symbol denotes not matrix addition but the decomposition
into irreducible representations. [P TC09|

A representation of D is reducible if there exists a nonsingular
matrix V such that, by a similarity transformation, the
representation matrix is that V"DV takes a block-diagonal
form 5.1, where each block corresponds to an irreducible
representation of D.

The decomposition of the composition of reducible representations
DWeDW) into irreducible ones can be achieved using Clebsch-
Gordan coefficients :

DY(g)® DV(g) = > 7:,;.DV(g), (5.6)
l
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If V@ is a representation of some symmetry group (for
example, a unitary group G acting on R™), then according to
the general theory of representations of compact or semisimple
groups, it can be decomposed into a direct sum of irreducible
representations:

V: = @T’i,jwj/ (5.7)
j

where W; are irreducible representations, and r;; are their
multiplicities.

When G is a tensor product of representations:

G=VieV,eV3---® Vi (5.8)

its decomposition into irreducible components V; corresponds
to the isolation of symmetric subspaces (for example, the
total angular momentum in a system of spins). If V; decomposes
into components as in 5.7, then G further decomposes according
to the formula:
k
G= ® (@ T’i,jo) = @ (1’1]'1 R i’k]‘k)(le Q- ij).
j=1 i J1sj2,-0]k

(5.9)
The interrelation is determined by the rules of representation
composition, which in turn depend on the specific symmetry
group. It is evident that the fundamental principles of algebra

are rooted in the realms of physics and symmetry.

6 Partition function and statistical weight
T is the temperature of the
system under study regarded
The density matrix of the canonical Gibbs distribution is  as unified parameter for the

found by the formula: system 3.2 and all subsystems.

p= 7 1 pH (ﬁ = %) : (6.1)

where T is the temperature of the system under study
regarded as unified parameter for the system and all subsystems.
Let ¢ = |E)’ be the eigenvector for eigenvalue E’ of the

Hamiltonian H and #|E’) = E’|E’) then for a canonical
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ensemble that is classical and discrete, the canonical partition
function is defined as:

Z(B) = tr(Z(B) = treP* = > ¥ (6.2)

E/
In the following text, the notation Z — sum will be used to
denote the value of the sum of the specified series.

Infinite sparse matrix

Simultaneously, the scalar partition function can be regarded
a trace of infinite sparse matrix Z, that is to say, a matrix
with finite support. Z—sum corresponds to the summation
of probabilities for all microstates for a given value of the
energy interval, the condition that the sum of probabilities
for full group of events is equal to unity, and is derived
from the normalization condition similar to the one given
3.13.figure

The partition function is included in the Gibbs distribution
as a normalization factor (it does not depend on j, ensuring
that the probability sum is equal to unity:

1 g 1
;Pj:z;eﬁf:zZ:l. (6.3)

If a system having a volume of V and containing N =
N;+Np+ N, ... particles is in equilibrium with a thermostat
at a temperature of T (in the quasi-stationary case, the
subsystems forming one system under considerattionhave
the same temperature and f), then the probability of its
microscopic states is determined by the following expressions:

Pr(dT) = e PN ;—Z (6.4)

a partition function:

1

N Rty
! Ha,b,c...Na!Nb!NC!...,(Znh)BNu/e

(6.5)



6 Partition function and statistical weight

Appearance of multipliers of the form N,;!Ny!N.!..., in the
denominator follows from combinatorics and is caused by
permutation symmetry 4, the need to avoid re-counting
microstates of the phase space.

The Boltzmann and Maxwell distributions are special cases
of the canonical Gibbs distribution. In consideration of
the molecular identity of gas molecules, it is sufficient to
analyse the distribution by considering the phase space of a
single molecule. Furthermore, the energy can be expressed
in the momentum representation in the coordinates dp.
Furthermore, integration over the generalized coordinates dg
of the system can be replaced by simple multiplication by the

volume of the vessel. This greatly facilitates the calculation
of.

It is important to remember that the statistical weight AT’
satisfies the relation for quasi-stationary thermodynamic
systems:

AT >0, lim AT(E)e™*t=0 (a>0) (6.6

E—oo

To find the statistical weight of the system under study I+1I,
consisting of subsystems I, II, use convolution operations of
statistical weights:

ATy (E) = / AT (E’)Al'y (E - E') dE’
(6.7)
_ / AT, (E — E”) ATy (E”) dE”.

A close look at the last formula allows us to conclude that
Z - sum (partition function) for a canonical ensemble is
determined by the Laplace transform from its statistical
weight:

) ﬁ’+ioo
Z (B) :/e-ﬁEAr(E) dE =ﬁ / Z(B)ePE dp
Eo p/—ico

=a / Z(' +ip")e PR AR”, (B> 0).

where Eg is the lowest level of the system. The lower
formulas are finding the statistical weight AT'(E) by the
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inverse Laplace transform of Z- sum. The integral is easily
evaluated using the calculus of residues by considering the
residues along the contour in the plane g € C formed by a
vertical straight line f = " and closed by a semicircle arc on
[co

Formula 6.7 corresponds to the product of Z — sums:

ZB)+n = Z(B)r - Z(B)n (6.8)

The expression of the Hamiltonian of the system under study,
which combines k subsystems, will now be considered. The
Hamiltonian is thus expressed as: I:ITotal = I—AIl + I:IZ .. .I—jk.
Furthermore by employing an arbitrary definition of the zero
potential energy level, it is possible to consider all energy
levels for examination:

» E > 0 (the minimum energy value for the oscillator
due to the uncertainty principle is %ha));

» by virtue of ||I:IT0ta1|| < 00 being finite and quantization
of energy being integer, the appropriate unit of energy
measurement must be chosen so that AE = 1;

» is an ordered (or partially ordered set in the case of
multiple eigenvalues) in ascending order 0 < Ep <
Ey--- < Ey.

It is evident that among the set of eigenvalues of the Hamiltonian
of the system under consideration, multiple eigenvalues of
E, can occur, as well as spaces from the series of natural
numbers N. The employment of a diagonal matrix, U with
real coefficients un,, = £ (and En—" for U™!) facilitates the
transition to an orthonormal basis.

Corollary 5.1 Equidistant energy level It can thus be concluded,
without loss of generality, that the eigenvalues of the arbitrary
Hamiltonian of the system under consideration can be regarded
as equidistant energy levels: [1),]2),]2) ...|m). The ket notation
i was employed to denote the eigenvalues of the Hamiltonian
(energy E, ). These were expressed as a series of consecutive
natural numbers within the interval 1...m.

In the quasi-stationary state, the total energy of the system
under consideration is conserved, so the set {E,,} is closed by
the addition /subtraction operation. From the point of view
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of physics, operations associated with transitions between

energy levels can be considered as a single operation o.

For example operators birth and annihilation, widely used
in quantum mechanics, including the study of harmonic
oscillators. The destruction operator (usually denoted by a
reduces the number of particles in a given state by one. The
birth operator (usually denoted by 4" increases the number
of particles in a given state by one, it is conjugate to the
destruction operator. It is possible to formulate a random
function from two arguments, f(a,4%), and to consider such
a function as one operation o in the group. {E; }.

However, prior to this, it is necessary to consider in greater
detail the basic information from group theory in relation
to the partition function, and to define the concept of a
normalized partition function.

Definition 5.1. We say that (S) is a subgroup generated
by S in particular, if S consists of just one element g then
(S) = < g) is a cyclic subgroup generated by the element

g.

Note: an element gk of the cyclic group G = < g> is generating
<g> if and only if gcd(k, n) = 1.

Definition 5.2. For any subset S € A, the set of all linear
combinations kyay + kpap + -+ - + kpa, (a; € S, ,ki € Z) is
the smallest subgroup of A containing S. It is called the
subgroup generated by S and denoted (S). If (S) = A, the
group A is said to be generated by S, and S is termed a
generating set of A.

Note: If the order of a group ord(G) = p - prime number
then the group G contains exactly p elements: G = < g) =
{e,g, g%,4%,. .. ,g?"l}), where e identity element of G so
V¢n egn = gn. Gisacyclic group generated by the element

&n-

7 Orthogonality. Separation. p-Number

In this section, gcd(p, q), when applied to numbers, denotes
the greatest common divisor of p and g.
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[Vin03]:  Vinberg (2003), A

course in algebra

Partition function Z; is a series of terms e /PEi = pl becomes
a (finite/infinite) cyclic subgroup of G generated by < g)
(g = %), with each microstate constructed from elements of
the group generated by prime numbers.

In the canonical ensemble, normalization of the density
matrix already involves dividing by the partition function
Z 6.3. However, the group structure will require additional
normalization of the Z-sums themselves:

Z(B)
Zo(B)

where Zo(p) is the partition function of the reference system
(for example, a system with dIo(E) = 6(E) and Zo(f) =1 -
ground state. Why is the delta function of energy chosen as

Z(p) = (7.1)

the reference system for normalized Z(ﬁ)—sums? - Because
from the definition of the delta function introduced by Paul
Dirak:

(o]

Zo(p) = / S(E)e PEJE =eP0 =1 (7.2)

Ep

Axioms of groups of {Z }

Checking the axioms of groups of normalized statistical
sums:

1. The product of normalized Z - sums must correspond
to the convolution of statistical weights ( 6.7). This
is true because Z(B)rm = Z(B)1 - Z(B)u ( 6.8).

2. The neutral element is Zo(B) corresponding to the
system dI'(E) = 6(E)

3. 3 inverse element ¥ Z,(B) Elzn(ﬁ)_l, such that:

ZaB)- Za(®) " =1

Lemma 6.1: A ring Z, is a field only if n is a prime number
[Vin03].

In an orthonormal system, the statistical weights corresponding
to different microstates AI'; and AI'; are independent, and
the corresponding distribution functions X; and X; are also
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independent. Consider the characteristic functions introduced
by Russian mathematician A.M. Lapunov [Gmu68| &(t) of
these quantities, which are the Laplace transform. Let us
verify that {&} also forms a group under multiplication.

The characteristic function for x; where parameters k - is the
mean (expected value) of x; and ¢ is the standard deviation,
and o2 is the variance of x:

ék(t) =M [eitxk] — eikt—# (73)

Normalized characteristic functions obtained by dividing by
Zy:

2,2
ikt —t
= & e 2 ikt
ék:—:ﬁzel (74)
<o e_%

~yp-1 . .
The group structure {cf k}zzo consists of functions of the form
et and forms a group under multiplication. The axioms of

the group were examined by analogy 7.

Lemma 6.2 Orthogonality and coprimality lemma

In a quasi-closed and quasi-stationary system under study
{qi)l} € £ 12(G; p) {E;} to perform the orthogonality relation
<1p5p, EDE,,> = 0p,q the condition must be met:

gcd(ePEr,ePEr) =1, p # qi. e It is imperative that both
p and g are coprime.

Proof of this lemma from the inverse of.

In the orthonormal system, due to the orthogonality of
wavefunctions 3.3 corresponding to distinct eigenvalues, the
statistical weights AT'; and AT’j of different microstates are
independent random variables. As shown for partition function
and statistical weight 6, assuming equidistant energy levels
= p= ePEr q= ePEa (B = %, where T is the temperature
of the system under study regarded as unified parameter
for the system and all subsystems), from the independence
of microstates determined by the energy level 3.14 and
definition of partition function 6.2, it follows that the same
microstate as function of energy level I should be unique
and not repeated in the Z-sum series. As the cyclic group

[Gmu68]: Gmurman (1968),
Fundamentals of probability
theory and mathematical
statistics Translated by Scripta
Technica Ltd
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It follows that the
microstate as function of energy
level | should be unique and
not repeated in the Z-sum
series

same

[Vla]: Vladimirov (), Equations
of mathematical physics

[LLO2]: Landau u ap. (2002),
Course of Theoretical Physics:
Volume 5 — Statistical Physics

generated by <g> = % If p # g it can be deduced that
for Vm,n e N, (p™,q") =1 = the uniqueness of the
microstate as a function of energy is defined.

In the event of 3t = gcd(p,q) > 1 = there will be a
double repetition of the number of microstates gcd(p™, ") =
grmin(mn) generated by ( g1> = % = the definition of the
statistical weight will be violated.

The Laplace transform is a linear operator Lu = F with the
domain M. We denote with R - the range of values of the
L operator. The inverse Laplace transform is found via the
inverse linear operator # = L™'F. It is easy to prove that the
systems of functions {gbk} and {Lll)k} simultaneously linearly
independent §1 [Vla] = normalized Z(B)m, Z(B)n m #
n partition function as images of random variables, must
be generated based on coprime numbers gcd(efEn, efEn) =
1 m # n. The lemma has been proven. O.

The statistical weight I' is subject to fluctuations according
to the normal law [LL02|. This can be taken into account by
introducing random matrices:

» Let H be the Hamiltonian of the system, and its energy
levels {E;} are random (as in the theory of random
matrices).

» Then the density of states p(E) can be described by a
Gaussian ensemble.

According to the central limit theorem for the group G if the
fluctuations are small, then In Z will be distributed normally.
This allows you to apply a lognormal distribution for Z. For
a more detailed exposition, see appendix 4.

Corollary of the proved Lemma 6.2 Coprime numbers provide
the property of group representation characters 5.

The following investigation will consider a diagonal matrix
of energies. In the model under consideration, each E; is

repeated according to a multiple of ;. This matrix representation

can be generalized by considering the algebra of operators
over the Hilbert space of the system:

E=(Ey...E;,Ey...E5,E3...E5...) (7.5)
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In consideration of the linearity of the Schrédinger equation,
the joint consideration of subsystems in the system under
consideration corresponds to the operation of combining sets
of eigenvalues. In the event of projectors P, being introduced
into subspaces with energy E,;, the partition function referred
to as equation 6.2 is to be written as follows:

Zn(B) = tr(Z2) = tr (e7P") = i ri e PEn (7.6)

The partition function Z, as a (finite/infinite) cyclic group
G generated by the element e PE». The validity of this
assertion is contingent upon the mathematical model under
consideration; within the domain of physics, discrete energy
AE and statistical weight AT, systems characterised by infinite
ETotal, entropy Storar and phase space AT = e® (see 3.9) are
deemed to be nonexistent. It can thus be concluded that
the upper limit in the last formula is i < N < oo, where
N € N.

Definition 6.1. An (additive) Abelian group A is said to
decompose into a direct sum of subgroups A1, Ay ... Ay if
every element a € A can be uniquely expressed as a =
a1+ ap...ag, where a; € A;. In this case, we write:

A1D Ay -- & Ap (7.7)

The direct sum of (additive) abelian groups Ay, Ay ... Ak is
an abelian group A1 @ A; - - - @ Ak, consisting of all sequences
a = ay +ap...ax, where a; € A;, with the component-
wise addition operation. For example, Z1 ® Z5--- ® Z =
Zk. Note that if the groups A1, Ay... Ay are finite, then
|A1® Ay--- ® Akl = |A1] |Az| ... |Ak|. For the case of two
subgroups A1, A, the uniqueness of the representation a =
a1 + ap is equivalent to condition A1 N Ay = (. It is possible
to apply this definition to the introduced operator E of the
system under consideration 7.5.

In the context of multiplicative Abelian groups 5.8, direct
multiplication is the preferred method. In the event of a
composite representation of groups, the following equation
is to be considered: A1 ® Ay -+ ® Ag.

The last definition may be applied to the statistical weight
I' of the the system under consideration.

For a more detailed
exposition, see below in the
Goldbach-Euler conjecture 2
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If two systems are isomorphically equivalent, it means that
they are structurally analogous, and there is a well-defined
bijective mapping f that shows this:

f:Z—-G mw—g"f:Zyr—>G [m]—g" (7.8)

for infinite and finite groups, respectively, where [m] denotes
the residue class (modT).

It has been demonstrated that Z,, (B) is isomorphically equivalent
to projector of introduced energy operator P, E= P, A,
where H - hamiltonian of the system under consideration
7.5.This result is consistent with the findings of 7.8.

Without altering the generality linearly independent quasi-
stationary functions orthonormal system {‘Pk} is possible
through the group generating element by the formula, containing
the amplitude, phase multiplier and oscillation part:

1 i2mn i
w=—ex exp|—-—-AEmt), i=V-1 (7.9
Y == P( - ) P( p ) (7.9)

where t - time, i1 - Planck constant, AE = 1 according
to corollary 5.1 Equidistant energy level. The appropriate
diagonal matrix will be expressed as follows: Z = < g):

Zn(B) =tr(2), Z={g)

%=diag{e,g,...gp_1...}

1
=—,Pi= eﬁEi
8 v p
Z = {(e,g,...g”_l)(1+gp+g2” +g3”...)}
(7.10)

From a formal point of view, the formula can be interpreted
as a series generating an arbitrarily large (infinite) number of
microstates. Nevertheless, as a consequence of the effective
selection of the basis for the system of orthonormal functions,
it is possible to restrict the calculation of the average to the
number of microstates that is equal to the order of the
cyclic subgroup i.e p. The average value of any of observable
is expressed by the formula 3.3. This series is absolutely
convergent for case Z — sums have been normalised. 7.1.
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It is sufficient to produce a cyclic subgroup F C Z of order p.
According to Lagrange’s theorem if F is a subgroup of a group
Z, then |Z| = [Z : E] |£| The total number of I' microstates
can be divisible by p with the remainder ' =ap+b, b <p
= limN_,oo% = a microstates. This can be achieved by
continuing the Z — sum series to remainder elements or
discarding as negligible. It can be demonstrated that, given
the series of partition functions absolutely convergent with
respect to the D’Alembert feature, the sum of the series
can be calculated with ease. Approximate computational
methods constitute a prevalent approach within the domain
of quantum mechanics. As A. Messiah writes: Practically
none of the physical systems can be studied without using a
suitable approximate method [Mes14].

As a consequence of the selection of the basis previously
examined, the calculation of the mean value of the observables
can be considerably streamlined. This is evident in expression
3.3, where the average mean of observable is calculated
over a finite number of microstates generated by element
<g> of cyclic groups Z. Furthermore, the application of
orthogonality with a weight 3.1 calculated according to the
elementary rules of infinitive geometric progression with a
real denominator (because g¥ = e) is employed.

According to Definition 5.2 the group Z is said to be generated
by set of inverse element to prime numbers 7.10.

The aforementioned measures enable us to ensure the consistency

of the proposed mathematical model with the fundamental
theorems of abstract algebra.

8 Quantum Nature of p-Numbers theorem

In this section, gcd(p, q), when applied to numbers, denotes
the greatest common divisor of p and g. ¢p(a) denotes Euler’s
totient function — the number of integers coprime to a not
exceeding a. Specifically, for a = p® (where p is prime),

$(p) = p—1, and for x = P(p®), we have Pp(p%) = p*—p*~1 =
a (1 - %) For the general case, ¢(a) = [1p, (1 - pl) where

P
1

p | a denotes all prime divisors of a.

[Mes14]:  Messiah
Quantum mechanics
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Considering 3.4 and the fact that the product c;c; represents
the probability of the system having energy E;, we conclude
that the eigenvalues of the operator equations correspond to
the coefficients ¢; and ¢} in the superposition of stationary
solutions to the Schrodinger equation W(q, t).

Definition 7.1 p-primitive Abelian group (where p is a fixed
prime number) is an Abelian group (A, +) such that the
order of any element in A is a power of p. (Z,n,+) is an
additive group of residue classes modulo p".

The decomposition of an Abelian group into a direct product
of cyclic functions follows from the theorem on the structure
of finite Abelian groups. Any finite Abelian group can be it is
decomposed into a direct sum of its cyclic subgroups whose
orders are powers of the primes. Multiplicative notation does
not change the essence of the decomposition — it is only an
alternative way to denote the group operation.

It is important to consider equation 3.4, in conjunction
with the observation that the product c;c; represents the
probability of the system having energy E;. It is concluded
that the eigenvalues of the operator equations are congruent
with the coefficients ¢; and ¢ in the superposition of stationary
solutions to the Schrédinger equation, denoted by W(q, t).

Theorem 7.1 Quantum Nature of p-Numbers

For V complete orthonormal systems {l,bk} € £; (corresponding
to a quasi-closed system with a discrete energy spectrum
of its Hamiltonian H), 3 a basis in canonical variables such
that the main diagonal of the corresponding statistical
matrix in the energy representation contains roots equal to
the mutual prime numbers: (gb_n*,gb_ﬁ = P%’ where p, =
ePEn. B = % (the inverse of absolute temperature in energy
units. It is proposed that this parameter may be regarded
as a unifying factor for all systems under consideration),
and E,, is the eigenvalue of the Hamiltonian A gb_n = Enlﬁn,
with 1,,(g) being the Fourier harmonic coefficient. The
multiplicity of each root corresponds to the degeneracy
of the system’s energy levels. Different eigenfunctions 1,
correspond to distinct primes p,, and the normalization
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condition (1,[)_m*, gb_n> = PmOm,n corresponds to the coprimality

condition gcd(pm, pn) = 1.

Proof: According to orthogonality and mutual simplicity
lemma 7: Z = < g>, where g; = % for a specific energy value

pi = ePEi and each E; is repeated according to a multiple
of 7, and Z(Bm) is isomorphically equivalent to projector
of introduced operator Pg; H 7.5. and normalised partition
function Z (B) is a character of Abelian cyclic energy group
G = Zgq,,,- Let n = Eqgtal then additive group of residue
classes modulo denoted as Z, (here Z - whole numbers
set):

Z, ={(01,, 111, ,[2], ... [n = 1],}

(where n = Equtal) are the residue classes mod n According
to the coprimality lemma 7, among all residue classes, we are
only interested in the reduced residue classes [k],, such that
gcd(k,n) = 1. Under this coprimality condition, the usual
algebraic operations are possible.

(8.1)

As previously stated, the system 7.9 of functions orthonormal

with respect to the basis given by equation 7.10 is related

to the following matrix (probability density |\If|2 =2 Cp-
TR

cvtp:ﬂ,bv), represented by Z") = < gm>, contain the diagonal

elements z,ﬂ’”,} , as defined by the following formula for the

energy level E,; = AEm :

2 )
1 12 1
o= — ex exp(=AEm)=— i=V-1
Sim) (me) 2 Pm P ) p 52)

where image part of 7.9 is reduced, for energy should apply
to apply a lognormal distribution 7.3 and 7.4. According to
the central limit theorem for the group G if the fluctuations
are small, then In Z will be distributed normally. This is the
fundamental principle behind proving the ABC hypothesis
[Avd25].

Note: in the previously selected basis 7.9, each energy value,
even without taking into account degeneracy, is repeated p,
times. This does not change the average value for calculating
the observable and simplifies working with the statistical
matrix.

aj_ag

For Va = p'p, X ... anda < N ifVi,j ged(pi,pj) =1,

= Vi, k gcd(pi, px) =1 i.e. the relation of coprimality of

The theorem can be
formulated purely in terms
of linear operators with
bounded discrete spectral
measures of finitely
supported
square-integrable
functions. However, such a
formulation would be more
abstract and less intuitive,
as the author believes the
mathematical postulates
are rooted in principles of
statistical physics.

[Avd25]: (2025),
Fermat’s Last Theorem and
the ABC hypothesis in School
XXI. Prime numbers as the
metalanguage of the universe.

Avdyev

[Cha74]: Chandrasekharan
(1974), Introduction to Analytic
Number Theory
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a number is reflexive and transitive = if in a sequence of
natural numbers p1, p2, p3--- < N, all numbers are pairwise
prime gcd(pi, p;) (coprime), = every number in the sequence

aj_ag

Vpiea:pf‘fp]. p. .. a <N is prime.

The sequence of prime numbers (inverse values) generate
{Z(ﬁ)} corresponds to a complete orthonormal system of
wave functions that are solutions to the Schrédinger equation.
Multiple repetitions of eigenvalues are possible, up to arbitrarily

large values.
=k

T=]]2Zp)* (8.3)
=1

=

=

(This formula has the same structure as the fundamental
theorem of arithmetic because the homomorphism relation is
described above. At the same time, the ring of whole numbers
Z is not isomorphic to the group of characteristic functions
Z. To do this, any integer would have to be invertible.). As
a result, an orthonormal system of functions is formed in
the Lebesgue space with weight. It is sufficient to calculate
average value for observable only for first elements cyclic
group generated by the element 7.10 and extrapolate result
for all microstate.

According to Fredholm’s theorems I,1II for the specified
statistical matrix, there exists an isomorphic system of algebraic
equations where the eigenvalues are prime numbers repeated
on the diagonal while accounting for degeneracy multiplicity.

Considering that the probability density is proportional to
the square of the wave function amplitude V wave function
{WV,,} € £, can be expressed as a function of the probability
density |\I’|2 = Zmn O CnWiPn, AP = p% and phase S
as an imaginary number, i.e., the exponent in the C-function
containing nontrivial zeros s = % + it. The squared modulus
of the characteristic number |.Ui|2 = % for the Fredholm
integral equation (for example propagator of free particle
motion 2.18) is squared modulus of the eigenvalue 1A = p
of the operator E 7.5 where p is a prime number. This
matrix representation can be generalized by considering the
algebra of operators over the Hilbert space of the system.
The statistical weight is derived from the determinant of this

matrix det E - characteristic polynomial:

det E = (A —E;)"i (8.4)
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Note: In the model under consideration, each E; is repeated
according to a multiple of ;.

It can thus be concluded that the aforementioned result for
the case of a cyclic group of prime order can be extended to
a group of arbitrary order by employing the Euler totient
function of the statistical weight of the system under study,
denoted by ¢(I'). O. For large values, the coefficient @
tends to 1. Chebyshev functions and formula of entropy, but
it is fundamentally qibl(n})oortant for the conclusions obtained in
n

this study H,HX,T =1 [Cha74]. For further information,

please refer to the Appendix 4.

From a formal point of view, the C function is defined as a
product of the form 8.3 for the case of all Z raised to all
possible powers of. The C function has been identified as a
universal scale and a normalizer. This can be compared to an
infinitely marked-up field where microstates can potentially
be placed.

Thus, a prime number is associated with probability, with
a specific microcanonical state, and with the energy of a
subsystem in the system under study. The additive properties
of energy, entropy, and particle numbers in subsystems forming
a studied system are, in fact, manifestations of symmetry
phenomena.

Since the considered system of orthonormal functions in
Hilbert space for V solutions of the Schrodinger equation is
complete, the above reasoning implies that other solutions

beyond this orthonormal system contradict the Parseval-Steklov

equality.

This means that the nontrivial zeros of the (-function located
outside the line s = %+it on C cannot model material objects
in the universe. The assumption of the existence of nontrivial
zeros beyond this line leads to an aporia.

Mathematical theorems must undergo empirical verification.
A logically consistent statement that does not correspond to
any object in nature is false (aporia). Such an assumption
cannot be verified or empirically tested. Aporia (from Greek
amepva — impasse, hopeless situation) is a fictitious, logically
valid scenario (statement, proposition, or conclusion) that
cannot exist in reality.

Therefore, the Riemann Hypothesis is proven. O

233

Fundamental theorem of

arithmetic:  every  integer
greater than 1 is prime or can
be represented uniquely as
a product of prime numbers,
up to the order of the factors

[Cha74]
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[Cha74]: Chandrasekharan
(1974), Introduction to Analytic
Number Theory

9 RH for school

In order to comprehend the fundamental premise of the
proof of RH, students are directed to consult the Planck’s
Quantum formula, which was discovered by Max Planck
in 1900. The spectral energy density of a black body is an
absolutely convergent series from a completely multiplicative
function.

The present study hypothesises that radiation is studied not
in a vacuum, but in a material medium. The condition that
the gas is ideal is contingent upon a minor interaction with
the substance. The existence of a minimal quantity of matter
is a prerequisite for the existence of the phenomenon under
consideration. The establishment of thermal equilibrium in
the radiation field is of paramount importance. The total
number of photons studied, denoted by N, is a variable
that is determined from the thermal equilibrium conditions.
It is evident that minimising the free energy of the gas,
denoted by F, at a given temperature, T, and volume, V,
results in the following necessary condition being obtained:

(g—f,) = p = 0, which means that the chemical potential of
T,V

the photon gas is zero.) The Planck’s formula is as follow:
ho® 1

u(w,T) = —a o

(9.1)

allows you to calculate the probability of detecting the energy
of the corresponding harmonic (overtone) in the spectral
decomposition over the entire spectrum. The series based on
f(n) converges absolutely (in our case, v = Awn Aw =1
in appropriate scale).

The black radiation spectrum contains the entire wavelength
range, beyond which there is no radiation, and there are no
solutions to the Schrodinger equation for the quasi-stationary
case. This is a visual interpretation of the completeness of
the system of orthonormal functions.

The Planck’s Quantum formula is a representation of a C

-function in a complete system of orthonormal functions with
. .. 3 hw

weight as a multiplier % e T, and you can also match p; =

h“’i

eT =Pt % = ¢ PEi. — similarity output C - functions
of the expression of the spectral energy density of blackbody
radiation up to the weight factor 3.1. The transition to
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an orthonormal basis in the energy representation, taking
into account the weight coefficients in the form of prime
numbers, will ensure the complete identity of the Plunck’s
Quantum formula and C function definition formulas. If

f(x) - completely multiplicative functions and series X f(n)
1

converges absolutely, then the identity is true

® = if(n) =[ [a+fp)+f )+ %) ...) = [a=F(p)™
n=1 p p
9.2)

As complete multiplicative function f(ab) = f(a)f(b) =
f(a) =1, we assume absolute convergence of a series of the
form similar to just given @ (the so-called generating special
arithmetic function). The proof of this lemma is similar to
the proof of equivalence of both definitions of the C - function
1.1 and 1.2

The formula of the Dirichlet series excludes repetitions in
the radiation spectrum. The Euler’s totient function ¢(n) is

Max Planck
(1848 — 1947)

- - =

Puc. 9.4: Max Karl Ernst Ludwig Planck. He is known for the Planck constant, which is of foundational
importance for quantum physics

to prevent the duplication of frequencies in the spectrum of
black body radiation.

Note: ¢(n) — the number of integers coprime to n not
exceeding n is in agreement with the sequence 9.2 and
excludes double frequency counting.
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¢(Awn) = ¢(n) Aw =1 in
appropriate scale of frequency

At the same time, Planck’s Quantum formula covers the entire
spectrum of black body radiation, beyond which there are
node Broglie waves. Due to the thermal equilibrium between
matter and photons, due to the fact that the chemical
potential of a photonic gas is zero, waves, particles - in
a word, matter, there are no stars outside of this spectrum.
In this case, the phase of the wave corresponds to the value
of a nontrivial zero s = % + it. This represents the full
spectrum of black body radiation and de Broglie waves, and
hence the particle. = C -function expresses the principle
of equal probability of microcanonical states, which follows
from the symmetry in the canonical Gibbs distribution. Zeros
on the imaginary axis s = % on C correspond to nodes of
the wave function. Why just nodes? - The fact is that the
formula implicitly uses Sommerfeld radiation conditions [Vla]
to derive the Planck formula. These conditions are derived
from the solution u(x,t) = wu(x)e™! Helmholtz equation
as the eigenvalue problem for the Laplace operator. This
conclusion may be compared to that of Riemann’s, which
asserted that the number of (-function non-trivial zeros is
infinite 2.17. reducing complex phenomena to simpler ones.
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Goldbach-Euler conjecture

from the eye of physicist

1 Holbach’s COHjeCtU.I"G 1 Holbach’s conjecture 239
2Proof . . ...... ... 240

In 1742, the mathematician Christian Goldbach wrote to
Leonhard Euler, proposing the theory that any odd number
greater than five could be expressed as the sum of three
prime numbers. Euler’s research into this problem led him
to formulate a stronger hypothesis: that any even number
greater than two can be expressed as the sum of two prime
numbers.

The former is known as the ternary Goldbach’s conjecture’,
while the latter is referred to as the ’binary Goldbach’s
conjecture’ or 'Euler’s conjecture’. The crux of the issue is
as follows: It can be demonstrated that any even number,
commencing from four, can be expressed as the sum of two
prime numbers.

Puc. 1.1: Christian Goldbach
is a Prussian and Russian
mathematician; full member,
first conference secretary and
Advisor to the Academy of
Sciences and Arts, Privy
Councilor.

This statement remains an open question in mathematics
and as of 2025 has not been proven.

Combined with the RH, Goldbach’s conjecture is included
in Hilbert’s list of problems at number eight.
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Puc. 1.2: Leonard Euler
- Swiss, Prussian, and
Russian mathematician
and mechanic who made
fundamental contributions
to the development  of
these sciences. Along with

Lagrange, he is the greatest
mathematician of the 18th
century.

[Sad04]: Sadovnichy (2004),
Theory of operators, Moscow:
Drofa

2 Proof

By the Goldbach-Euler conjecture, we consider the subset
of even natural numbers, i.e., N is composite. According to
[Sad04] let G be a subspace of a Hilbert space H and F be its
orthogonal complement, i.e., H=G@®F or F = He G. This
means that every vector h € H can be uniquely represented
as h = g+ f. The vector g is called the projection of h onto
G. The operator defined on the entire Hilbert space H, which
assigns to each vector h € H its projection onto the subspace
G is called the projection operator onto G (orthoprojector)
and is denoted by the symbol Pg, so that g = Ph = Pgh The
projection operator is obviously linear. Moreover its norm

[P = 1.
Properties of P:

P*h=ph P?>=P

. (2.1)
P*=P

Note that if P is the projection operator onto G, then E — P,

where E is the identity operator, is also a projection operator,

and E — P projects onto H © G.

Indeed, (E — P)* = (E — P) and (E — P)*> = (E — P) and for
any vector h € H we have (E — P)h = h — ¢ = f where
feHoG.

The product of two projection operators Pg, and Pg, is a
projection operator if and only if they commute:

P¢,Pc, = Pc,Pc, (2.2)



Subspaces G1 and Gj are orthogonal if and only if Pg,Pg, =
0.

Reformulating the problem helps you find a visual solution
to the problem. Suppose two signals f(t) and g(#):

» belong to the Lebesgue space £(G) (i.e., square-integrable
over their entire domain), be given. Their spectra
F(w) and G(w) are defined via the Fourier transform
[KWG61].

» The signals f(t) and g(t) are uncorrelated. This means
their convolution (scalar product) equals zero:

<ﬁg%i/fm§U—TMT:0 (2.3)

(The Laplace transform is a variant of the Fourier
transform, as can be shown via variable substitution
[Mys72].)

From the Parseval-Steklov equality 3.5, if f(t) and g(t) are
uncorrelated, their orthogonality < f(t), g(t)> = 0 implies
orthogonality of their spectra ((F(w), G(w))) = 0 in the
frequency domain. Thus, these functions do not overlap in
Z£2(G). In other words, H = {llfk} decomposes into a direct
sum of invariant subspaces H = G® F (Lemma 1 5). =
Construct the subspace spanned by the vectors span{F, G},
where F(t) and G(t) become basis vectors Wi, W;. This
can be achieved via the Gram-Schmidt process, resulting in
(\Ill,\yz) = 0, Fig. 2.3.

According to Bertrand’ s postulate 3 prime % <p <N.
So Wi one can regard as orthoprojector Pg and W, as

orthoprojector Pr and:

W =PcW @ PV =P, Ve PyW (2.4)

Because of {1;1 k} is a complete orthonormal system of functions:

span {H} = span{F} @ span {G} (2.5)

Calculate the volume of the phase space for the space H
and the more accurate statistical weight is easier in terms of
statistical physics with the application of the theorem on the

2 Proof | 241

[KW61]: Kharkevich u ap.
(1961), Spectra and analysis

[Mys72]:  Myshkis  (1972),
Introductory Mathematics for
Engineers. Lectures in Higher
Mathematics

Taking into account the
isotropy of the Hilbert
space the directions of the
orthoprojectors P, and P
are equivalent. Bertrand’s
postulate can be applied
equally well to both parallel
and perpendicular projections.
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3 Pu

Puc. 2.3: For primes numbers result will be p1 + p» - total numbers of microstates.

Quantum Nature of p-Numbers 8. From to the conditions of
the Holbach-Euler theorem follows: N is composite number
= without changing the generality, we can regard the
number N as the statistical weight I of an irreducible unitary
representation of group of the symmetry of W - the above
mentioned solution of the Schrédinger equation. Indeed in
terms of quantum mechanics without loss of generality, we
associate N with the statistical weight I' of a stationary
thermodynamic system governed by the Schrédinger equation.
Let {lpk} be a complete orthonormal system of functions
describing the combined spectrum H(w), unifying F(w) and
G(w). Thus, {gbk} serves as a common basis 3.1 for F(w) and
G(w). The complete orthonormal system {ll}k} allows any
W e £5(G) to be expanded via Fourier coefficients 3.4.

In the previously selected basis 7.9, each energy value, even
without taking into account degeneracy, is repeated p, times.
This does not change the average value for calculating the
observable and simplifies working with the statistical matrix.
To calculate I' it is necessary use formula :

[ =W+ |W,* = p1 +po (2.6)

For primes numbers result will be p; + p - total numbers
of microstates. Indeed: a cyclic group of prime order p is
either trivial or the entire group. By Lagrange’s theorem,
the order of any subgroup must divide since p is prime, the
only divisors are 1 and p.



This is intuitive: for uncorrelated signals, their phase spaces
add rather than multiply. In the spectral domain (after
Fourier/Laplace transforms), this means their energies (or
powers) sum rather than interfere. From a quantum mechanics
perspective, entanglement is absent. Hence:

In other words, via a unitary basis transformation preserving
the scalar product, the phase space decomposes into a direct
sum of subspaces. In this new basis, the original vectors
F(t), G(t) become basis vectors W1, W;. Since the subspace
is invariant and closed under linear operations

Division yields at least two terms. This is why the minimal
number of terms in the decomposition of any composite even
number is two 3.5, which represents the statistical weight T’
of the complete system.

Thus, every even number greater than > 4 can be expressed
as the sum of two prime numbers. O

2 Proof
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The ABC conjecture from the
Eye of physicist

1 Formulations of ABC conjecture

The ABC conjecture was formulated independently in number
theory by the mathematicians David Masser in 1985 [1] and
Joseph Esterle [2] in 1988. It is stated in terms of three
positive whole a, b, ¢ that are co-prime and satisfy a + b = c.
The conjecture essentially states that the product of the
distinct prime factors of ABC is usually not much smaller
than C or max(a,b,c) < KcRad(abc)'*€, where K. depend
only on some positive € - real number.

The Rad function is the radical of the numbers A,B and C
equal to the product of the primes forming these numbers,
but raised to the first power, i.e. Rad(8) = Rad(2%) = 2,
Rad(1000000) = Rad(20+5°) = 30. An equivalent formulation
of the ABC conjecture includes the quality g(a, b, c) of the
triple which is defined as:

loglc) — In(c)
logRad(abc) ~ InRad(abc)

g(a,b,c) = (1.1)

For every positive real number €, there exist only finitely
many triples A, B,C, of co-prime positive integers with A +
B = C such that g(a,b,c) > 1 + €. Many hundreds of pages
have been spent by eminent mathematicians in the Western
world searching for proofs [3|, and the process of searching
for proofs continues.

2 The key idea of Prove

Let’s look at an example of manufacturing a batch of factory
products, for example, a wardrobe, where the width of each
door is respectively: A + B = C centimeters.

This is a reference value, but in practice, both systematic
and accidental errors are possible. Let’s say that thanks to
product quality management, systematic errors have been
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eliminated, but inevitable random errors remain due to
uncontrolled factors.

Scientific search

The ABC hypothesis in number theory was formulated
independently by mathematicians [MC85] David Masser
in 1985 and Joseph Oesterle in 1988.

Suppose that the law of the distribution of the width of
each door - independent random variables has the same
standard deviation o, and their mathematical expectations

are respectively equal to A, B, C From the basics of mathematical

statistics ([Hud63]) we know, that the measurement error in

2 2 2
\/GA +op-+oc
NVoaTros*toc? _ V3o where N

the last formula is equal to: ~ N =W

N
is the number of batches of products used in the experiment
- this is sample size.

From this simple example we can proceed to the proof of the
ABC conjecture.

The conjecture essentially states that the product of the
distinct prime factors of ABC is usually not much smaller
than C. It should be noted that A+ B =C

To do this, it is necessary to apply the basic theory of
arithmetic, move on to simple integer polynomials and linear
maps, Jordan matrices and quantum mechanics. The algebras
of all the above are in homomorphism relations. The same
prime numbers taken from the Rad(abc) chain play the
role of the roots of an integer polynomial, the characteristic
polynomial of a linear mapping matrix, the root vectors of
a linear space decomposed into a direct sum of invariant
subspaces, and the eigenvalues for the Hamiltonian operator
of a quantum system.

Concentrate on the eigenvalues or roots and make sure that
the average of the logarithm of the matrices (trace, main
diagonal) does not change due to multiple roots - this is the
entropy S. Since entropy is the same additive quantity as the
number of particles and both quantities are so-called integrals

1
of motion, we have: relative standard deviation ~ —, where

S - entropy of the system under study. It remains to calculate

S = M, where L is the length of the main diagonal

(non-zero elements) of the matrix and at the same time the

[MC85]: Masser u ap. (1985),
«Proceedings of the Symposium
on Analytic Number Theory /
W. W. L. Chen. — London:»

[Hud63]:  Hudson  (1963),
Lectures on elementary
statistics and probability
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number of primes in the chain Rad(abc). It corresponds to
the statistical matrix of the system in Hilbert space, where
the size of the matrix is infinite. When multiple roots appear,
the probability of detecting a microobject in a given state is
"smeared"along the main diagonal of the statistical matrix
of system in according to degree of the roots (degeneration
of energy level). This proves the theorem and allows us to
evaluate the so-called quality of the triple g(a,b,c), but
in reality - a defect or fluctuation from above due to the
restriction by a function with a normal distribution according
to Chebyshev’s theorem - we are talking about the entropy of
the system under study. In short, even without knowing the
function of the distribution of prime numbers 7t(x), it is easy
to make simple estimates. These estimates turn out to be
sufficient to prove the ABC conjecture, the ABC hypothesis.
The world is material, and the physics of the microcosm and
the macrocosm are the same, the Correspondence Principle
and the Heisenberg Uncertainty Principle have taken place.
So prime numbers model a system consisting of subsystems
that do not interact but are connected by a common resource
- phase space. For example, we can talk about a mixture of
ideal gases. For example, we can talk about a mixture of
ideal gases. In the latter case, the vessel is also a common
resource.

Therefore, even without knowing the distribution function
of the primes 7t(x), it is easy to make simple estimates. The
estimates given are sufficient to prove the ABC hypothesis.

Moving from experiment, from applied mathematics, we
have made fundamental generalizations. Why? - because the
world is material, and the physics of the microcosm and the
macrocosm are the same, the principle of correspondence of
the text and Heisenberg uncertainty principle work. Thus,
the primes model a system consisting of subsystems that
do not interact, but are connected by a common resource -

phase space. Unfortunately, a number of scientists identify
the concept of interaction and communication, which is
erroneous: isolation is the absence of communication, but
not just absence, but disconnection - . In particular, we can
talk about a mixture of ideal gases. In the latter case, the
vessel is also a shared resource.

It is difficult to overestimate the place of prime numbers
in the physical laws that define the surrounding material
world and, in a broad sense, our universe. See the table It
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is difficult to overestimate the place of prime numbers in
the physical laws that define the surrounding material world
and, in a broad sense, our universe. See table 14.1.

It is the prime numbers that make it possible to connect the
system, the super-system and the sub-system [Avd24],

[Avd24]: Avdyev (2024), «How
can a student prove the

Meet Shinichi Mochizuki, a mathematician from Kyoto UniversityABC hypothesis using prime

[Moc21]

500 pages read by 10 people on Earth

The proof of VTF in 120-1140 pages. Andrew Wiles’ pages
are not the limit. The five hundred page proof of the
ABC conjecture ABC hypothesis is the work of Japanese

mathematician Shinichi Mochizuki, who studies number
theory and arithmetic geometry at Kyoto University.

3 The Fundamental Theorem of Arithmetic

According to the basic theorem of arithmetic, each of the
three numbers in the expression a +b = ¢ can be decomposed
into simple factors, powers above one are allowed, but under
the conditions of the ABC conjecture, repeated factors in
this decomposition are excluded due to the lack of common
divisors.

ai

ll+b=C<:>a1

agz . a?k % 171—t
A SRR AR L

Mot opm 1" (3.1)

=c
In order to obey the rules of dimensionality of elements in
the space of integers, defined as the n-fold Cartesian product
of the axis of integers Z" = Z % Z % ... Z, each term in the
space of integers has to be a term in Z" = Z+Z* ...+ Z, each
term in the above formula is also multiplied by a multiplier
in the form of a 1"~ elementary unit cube, so that each term
has a dimension equal to the dimension of the Euclidean
space n in which the manifolds of different dimensions under
consideration are embedded. (From the analogy with the
Lego constructor, you can try to move on to the axioms of

numbers, quantum mechanics
and creative imagination?»

[Moc21]:  Mochizuki (2021),
«Mochizuki’s proof of ABC-

conjecture.»
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topology and the Euclid’s Postulates. ). In other words, the
sums of the exponents of all multipliers in the formula above
are equal to t, u, v respectively, which corresponds exactly
to the dimension of the manifolds A, B, C:

ap+-ap=tp+Pr=u,y1+ ym =0 (3.2)

It is easy to understand the dimension of each member and
the minimum required dimension n = max(t,u,v)(3.1) of
the Euclidean space in which the studied cuboids can be
embedded according to the given formula. The total number
of prime factors of the above formula will be used below, it
isequal to L=k + 1+ m.

Developing the technical approach adopted in the chapter
4, we compare the expression (3.1) with a set in the form
of three manifolds, each in the form of a multidimensional
parallelepiped or, in short, a cuboid in a finite-dimensional
Euclidean space, with a given metric and measure, hereinafter
referred to simply as Euclidean space.

3 a continuous invertible equivalence function f that maps
each element as an elementary cube 1" in Z" of the sets A
and B into C, i.e. f(A, B) — C, which can also be expressed
from a topological point of view by the homeomorphism
condition of the following figures:

A=C\B (3.3)

For 3 f, it is necessary to ensure the possibility of mutual
reduction of layers of higher dimensions than two, as well as
the reduction of the number of hyperplanes of symmetry to
two (note that the operation of reduction, permutation, shift
of 1" — 1" is possible precisely in equivalence relations).
The homogeneity of Euclidean space is postulated).

What physical phenomenon can the formula (3.1) correspond
to? It models a certain system made up of subsystems that
are not connected but share a common resource in a certain
way. From the point of view of school knowledge, the laws
of thermodynamics are of particular interest when looking
for evidence for the ABC conjecture. A common resource
can be vessel (for gas mixture), energy, phase space, entropy,
number of particles and other integrals of motion.
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4 Microstate and macrostate of the system

Consider a system consisting of a mixture of ideal gases whose
molecules do not interact with each other. In particular, this
gives rise to Dalton’s Law, which states that the pressure of
a mixture of chemically non-reacting gases is equal to the
sum of the partial pressures of each of the gases - and this is
clear because of the absence of intermolecular interaction.

The author proposes to consider the ABC conjecture from the
perspective of the phase space of a thermodynamic system
with 2s dimensions, along the coordinate axes of which the
values of s generalised coordinates q and s impulses p of
this system (s is the number of degrees of freedom) are
stored in the Hamiltonian, known to a pupil of mechanics
under the name of kinetic energy theorem. The operator
form of the Hamiltonian in canonical form is quite beautiful,
universal, described in the literature, but requires little
experience in working with partial derivatives [Van03]. More
precisely, the application of the statistical approach in physics
requires knowledge of the basics of quantum mechanics [6-7],
an understanding of the Heisenberg uncertainty principle
ApAqg > 1/2, an idea of the Schrodinger equation, the
statistical matrix, the Hamiltonian operator, knowledge of
the remarkable properties of Hermitian operators, the rules
of operation with switches and Poisson’s brackets, the basic
formulas of thermodynamics, but the presentation below will
be based mainly on knowledge of the material in the school
curriculum.

Let’s continue with the concept of a microstate - this is
a specific configuration of the system that describes the
exact positions and impulses of all the individual particles
that make up the system. Each microstate has a certain

probability of occurrence as the molecules move. The macrostate

of a system refers to its macroscopic properties such as
temperature, pressure, volume and density.

5 Phase space. Probability distribution
density

Each point in the phase space corresponds to a specific
microstate of the system. During the evolution of the system,

[Van03]: Van der
(2003), Algebra

Waerden
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the phase point representing it describes a certain phase
trajectory in the phase space. The product of differentials:

It is considered as a "volume element"of the phase space AT
With regard to the formula under study, taking into account
the shape of the cuboid and the equality of the increment of
the linear function to its differential, the sign A will be used
next along with the designation of the differential.

Let’s express the probability and probability density p to
detect an object in the given coordinates of the phase space
using the obvious formula:

dw = p(‘h; q2,---4s, P1, P21Ps)dpdq (52)

- the probability of finding the object under study in the
specified infinitesimal intervals of coordinates and pulses
within: g;...q;+dqi, pi...pi+dpi. In this case, the volume
of the phase space is expressed in terms of energy according
to the formula:

AT(E) = dg—f)AE (5.3)

Above, AI'(E) denotes the number of quantum states with
energies less than or equal to E. Next, the probability density
p is given and the normalization condition is written:

ST p(E)Agap =1 (5.4)
Q

the integral over all probabilities of the subsystem states
forms a complete group of events = for the probability
density function W(E):

/ W(E)dE =1--- > WAT =1 (5.5)

The formulae given above help to find the number of states
of interest with energy between E ... E + dE. It is assumed
that an inertial frame of reference is chosen in which the total
momentum and angular momentum of the entire subsystem
under consideration is zero. The dash above the energy E
denotes the average energy value of the subsystem for all
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quantum states. Here and below the notation Ag and Ap
are products of the form (5.1) over all degrees of freedom.

6 The quantum nature of prime numbers

Due to the nature of quantum mechanics and the statistical
physics based on it, we can only talk about finding the
probability density distribution for coordinates or momentum
separately, and not for both together, since coordinates and
momentum of a particle in general cannot have certain values
at the same time due to the Heisenberg uncertainty principle.
The desired probability distributions should take into account
both the statistical uncertainty and the uncertainty directly
inherent in the quantum mechanical description.

7 Preservation of phase volume. Entropy

According to Liouville’s theorem, the volume of phase space
has the property of invariance with respect to canonical
transformations preserving Hamiltonian and integrals of
motion, in particular energy, momentum, angular momentum.
[Fer95].

For the quasi-classical case, where the laws of quantum
mechanics can be replaced by Hamilton’s equations, which
are a reformulation of the well-known Newtonian equations.
At the same time, the volume of the phase space

_ AgqAp

Al'= (2m)s

(7.1)

The value of AT is called the statistical weight of the microscopic

state of the subsystem, and its logarithm is called the entropy.
The entropy, in turn, is determined by the mean value,
denoted by brackets <>, of the logarithm AI', both in the
case of the description of the system under study from the
position of its quantum state, from the probability density
distribution function in energy E;, and in the quasi-classical
approach, from the probability density, according to the
formulae

S = —(Inw(E;)) = — Z wiln(w;) (7.2)

[Fer95]: Fermi (1995), Notes on
quantum mechanics
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S =—(In[(2rh)*p]) = - / p-In [(2nh)p| dpdq (7.3)

The entropy defined in this way is, like the statistical weight
itself, a dimensionless quantity. (In school physics and in some
textbooks of theoretical physics, the Boltzmann constant
kg is placed in front of the logarithmic sign in the last
formula = 1.38 * 10 J/K, which allows you to measure
the absolute temperature in Kelvins rather than in energy
units but hereinafter the Boltzmann constant will be more
convenient in some cases to omit cases in which is easy to
guess from the context).

For simplicity, consider a closed system as a whole (i.e.
isolated from other systems, e.g. placed in a thermostat),
where Al'1, Al'p, Al's are defined.... - statistical weights of its
different subsystems. If each of the subsystems can be in one
of the AT, states, then the phase volumes of the subsystems
are multiplied and the entropies of the subsystems add up,
which is illustrated by the expressions:

AT = [ JATg;...5 =D Sa (7.4)
o

a

In other words, the formula describing the phase space
allows the separation of the variables. In practice, it is
often necessary to deal with cases where not all of the
microscopic particle motion is quasi-classical, but only the
motion corresponding to some of the degrees of freedom,
while for the rest of the degrees of freedom the motion is
quantum (for example, the translational motion of molecules

can be quasi-classical with the quantum nature of the intramolecular
motion of atoms). The formula 3.1 can be written as

eMX1p@2X2 | otkXk 4 oPiyiphaya  oPryi

= el1Fe)2%2 | eV (7.5)

where the exponents of x, y, z are chosen so that only one
prime number is chosen from those listed in the formula (3.1),
which is easily achieved by taking the natural logarithm.
Looking ahead, we note that in classical mechanics the
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variable wy on which entropy depends cannot be chosen
unambiguously, since in classical physics entropy is determined
up to an arbitrary term.

The choice of the generalised momentum Ap; or the generalised
coordinate Ag; for the role of the multiplier considered in the
formula (5.2) is arbitrary. For the sake of simplicity, we limit
the volume of the studied gas mixture to q units and consider
all Ag; = 1, i.e. we choose an element of small volume in
the system that is numerically equal to one (nanometres,
angstroms or an atomic unit of length 4y used in atomic and
quantum physics, the so-called Borovsky radius - the closest
to the nucleus of the orbit of the unexcited electron of the
hydrogen atom H in the atomic model 5.29 - 107! m).

The ABC conjecture can be considered as a mathematical
interpretation of a complex system consisting of simple
subsystems, where the principle of additivity of entropy

and multiplication of volumes of phase spaces of subsystems
is fulfilled.

The formula (7.4) is suitable for expressing the law of conservation
of entropy of a subsystem in the separation of variables
and adiabatic processes, which are quite slow compared to
the relaxation time / establishment of local equilibrium.

In practice, under laboratory conditions, this time passes
quickly and is comparable to the time of propagation of a
sound wave in a vessel filled with gas.

Speaking of the exponent in the formula (7.5), we note
that the well-known formulas for the distribution of the
probability density of finding particles are expressed in terms

of an exponent: as in the Boltzmann distribution studied
mgh

in physics and mathematics schools nge 7 - the so-called
barometric formula - and Maxwell’s distribution:

dw:( n -~ ®™T dudoydo, (7.6)

3/2 711(v%+v§+v%)
e
ZRkBT

Both formulae give an idea of the statistical ensemble that
should be considered in more detail.
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8 Radicals of the numbers A, B, C and
phase space

The ABC conjecture works with the concept of the quality
of a triple of numbers based on the decimal logarithm.
(Let us assume a transition to the natural logarithm by
simultaneously dividing the numerator and the denominator
by In10). For example, the radical of the product of the
numbers Rad(abc) corresponds to a mixture of ideal gases
with non-degenerate energy levels, which is achieved at a
sufficiently low temperature when only the translational and
rotational degrees of freedom for polyatomic molecules are
activated. Considering the above, this means the first power
of the prime numbers of the formula (3.1).

Due to the Clapeyron equation PV = kNT it is possible
to control the temperature, the gas pressure by adjusting
the initial temperature, the number of molecules in the
mixture (concentration) and the volume of the subsystem.
Thermodynamic relations are used to easily calculate the
energy of the gas molecules and the entropy, and hence the
volume of the phase space Al'; = exp(S(E;)). Next we can
calculate AT'y, AT, Al's . . . - The statistical weights of the
gases 1, 2, 3 in the mixture are each equal to the prime
numbers of the formula (3.1) of the first degree - the radical
Rad(abc). Let’s denote such a value of the volume of the
phase space under Al'y and the corresponding entropy

5, = InRad(abc) (8.1)
L

in the denominator of this fraction it is necessary, according
to the definition of entropy (7.2), and the length of this
diagonal or the total number of elements L = k+14+m is
calculated from the formula 3.1 and is equal to the total
number of prime factors in the ABC conjecture. If each of
the subsystems can be in one of the I', quantum states, then
the phase volumes of the subsystems are multiplied and the
entropies of the subsystems add up.

In the case of adiabatic compression, the basic thermodynamic
equation takes the form that the internal energy of the gas
decreases (increases) only by the amount of work done by
the gas (over the gas). According to the formula of the first
law of thermodynamics dQ = dE + PdV, where dQ is the
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amount of heat, P is the gas pressure, dV is a small increase
in volume, the multiplier of PdV is equal to the work done.
In an adiabatic process dQ = 0 there is no heat exchange,
there are no dissipative processes, and therefore all changes
in the subsystem remain reversible and dE = —PdV'.

It is known from school thermodynamics that, in an adiabatic
process, the relationship between pressure and volume /
temperature and volume has the form

PV? = const... TV’ = const (8.2)

where y > 1 is the quotient of the heat capacity at constant
pressure divided by the heat capacity at constant gas volume
Cp
Cy
remains constant, but degenerate energy levels €y (specific

. In adiabatic compression the entropy of the system

energy per gas molecule) are switched on due to an increase
in temperature.

This is accompanied by the appearance of degrees above one
in the formula (3.1). Let’s denote such a statistical state of
the system by the letter D, which symbolises the appearance
of degenerate energy levels or entropy, Sp. (Details are given
below). Next, we divide the phase volume corresponding to
some generalised coordinates or impulses (e.g. those associated
with quantum effects) into separate subsets of the studied
phase space: A, B and C, according to the indices given
in the formula (3.1). As mentioned above, entropy is an
additive function). Due to the adiabatic compression, which
preserves the entropy, and the conditions of the experiment,
we obtain

In(c)

InRad(a) + InRad(c — a) + InRad(c)
- Sc-m _ Sc-m

SoL B (SA + Sp + Sc)L

G(a,b,c) =

<1 (8.3)

In this formula, the function §(a, b, c¢) is calculated, given on
the domain of positive real numbers greater than or equal to
two R > 2, coinciding with the original value of g(a, b, ¢) on
Z.
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Taking into account the previously made conclusion after
the formula 3.3 on the dimension that dim(A) < 2 we
will consider the independent variable a and first consider
the special case of the constancy of the term c, changing
only the factors p1, p2. It is assumed here that a = p1 - p2
or a = p% Then you can replace the expression in the
denominator [n(Rad(a))+In(Rad(c—a)) by In(p)+In(c—p)
or, respectively, by In(p) + In(c — p?) (all constant factors
are taken out as constants separately and do not play a role
when taking the derivative to find the extremum).

The problem of finding the extremum of the function §(a, b, c)
for a given c is reduced to finding the maximum and minimum

values of the denominator, where the variable part is the
number p, while ¢ = Const. => the minimum §(a,b, c)
is reached at p = %, for the case if a = py+ the desired
minimum will be p = \/g, which is easy to understand
from the symmetric occurrence of the variable part of the
expression under the sign of the logarithm in the denominator,
analyzing a function of the form y = x(c —x) or, respectively,
y = x(c — x?).

Let’s move from the particular case to the general one. It is
easy to establish that §(a,b, c) on the extended domain of
definition is continuous and differentiable.

Topological algebra. Topological space

Topological algebra is an algebra and at the same time a
topological space, where the algebraic and the topological
structures are coherent in a specified sense. If there is a
topology in some algebraic body M , i.e. there is convergence,
in other words, it is known what the relation lim, . a, =
a means, and the operations available in the space M are
continuous with respect to this topology.

Therefore, it is possible to calculate the derivative and apply
the well-known from school mathematics Newton-Leibniz
formula for upper and lower estimates of the values of a
continuous differentiable function over a certain interval.

There is a transition to random (thermodynamic- statistical)
variables after the equal sign. The numerator denominator
contains the value of the entropy of the phase space, taking
into account the multipliers m and L = (k+[+m), expressed
through the definition of the entropy of the subsystem C as
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part of the unifying system D = A U B U C under conditions

of an adiabatic process.

Linear differential for the case of many variables

The problem of finding the extremum of a function for the
case of many variables is reduced to finding the gradient of
the scalar function § : M — R defined on the topological-
algebraic body M = {RLlR > 2} in L dimensional space
gradgd - by the number of primes of the formula 3.1
- each prime number is considered as an independent
random variable (this approach has already been used
in the analysis of the hypothesis of Leonard Euler in
18). The deeper connection between simple and random
variables is explained below in the Fluctuations section. B
14 The partial derivative will be as follows: grad((q)) =

(a—xlz, 75 = af k...), for which partial derivatives should

be calculated. Here, x1, X3, X3 . .. refers to variables, according

to the number of primes of the formula 3.1 - each prime
number is treated as an independent random variable. The
meaning of this is explained below in the Fluctuations
section. 13.

The partial derivative will be as follows

dj 1 dc 1 Inc dlnp;
dpi  cdp;InRad(abc) (InRad(abc))? dpi
_k 1 Inc 1
" piInRad(abc)  (InRad(abc))? p;
k-4

- pilnRad(abc) (8.4)

To calculate, note that [nC = Z% kip; and InRad(abc) =
21 pi-

As a result, the Newton-Leibniz formula is generalized
to the case of many variables, taking into account the
scalar product (gradj, Ax) in L-dimensional space (the
dimension is taken from the formula 3.1 or the number of
primes in Rad(abc)), where each prime number is treated
as a random variable Ax = (Axy, Axp, Axs,...).

Consequence: the increment of the function Aj over the
entire domain of definition of 3 does not go to infinity and
can be limited from above and below by some convenient

259
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[Lan01]:  Landau  (2001),
Mechanics. Theoretical Physics
In 10. Vol

functions. Below, a top-bounding function with a normal
distribution will be selected.

The rule of addition of the variance of independent random
variables is known from mathematical statistics. Therefore,
the final conclusion of the inequality §(a,b,c) < 1 of the
above expression is based equally on both statistical physics
and mathematical statistics. The resulting inequality is strict
based on the type of fraction. The approximation sign in
the formula (8.3) is more accurate the greater the entropy
value.

Accessing the random variables A, B, C, D and statistical
physics / mathematical statistics was helped in obtaining

the correct estimate of §(a, b, c) and, accordingly, q(a, b, c) -
it should not exceed one.

Nevertheless, in the course of numerical experiments, a
number of maximum values of g(a, b, ¢) above one were found.
How to explain this paradox? - The author is convinced that
this phenomenon is caused by fluctuations, as explained
below in the section (see section 14), specifically dedicated
to this phenomenon.

9 Linear Spaces and Matrix Functions

To find a proof of the ABC conjecture by mathematical
methods, it is necessary to use the rules of linear algebra,
representations of quantum mechanics about the wave function,
the operator form of the Hamiltonian [Lan01], estimates of
entropy using a statistical matrix in a quantum mechanical
representation. The rapid development of quantum computing
and cryptography is helping to popularise knowledge of
quantum mechanics. In order to broaden the horizons of
a student of the XXI century, it would be logical to add
the basics of quantum mechanics to the secondary school
curriculum, using an analogy with radio waves, signal spectra.
For many years, the electronic configuration of an atom, the
arrangement of electrons in an atom according to levels and
sublevels, has been studied in school chemistry classes on the
basis of general concepts of quantum mechanics. Based on the
conditions of the ABC conjecture, an additive function should
be chosen. The most suitable candidate is entropy, defined
as the logarithm of the phase space (7.2). For adiabatic
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processes the volume of the phase space is preserved. This
simple statement is the key to the proof and requires almost
no mathematical calculations.

The formula (3.1) implies a statistical description of a physical
system consisting of subsystems expressing the additive
property of a common resource for energy, entropy and other
thermodynamic quantities. These properties are provided by
the decomposition of integers A, B, C into prime numbers
for which Greatest Common devisor (GCD) = 1. It is known
from the introductory course in number theory that the
rules apply to the ring of integer polynomials in a given
field of complex numbers k[x|. Such polynomials have a
number of properties similar to those of integers. There
is a homomorphism between the algebra of integers and
the algebra of polynomials for addition and multiplication
operations. In the following, the terms simple and irreducible
are used synonymously when referring to polynomials.

Let f — k[x], then there is a one-to-one decomposition:
f=c I—[ p“(p), (9.1)
p

where c is a constant and the product is taken by irreducible
polynomials of the form (A — ai)k [Sz102] and the constant
are uniquely determined. Integer polynomials are written in
the formula below, based on irreducible ones, they are also
mutually simple, which is briefly expressed in the formula
above: there are polynomials g1, g2, 43, the total sum of the
formula (3.1) assuming GCD (Greatest common divisor) =
1.

(A =a)™(A = ag)*--- (A = ax)*q1(A)
+ (A =01 (A = b))’ (A = b)) 2()

+A=c1)"A=c2)? - (A =cm)mgz(A) =1 (9.2)

Each of the above polynomials can be uniquely mapped onto
a linear map o (respectively % and 6) with a characteristic
polynomial [12,13] whose roots are taken from formula 3.1
- these will be just the primes contained in Rad(abc). If
a linear transformation of dimension n has n independent

[Szi02]: Szidarovszky (2002),
Introduction to Matrix Theory:
With Applications to Business
and Economics
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eigenvectors, then using these vectors as a basis, we will
reduce the square matrix of the linear transformation to
a diagonal form, while the eigenvectors corresponding to
different eigenvalues will be linearly independent, and we
can choose a basis in which such vectors will be orthogonal.
In the case of multiple roots we have:

AL-d)'x=0 (9.3)

By elementary transformations, the linear mapping matrix
can be reduced to a Jordan form of size kxk corresponding to
the multiplicity k (height) of the root vector [12,13]. Putting
it all together, it is possible to obtain a linear mapping whose
characteristic polynomial is the product of the characteristic
polynomials of the linear mappings from formula (3.1). The
matrix corresponding to this combined linear mapping will
have the block-diagonal form ( 5" B 8 ) . The eigenvalues of
a matrix are the result of combining the eigenvalues of the
matrices d, %, 6. The result is a unique decomposition of
the space R into a direct sum of invariant subspaces (in any
order):

R=RiEPRPR:PRiPRs-- PR (94)

The set of all root vectors corresponding to the eigenvalue
of A forms an invariant subspace of R;. This linear space is
described by the matrix D.

We set the determinant of this matrix and its characteristic
polynomial to zero in order to search for eigenvalues and
vectors:

i=L
DetD=]](A-A)"=0 (9.5)
i=1

where L is the number of primes in the formula (3.1) A; is
the proper/root value of the linear mapping D and hence
of the matrices D. It is known from the algebraic theory of
matrices that elementary transformations can be performed
on A-matrices to produce similar matrices, but at the same
time the trace of the matrix remains constant, i.e. the sum
of its elements on the main diagonal and the determinant
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det - both quantities do not depend on the basis and are
invariant.

Denote by A1, Az, A3, Ay, ... A; the eigenvalues of the matrix,
they are just taken from a polynomial (9.2) with roots from a
set of prime numbers (3.1), but using the logarithm function
and averaging over the main diagonal of the matrix (for more
information, see the formula (10.4)), all these eigenvalues
are different, non-zero under the conditions of the ABC
conjecture.

Definition 9.1 It is known that the determinant of the
matrix is equal to the product of the eigenvalues, which is
not difficult to verify by counting the determinant of the
diagonal matrix directly.

In our case, from the point of view of thermodynamics, detD
corresponds to the phase space of the studied system with
unexcited energy levels I'g = Rad(abc) = detD.

Since we are considering square matrices, and due to the
matrix commutability property of ourselves, in a number of
cases, including the one under study, it is possible to raise
the A matrix D to a power, perform algebraic operations on
it, calculate polynomials from the matrix.

This illustrates the general rule of homomorphism (A homomorphism

in the category of algebraic systems is a mapping of an
algebraic system A to B that preserves the basic operations
and basic relations).

The general rule of homomorphism over algebras. A =<
A,¢o>B=<B,y>f:A— B)

In general, scalar functions can be computed from a square
matrix by decomposition into a Taylor series, but with some
peculiarities [Mys72].

In the theory of analytic functions (i.e. having a derivative
in the complex plane, which leads to an amazing conclusion
about the infinite differentiability of an analytic function). It
is known that a series of a complex variable has the property
of converging on a certain convergence ring r < |z| < R on
the complex plane C, with the exception of poles.

A —5— A

g

]
41’
B . B

Puc. 9.1: The general rule of

[Mys72]: Myslllq rlréomo(rfga?i%r} over algebras.

Introductory Mathematics for
Engineers. Lectures in Higher
Mathematics
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10 Logarithm of the Matrix

Let’s calculate the logarithm of the matrix P with root
vectors corresponding to (9.2). Here, different eigenvectors/root
vectors are chosen as the basis, which are prime numbers,
and therefore the matrix will have a block-diagonal form
(the order of the Jordan cells is not essential).

The analytical function F works with each colortealjordan
cell separately:

F(D) = F1(Dy) @D F2(D2)--- P Fi(Dy) (10.1)

(From this decomposition, it is easy to conclude that a cell-by-
cell/block comparison of functions from matrices is possible,
which will be used below). From this decomposition it is easy
to conclude that a cellular/blockwise comparison of functions
from matrices is possible, which will be used below.

It is quite easy to calculate the logarithm from a Jordan cell
by applying the decomposition in one row Newton-Mercator
(Taylor series for the function of the natural logarithm of the
matrix) and then represent the matrix to the right of the
equal sign as the sum of the unit matrix I and the matrix G
with zero values on the diagonals: @ = A(I+ G)..

A1 0 O 0
0 A1 0

Wt
Il
Il

1 A1 0 0 0
0 1 At 0 0
o 0o 1 A1 ... 0
Al . . . .| (10.2)

(@)
(e
(@]
o
—_
o
L

Applying the well-known Taylor series expansion of the
logarithm of a scalar variable and taking into account the
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above, which also applies to the matrix G, we have

G &,6¢ ¢

ln(I+G):T o + TR

(10.3)
This series ends at some degree, since the Jordan cell is
nilpotent and, when raised to the power of k (the dimension
of the Jordan cell), becomes a zero matrix.

As a result, it is easy to calculate the entropy of S = InAl'
by averaging over all microcanonical states. It is important
to take into account the normalisation condition - the sum of
all probabilities of the states of the system under study

forms a complete group of events => Zij A; = 1. Here

the probability is expressed from the eigenvalue A;, which
is uniquely associated with the energy of the microstate,
summation is performed over all possible microstates, and
non-zero values are on the main diagonal of the matrix D.
The length of this diagonal is L = k + [ + m - the number of
simple factors in the ABC conjecture, see formula (3.1).

Initial entropy value 8.1. The logarithm of the product is
decomposed into the sum of logarithms and is equal to the
mean value from the trace of the entropy matrix => divided
by the number of non-zero values on the main diagonal of
the matrix 9, i.e. the length of the chain L in the formula
(3.1). Let us switch on the degeneration of the energy levels
at time f1, which in the language of matrix algebra means

the appearance of multiple eigenvalues - root vectors (9.3).

This can be realised by "including"powers greater than one
in the characteristic polynomial:

. E;
1 i=L L A=A 1+o(t—t1)(ki=1)
L B B Uallt) (10.4)
L,

1+0(t - t)(ki — 1)

and then the matrix corresponding to this characteristic
polynomial is brought into Jordan form and the logarithm is
taken from the resulting matrix. Let’s explain the meaning
of the variables:

» A; - all prime numbers are multipliers of the L-series
of numbers Rad(abc), they are also eigenvalues of the
linear mapping /matrix

» k; is the exponent of the formula (9.2), at the same
time the multiplicity of the root and the size of the
i-th Jordan cell of the linear map.

265
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» o - function sigmoid o(t) can be approximated by the

formula m where the parameter v is set from the
outside and regulates the smoothness of the change,
the higher the value of v , the steeper the "step"at
time £1. This function is defined here on the real axis
R.

» E; is the energy calculated by the microstate i. This
factor, divided exponentially by the temperature T,
determines the density of the probability distribution
depending on the Hamiltonian of the system under
study.

Above, according to the formula (9.4), it was concluded
that it is possible to decompose the linear space into a
direct sum of subspaces, i.e. to reduce the matrix to Jordan
form. For each cell there is a unique root A;. Since the

multiplier e_% remains the same within each Jordan cell, it
can be considered as a constant and reduced in the following
arguments ("cell-by-cell"/ "block-by-block"comparison of
matrix functions).

From the point of view of school physics, it can be seen that
when studying an ideal Carnot machine, the calculation
of its efficiency is based on the value %, which is the
entropy differential. Consequently, the formula (10.4), taking
into account the definition of entropy (7.2), operates with
probabilistic quantities, which in turn is a purely mathematical
concept that excludes such an unusual quantity for the
algebra of matrices as temperature (the latter can be determined
for the system under study from the canonical definition of
Gibbs by taking a quotient, the derivative of entropy with

respect to energy).

The function (10.4) is differentiable and can be analytically
extended to the complex plane. This means that it can be
positioned along the main diagonal of the Jordan form and
the matrix logarithm calculated from the result. This function
corresponds to the volume of the phase space. Reducing
the matrix just mentioned to the Jordan form, taking the
logarithm of each element on the main diagonal of the matrix
and averaging over all the values will give the entropy value
of the system under consideration.

In fact, a careful look at (10.4) reveals the formula (7.2)
for finding the entropy. The average over all microstates is
obtained by dividing by the total number of microstates.
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Each microstate is considered equally likely. When averaging
the logarithm of the matrix, the sign of the product in
the formula (10.4) is replaced by the sum. The somewhat
cumbersome denominator of the fraction after the product
sign in this formula allows you to first average the value of
the logarithm of the element on the main diagonal separately
for each Jordan cell, taking into account the multiplicity
(degree) of each multiplier. According to the results of such
cellular averaging, the exponent of each prime number from
the matrix is reduced. Next, averaging is performed over
the entire diagonal of the matrix, where the unique value of
each prime number occurs only once, and there are L such
numbers in total. There is a "smearing"of the probability
density from the averaging operation over all possible Jordan
cells and taking into account the multiplicity of the root
vector Ag, i.e. its height or exponent of a prime number in
the ABC conjecture formula.

S = —(lnw(Ay)) = - Zwil”(wi)

i=L E(lg)

ln(/\f.‘)e_ T

1 -

(10.5)

=

During adiabatic compression/expansion, the volume of the
phase space of the system and the averaged matrix logarithm

of it - the entropy - remain constant. The multiplier e_ETk does
not qualitatively change the main conclusion: the conservation
of entropy as a result of an adiabatic change in the macrostate
of the system. In this case the trace of the matrix P is equal
to the sum of the traces of the combined matrices. It is
possible to compare the initial value of the entropy Sg with
the value at time f; + 0 and then select some degrees of
freedom of the system under study separately. The situation
was considered above when not all the motion of the system
is quasi-classical, but only the motion corresponding to a
part of the degrees of freedom, while for the rest of the
degrees of freedom the motion is quantum. Since entropy
is preserved during the adiabatic process, it is possible to
return the subsystem to its original state.

The cumbersome formula (10.4) and the formula (10.5) based
on knowledge of statistical physics can be replaced by the
adiabatic equation from the school course (8.2), which is
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[Fer95]: Fermi (1995), Notes on
quantum mechanics

limited to a general description of degenerate energy levels
and, accordingly, the appearance of Jordan cells greater than
one, which greatly simplifies understanding the essence of
the proof.

11 Trace of matrices. Entropy

Thus, a simple matrix relation can be formulated in the form
of the following equations

Tr(D)=Tr(A)+ Tr(B) + Tr(C) (11.1)

which is obvious from the analysis of the main diagonal of
~ A
the matrix & of the block diagonal form ( 8 ]% é).

And the following formula means averaging statistical variables
taking into account the weights of the terms (here diagonal
lengths) L = k + I + m of each block of the matrix 9.

kTr(A) N 1Tr(B) N m Tr(C)
L k L 1 L

1 ~
—Tr(D) = (11.2)
L

Note that all elements on the main diagonal of matrices
are positive numbers. The latter implies the equality Sp =
S4 + Sp+ Sc or in terms of matrix traces:

Tr(@(In))s = Tr(W(Inw))a
+ Tr(@(In®))g + Tr(@(Inw))c (11.3)

12 Arbitrary A, B, C and quantum

mechanics

The school curriculum includes the basics of combinatorics
and probability theory, pendulum motion, oscillator equations,
fundamentals of thermodynamics, internal energy, amount of
heat, first law of thermodynamics, wave interference, signal
spectrum, resonant phenomena, the concept of wave-particle
dualism, photons, photoelectric effect phenomenon, atomic
orbitals and spin, Heisenberg’s uncertainty principle [Fer95],
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the basics of laboratory measurements and their errors,
and so on. - This extensive list of concepts allows us to
draw an analogy of the material presented with the school
curriculum.

It is possible to map a quantum mechanical system to linear
maps A, B, 6. Let’s move from Euclidean space to Hilbert
space. Hilbert space, studied in the first decade of the 20th
century by David Hilbert, Erhard Schmidt and Fridges Rees
within the framework of the theories of partial differential
equations and quantum mechanics, can be explained to
schoolchildren from the standpoint of the basics of radiophysics,
equations describing the propagation of an electromagnetic
wave, the phenomenon of interference.

max(Var(Sa), Var(Sg), Var(Sc)) < Var(Sz) = VarSg
(12.1)

Due to these relations, taking into account the additivity
property of entropy, subordination to the normal law of
fluctuation of this value, it is easy to find the upper limit of
g(a,b,c) (see section 14). But to do this, it is necessary to
consider the basics of statistical physics. Application 1.

13 Analogies from ODE systems

It is interesting to draw some analogies between the quantum
mechanical approach described above and systems of ordinary
differential equations.

Consider the fundamental matrix of a system of linear differential
equations Y and the Vronsky determinant W= det|Y(t)|.

According to the Liouville-Ostrogradsky theorem |[Mys72] [Mys72]: ~ Myshkis — (1972),

] Introductory Mathematics for
13, section VIH(lS)]: Engineers. Lectures in Higher
Mathematics

t n T
W(t) :W(to)exp/t TrD(T)dT---I—[/\i =exp‘/0 TrD(7)dt
0 1
(13.1)

At time t; the multiplicity of the roots increases, which
physically corresponds to the degenerate energy levels of
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[ABC]: ABChome (), Bomonrep-
cKas ceTb 110 HazsanueM ABC-
home mocBsien pacipe/ieseH-
HOMY BBIYHCIUTE]HHOMY MTPOEK-
Ty, KOTOPbIH JIOJ?KEeH ObLI CO-
CTABUTH TOJIHBIA CIUCOK BCEX
tpoek ABC, cocrositix u3 tie-
JIBIX 9HCEJI, COCTOSIIINX MaKCHU-
MyM u3 18 mudp.

the system, but the trace of the matrix under the integral
remains constant. A similar formula has been found for the
determinant of the Polish philosopher and mathematician
Vronsky, which is useful for finding the derivative of a vector
function in a system of linear differential equations.

The above mathematical formulae reveal the physical meaning
of phase space and the trace of the matrix in the theory of
ordinary differential equations. The adiabatic process and
the constancy of entropy play an important role. There
are other analogies to phase space W — I' and entropy
Tr(D(t)) — S. Note that the matrices are infinite and
reduced to the Jordan form, the sigmoid function in question
turns on/off the multiplicity of the roots and provides a
transformation of the matrix just mentioned.

14 Fluctuations

For the V formula (3.1) there is a whole class of physical
subsystems: ideal gases, solutions, vibrations of the crystal
lattice with quasi-particles - phonons, and so on, where the
above approaches are implemented. So there is an equivalence
function f that maps each element as an elementary cube 1"
from the sets A and B into C, i.e. f(A,B) — C,

Taking into account the arguments above and the formula, it
is necessary to find a suitable interpretation for the quality
indicator of the triple g(a, b, c, ), given through a continuous
differentiable function g, the upper bound of which 8.3
asymptotically approaches the thermodynamic estimates
made in this chapter, and even more precisely the greater
the entropy value 8.1.

(In thermodynamics, the number of molecules is operated on
the order of the number/Avogadro constant - the number of
particles contained in one mole of any substance 6.02210%).
Most of the well-known examples of finding triples of numbers
using supercomputers and distributed computing networks
are so-called "good triples"[ABC| with g > 1 exceeding
one (g(a,b,c) ~ 1.4), but these more athletic than scientific
records are on the order of one ten thousandth of the Avogadro
constant.

Assuming an upper bound for large N, it is more expedient to
replace the word "quality"for g(a, b, c), respectively, of the



function § defined by us, with the "defect"generally accepted
in error theory according to the formula of fluctuation from
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the average value of the investigated system combining subsystems

A,B,C.

According to 12.1 the defect index of the system under study
gapc, will be obviously greater than § < gapc = % and
the last top-limiting function will have a normal distribution
due to the law of large numbers, as well as the properties of

additivity of entropy.

Central limit Theorem

It is known that normally distributed random variables
are widespread in practice [Gmu68|. What is the reason
for this? The answer to this question was given by the
outstanding Russian mathematician A.M. Lyapunov (central
limit theorem): if a random variable X is the sum of a very
large number of mutually independent random variables,
the influence of each of which on the entire amount is
negligible, then X has a distribution close to normal.

Assuming an upper limit of g4y for the reference value of the
three numbers A, B, C, for large N, it is more convenient to

[Gmu68]: Gmurman (1968),
Fundamentals of probability
theory and mathematical
statistics Translated by Scripta
Technica Ltd

replace the word "quality"by a more appropriate "defect"according

to the formula of the fluctuation from the mean, namely
Ag = %—OS. For an isolated subsystem, the very statement
about fluctuations in energy, entropy, temperature, number
of particles and other thermodynamic parameters is not

appropriate - one can only talk about fluctuations by considering

the system as a whole. Let us define the equilibrium entropy
of a body S(E, V) as a function of its (average) energy and
volume. By fluctuation of entropy we mean the change of
the function S(E, V), formally considered as a function of
the exact (fluctuating) values of energy and volume. It is
known that the probability of fluctuation in the system is
proportional to the exponential deviation of the entropy:

w = et (14.1)

This is the entropy of the whole system.

Let’s start by finding the mean square of the fluctuation
in the number of particles of an ordinary ideal gas in a
relatively small volume isolated in the gas. Assuming a
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uniform distribution of the gas molecules over the whole
volume Vj and the conditions for the smallness of the subsystem
under consideration in comparison with the whole system
% < 1, the square of the fluctuation of the number of
particles in the subsystem (points in the manifold of the

phase space 1") is determined by the formulae [Hud63]:

((ANRY2

2\ _ AT. —
((AN)*) = N;... N N

(14.2)

The relative fluctuation of the number of particles is equal
to the inverse square root of the average number of particles.
Similar formulas are known from textbooks of mathematical
statistics [10]. Based on the average square of the fraction in
a given volume of gas, a Gaussian probability distribution of
the fluctuation of the number of particles is found:

w(N)dN =

! ex (—M (14.3)

L ) iN
2nN 2N

This formula can be used for small deviations. For small N
is more appropriate to use the Poisson formula, known from

mathematical statistics [Szi02].

NNe=N
N!
In the case we are interested in (assigned volume) V <« V

Wy, = (14.4)

(initial volume), the number of particles in the assigned
volume is assumed to be small compared to the total number
of particles in the gas, although it may differ significantly
from its average value. Taking into account the Stirling
formula n! = V2nn (%)n, the formula (14.3) changes to the
formula (14.4) with small deviations.

Regarding the issue of entropy fluctuations, we note the
following. According to Chebyshev’s theorem |Gmu68|, chapter
9.3) in the presence of a sufficiently large number of independent
random variables with limited variances, the event can be
considered practically reliable, which means that the deviation
of the arithmetic mean of random variables from the arithmetic
mean of their mathematical expectations will be arbitrarily
small in terms of the absolute value of the condition.



By virtue of Chebyshev’s theorem, Lyapunov’s central limit
theorem and the additivity property of entropy, a Gaussian
probability distribution can be applied (refDispN -14.4) for
the entropy fluctuation AS = % and the maximum value of
the function gapc denoted as Agagc,,,- In fact, the number
of particles in a gas, as well as entropy, are additive quantities
and colortealintegrals of motion, therefore they must be

described by similar formulas.

The Gaussian probability distribution (14.2 -14.4) can be
applied to the fluctuation of entropy AS = /Sy and the
upper bound of Aguax. In fact, the number of particles in
a gas and the entropy are additive quantities and integrals
of motion, so they must be described by similar formulas.
It is enough to imagine an experiment in which the initial
container is divided into N small equivalent containers, where
N is a rather large number, but obviously much smaller than
the Avogadro number and the number of molecules in the
system. Then, instead of the average number of particles,
the entropy value can be substituted in the above formulae
for estimating the fluctuation.

The question of the density of the distribution of prime
numbers remains open in science. At the same time, it is
possible to introduce a random function g4pc, obeying the
law of normal distribution, which will limit the continuous
and differentiable g(a, b, c) from above for sufficiently large

Rad(abc)
L

values of . Let’s make estimates of the standard

deviation gapc for the system as a whole, combining subsystems:

B (<(AS)2>)1/2 ~ 1 B \/ L
Ogapc = 3 VS,V (In(Rad(abc)))

(14.5)

It was said above 9.4 that 3 is the gradient of a continuous
and differentiable function grad(j) over the entire definition
area §j : M — R. This gradient does not turn to infinity and
the increment Ag can be limited from above by a normally
distributed random function gapc.

To estimate the upper bound of the maximum deviation
Aqagc,,,, we can take into account the discrete nature of
the phase space and the principle of equal probability of
microstates, as well as the normalization condition (6.5).

14 Fluctuations
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Definition 14.1 The maximum variance of Agapc,,,, means
the lowest value of the probability of @ finding the object
in the microstate under study.

Since the fluctuations of entropy obey the law of normal
distribution and (14.5), the same is true for Agapc

max*

To estimate the upper bound of the maximum deviation
Aqagc,,,, we can take into account the discrete nature of
the phase space and the principle of equal probability of
microstates, as well as the normalisation condition (5.5).
The result of algebraic transformations ultimately turns out
to be cumbersome, but it is possible to make an estimate
sufficient to prove the ABC hypothesis. A few paragraphs
below, a numerical integrator experiment using the Monte
Carlo method will be performed and a histogram of the
normal distribution is shown.

The maximum deviation of Agapc,,, corresponds to the
lowest probability value. In turn, the probability of such a
microstate is determined only by the values on the main
diagonal of the static matrix. In total there are L. such
elements, the smallest integer being one, so we have w,;,; = %,
which corresponds to the law of normal distribution:

1 1 Aqmax2
Z = — 14.
L~ Voo ¥ ( 207 ) (14.6)

Where the standard deviation of ¢ is determined by

L
0= \/ (In(Rad(abo)) (14.7)

Note that L < m(Rad(abc)) Riemann functions 7. This

statement simply says that the length of the chain of different

primes in the formula (3.1) does not exceed the total number

of primes not exceeding Rad(abc), determined by the Riemann
function of the radical of the product A, B, C. Let us explain

that the Riemann function 7t(x) is defined as the number

of prime numbers that do not exceed the integer number x.

Chebyshev proved in 1851-1852 that if there is a limit, it

must be equal to one:

7t(x)

THG/x (14.8)

litny— oo



Which leads to the conclusion:

L 1
Canc = NV In(Rad(abc)) < [Rad(abc) (14.9)

This ratio is more accurate the higher the value of Rad(abc).
Solving the equation (14.6) and assuming that the expression
under the radical sign is positive, we find

f L
A ABCypax — O 2ln (14.10)
7 V2no

The result of the algebraic transformations turns out to be

cumbersome in the end, but if we take into account the ratio
between the length of the chain of prime numbers and the
value of the radical Rad(abc)), small terms can be neglected
(see below an alternative way of estimating Agapc,,,. )-

This is known from mathematical statistics courses:

|AQABC,WX < €| <20 (g) ... D(x)

1 X 22d ( )
= — e 2dz (14.11
V271 /0

(do not confuse the arbitrary parameter € with the energy
of a single molecule, denoted by the same letter above!)

Based on the length of the chain of the formula 3.1 equal to
.axs let’s find the ratio between
the minimum value of the chain length in 3.1 and Rad(abc),
which affects the discreteness factor of the phase space:

L, and the values of Agapc

1 \/Rad(abc) AqABCZ
—_ = —exp — >
L V2711 202

A 2
L+/Rad(abc) = \/Z_Hexp ( 94BC )

202

The formula in the second line defines the conditions under
which the phase space discreteness factor affects 14.6. On the

14 Fluctuations
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right there is a rapidly increasing function that will easily
exceed the value of the product of V multipliers on the left
L+/Rad(abc), which, taking into account the estimate of the
standard deviation 14.9, means the disappearance of the
desired triples as the entropy defined above increases 8.1. It
is important to remember that from the formula 8.1 and 14.9
are followed by exponential growth of rad(abc) with respect
to the length of the chain of prime numbers L in the formula
3.1.

From what has been said, it is easy to prove that for V
given in advance € there are only a finite number of triples
of numbers for which g(a, b, c) = § < qagc,,, — € (do not
confuse the arbitrary parameter € with the energy of a single
molecule, denoted by the same letter above!) Bg(a, b, c) =

q > qABCmax'

Histogram of probability distribution density

The upper value of the defect index Qasc ma

P | CAg
mAg) = "'7_',:747.! ] ( Py

(aec (JABC + ﬂll,mr-_..m

There are no ABC triples c}ut\side the upper value of Agasc ma

The result obtained can be compared with the ABCQ@Qhome
project, a histogram of the quality of triples of q from the
number of decimal places in ABC numbers. Figure 2.2 The
ABC@home project finds all triples of ABC numbers for a
given upper bound on the "quality"of qABC and the number
of decimal places.

The ABC@home project says "The list of so-called good
triples, consisting of 20 digits, is already complete. For
example, the graph shows that there are 11 good triples
in which ¢ contains 20 digits. If new good triples are found,

Puc. 14.2:
illustrates t
of the pha
three ABC
consideratio
g(a,b,c) >
there is not
satisfies the



14 Fluctuations | 277

15
L0
nc. 14.3: The ABCQ@home
5 project finds all triples of
ABC numbers for a given
.ll I Ill upper bound on the "quality"of
5 10 15 25

20 : 30 q(a,b,c) and the number of
- - ' decimals.

o]

only the red part of the graph above will increase. (already
20 digits)".

ABC Volunteer ABC@home

A volunteer network called ABC@home is dedicated to
the distributed computing project of searching for the
so-called "good"triples (unbitten triples). In 2011, the
ABC@home project achieved the goal of compiling a
complete list of all ABC triples consisting of integers
consisting of a maximum of 18 digits. The list includes
14,482,065 triples. See 241 ABC triples of "quality"q not
lower than 1.4, which are often called "good"ABC triples.
https://www.math.leidenuniv.nl / desmit/abc/index.php
according to comp. on 05/11/2024

In fact, the [ABC] Project applies a logarithmic scale to  [ABC]: ABChome (), BosonTep-

the normal distribution gapc,,, =1+ Agagc,,, and then a  cxas cers nox naspammem ABC-

quantitative method for grouping a set of ranked data into home mocssmen pacupenesen-

. . . . . HOMY BBIYHUCJIUTEJIBHOMY IIPDOECK-
equal subgroups, in this case - deciles), but the characteristic .

T ] Ty, KOTOPBII TOJXKEH OBLI CO-
form of the normal distribution (see above the Maxwell  ¢rapurs mommbii crmcox Beex

distribution (7.6) and Fig. 114.2 has not changed from this. tpoex ABC, cocrosiux u3 me-
JIBIX YHCEJI, COCTOAIINX MaKCH-

. . MyM u3 18 mudp.
The Monte Carlo integrator and the histogram of the

normal distribution

H#H#F#7# historgam.m HH#HHH#H
# Here 100000 is the size of a random

sample. This parameter is passed
# in funk. mcintgrv (Monte-Carlo Integral Vector)

for i=1:10000
s(i) = 0.5 * mcintgrv("sin", 0, pi, 100000);
endfor
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The code above is [Han11] of the vectorized mcintgrv (Monte-
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[Hanll]: Hansen (2011), GNU

Carlo Integral Vector) function, which is called with arguments. Octave Beginner’s Guide

This code was created on GnuOctave (analogue MathCad)

under the GNU GPL license. It consists of two files historgam.m

and mcintgrv.m The first code allows you to build a histogram
of the probability density distribution for a randomly generated
sample from a dataset of 100,000 integral values.

In the mcintgrv file, the integral is calculated using the
Monte Carlo method. The method is applicable to an arbitrary
function that is positive for a given range of values. It involves
calculating the proportion of evenly falling "raindrops" (or
sprayed with a spray paint) that settled under the curve,
compared with the total number of drops (paint) per rectangle
constructed in the range of values of the function along the
abscissa axis and from zero to the maximum of the function
along the ordinate axis [a,b] X maxf. The fraction thus
obtained is equal to the ratio of the area under the curve,
which represents the desired integral, to the elementary
calculated area of the rectangle. This is based on the uniform
distribution of random points (x, y). The Monte Carlo method
is especially effective for numerical integration in n-dimensional
space.

The code is easy to understand. Special attention should be
paid to performing a comparison between the value of the
function and the value of the ordinate y of a random point.
The result of this comparison operation is a logical array
that returns the indexes of all true elements in the array. By
extracting the number of indexes, it is simple to count the
number of randomly generated pairs of values (x, v), which
are located under the graph of the function.

Coution Watch ou step

Instead of a smooth decrease in the tails of the histogram
on the left and right, a stepwise break is observed. The
histogram obtained by modelling illustrates the discreteness
factor of the phase space. As the scale increases vertically,
the frequencies become integers.

On the author’s laptop, the vectorized version of the Monte
Carlo integrator performs about 300 times faster than the
"normal"numerical integration method. Using vectorized
programming, you can also avoid a lot of loops that perform

Try running this code in
GnuOctave or its analogues,
change the sample size from
100,000 to 10,000, 1000, 100,
and vary the number of
intervals in the
These numerical experiments
will allow us to directly check
how the standard deviation o
of a random variable depends
on the sample size relative to

its mathematical expectation.

hyptogram.
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[Moc21]:  Mochizuki (2021),
«Mochizuki’s proof of ABC-
conjecture.»

trivial tasks and clutter up the code. Vectorized code is much
easier to perceive and debug.

So, the number of particles in a gas, as well as entropy, are
additive quantities, the formula (13.7, 13.10) is also suitable
for estimating entropy fluctuations. To do this, it is enough to
mentally set up an experiment to divide the initial vessel into
N equivalent vessels (in the case of a mixture of gases, this
operation should be performed without separating molecules
of different gases, which would lead to a change in entropy),
while N is a sufficiently large number, at the same time much
smaller than the Avogadro number / number of molecules in
the system. Instead of the average number of particles, the
entropy value must be substituted.

It is easy to show that this conclusion is equivalent to
another representation of the defect gyqx, max(A, B, C) <
K(e)rad(A, B, C)'*¢, where K(€) is a certain constant that
depends only on €.

There is a clear contrast between the difficult-to-verify five-
hundred-page proof of the "Western version"of ABC-conjecture
by Shinichi Mochizuki, a mathematician from Kyoto University
[Moc21] and the above proof aimed at high school students
and senior students.

Instead of using supercomputers and distributed computing
resources, it is easy to create a sample of a normal distribution
of one hundred to one hundred thousand units and in half a
second to thirty seconds get a more meaningful result using
the GnuOctave cross-platform application (an analogue of
MathLab under the GnuGPL license), even far from a new
desktop computer. - There is a conservation of intellectual
and energy resources.

15 Prime numbers as the metalanguage of
the Universe

The conclusion of the canonical Gibbs distribution was
made on the basis of an equally probable distribution over
all microcanonical states of the system, the probability
of finding a complex system 1-2 equal to the product of
the probabilities of its subsystems 1 and 2: p;p = pq -
P2, which makes it convenient to work with logarithms
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and allows one to operate with additive variables. Additive
functions for homogeneous quantities are the basis for a set
of natural numbers, for countable sets and for the production
of arbitrary measurements => measurability of distances,
introduction of the concepts of metrics and measures. The
properties of the microcosm determine the properties of the
macrocosm => The operation of multiplication is primary
to the operation of addition/subtraction. From the above
positions it is possible to explain the axioms of arithmetic
introduced by Giuseppe Peano, as well as the principle of
mathematical induction, widely practised in mathematical
proofs.

16 The Riemann hypothesis and physics.

The Riemann zeta function allows us to calculate the probability

distribution density of the Riemann function 7t(x) already
considered by us and has a close connection with physics
[Tak11]. The problem, known as the Riemann hypothesis, is

one of the most difficult problems in modern mathematics.

Its importance for science is so great that every advance in its
solution is a significant event. The Riemann hypothesis is one
of the seven Problems of the millennium, which have been
designated as the "Hilbert Problems"of the XXI century, for
the solution of each of which the Clay Mathematical Institute
has promised a reward of one million US dollars.

The Riemann hypothesis states that all points at which
the zeta function vanishes lie on the same straight line,
with the exception of trivial zeros, which are negative even
numbers. Due to the rapid development of number theory and
cryptography, this statement has acquired important applied
significance, in particular, it describes the distribution of
prime numbers.

Physicists have partially established the relationship between
this abstract mathematical problem [Rem21]| and a specific
physical system — a quantum description of the motion of an
electron on a plane under the influence of an electromagnetic

field.

[Tak11]: Takhtadzhian (2011),
Quantum mechanics for
mathematicians

[Rem21]:  Remmen (2021),
«Amplitudes and the Riemann
Zeta Functions



282

9 The ABC conjecture from the Eye of physicist

17 Summing up

The conclusions drawn can be generalised to a number of
subsystems and apply equally to mathematics (foundations
of probability theory, logic) and physics. Prime numbers as
the metalanguage of the Universe (see Table 1 above).

The answer to the question whether a point belongs to an
arbitrary manifold in the studied construction of cuboids
1" € A or 1" ¢ A in phase space should be sought from the
point of view of statistical physics / probability theory.

It is logical to determine the logarithm of the probability
distribution and obtain an additive value - entropy. The
possibility of assigning a subsystem as part of a complex
system and the possibility of defining a function allowed
the architect of the universe (if there is one, despite the
scepticism of atheists) to make the world manageable and
knowable, to reduce complex phenomena to simple ones.

The association of prime numbers with logarithmic functions
seems perfectly natural. In the course of evolution, the
hearing, sight and touch of humans and animals have adapted
to the logarithmic law, which allows them to perceive the
environment adequately, organically continuing the laws of
nature, is a consequence of the law of statistical mechanics
and quantum physics, the probability theory.

To illustrate the manifestations of the properties of the
microcosm, it is enough to refer to Heisenberg’s uncertainty
principle ApAg > h/2, which manifests itself in Fourier
transforms, in spectra and in signals: it is impossible to limit
the spectrum and the duration of the signal at the same
time.

The properties of polynomial rings and linear operators are
derived from the properties of prime numbers. Due to the
additive properties of entropy, it is possible to reduce the
variation of easily measurable quantities: number of particles,
energy, temperature, pressure, as the sample increases, and
to describe them in simple linear relations. In this way, the
relationship between the microcosm and the macrocosm is
realised. This relationship obeys the laws of mathematical
statistics (statistical physics). It is noteworthy that literally
from the very first classes, children study phenomena based
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on quantum nature, the fundamental laws of our universe:
symmetry, uniformity of space, isotropy, etc.

To summarise the above, it can be argued that the absence of
prime numbers would change our universe beyond recognition.
Would it be possible for a sane person to live in a world
without prime numbers?
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bopnoa ¢ npeaydexKieHnsgaMu

B necaruierve HayKu U TEXHUKH HEOOXOJIMMO CTUMYJIAPO-
BaTh WHTEPEC MKOJbHUKOB U CTY/IEHTOB K TOYHBIM HayKaM.
«OTKpBITHE TIO TJIeYy KayKJIOMYy CTYJAEHTY U CTapIIeKIacc-
HUKY!> - HMEHHO 3TOT MOCHLT CTPEMUTCSI JIOHECTH aBTOP JI0
M0O03HATETHHON MOJIOZIEXKN U JIEP3KUX POCCUUCKHUX YIEHBIX.
Tam, riie AMepukaHckoii Hayke norpeboBasiock 140 cTp. Ha
IIOUCK JIoKa3aTeabcTBa Beukoit Teopembr Pepma, 3a 4TO
Duapio Yaiicy npucyanin AbereBckyio npemuio B 2016
roay - Poccuiickoit HayKe OKa3bIBae€TCs JOCTATOTHO JIMIIb
MOJICTPAHUIIBI JIMOO IIIEeCTU T'PaHell JepeBAHHOIO KyOuKa /I
TBOPYECKOI'O PA3BUTHUs PEOCHKA.

1 Bsejenue

Vka3 llpesunenta PO or 25 ampena 2022 r. N 231 "O6
oobsBiaennu B Poccuiickoit @enepanun lecsruierns Hay-
KI ¥ TeXHOJIOruil"B umciie mpounx 3a/ad IpeyCMaTpuBaeT
MOBBIIIIEHNE JIOCTYITHOCTH UH(MOPMAIINHE O JIOCTUKEHUIX U
MEPCIEKTUBAX POCCUIICKOM HayKu Jijid rpaxKjaan Poccuiickoii
Depepanuu (urepa B 1. 2.). BakHO 0TMETHTH, 94TO Hapsi-
1y ¢ Besmmkoit Teopemoit @epma cyrecrsyer Takxke Magiast
teopema Oepma B Teopun unces. 37eCh pedb UJIET TOJBKO
Besuxoit Teopemoit ®epma (Fermat’s Last Theorem).

Benmikasi reopema @epma Oblia copmynupoBana B 1637T.
[Teepom jie Pepma. IIpu xuznu (1601-1665rr) sToT dbpan-
Ily3CKHII MaTeMaTuK JIoKa3aTe/bcTBa He oryonkoBasl. Hat
r'OJIOBOJIOMKOW OMJIMCH CHJIbHENIINE OCTPOYMHbBIE MaTeMaTH-
KI MHUpa, HO JI0KA3aTeJbCTB JJIs BCeX cTereHeil n He ObLIO
BILTOTH 110 1994r., Korja BIepBble 3P DHAPIO Yailjc, HbIHE
JIeKaH MaTeMaTudeckoro daxy/brera [IpuHcTOHCKOTO yHI-
Bepcurera CIHIA, msnoxun pokasarenbecTBo Ha 140 crp.,
3a UTO aBTOPY J0KA3aTe/TbCTBa DHJPIO YalJICy MPUCYIUIN
npectkuyio AbereBckyto npemuto B 2016r. Beé aTo cuie-
TEJLCTBYET B TOJIb3Y CJI0KHOCTH HAYIHOTO MTONCKA. BbIxoauT,
aro [Isep jie Pepma CUIBHO TIPEYyBEJTUINBAJ, YTBEPKIasi O
HaIeHHOM UM KPATKOM JI0Ka3aTeIbCTBE?



Oprako Poccuiickoit mayke B 2020 1. 0Ka3a/10Ch JI0CTATOY-
HO JIJIS U3JIOYKEHUS OCHOBHBIX HJIEHl JIOKA3aTeIbCTBA JIUIIH
[OJICTPAHUIIBI JTMOO IEeCTH TPaHel JepeBsHHOIO KyOuKa, J1jist
TBOPYECKOTI'O Pa3BUTHUSA PEOEHKA W 3HAHUN MPENMYIIECTBEHHO
B IIpe/JiesiaxX IMKOJIbHOI IIPOTPAMMBI, 8 He TPOMO3IKUX ITUIITH-
JIpudecKnX (YHKIH, UCIOIb3yeMbIX YaiticoM. Tem caMbiM
OT 3HAHWIA, UCIOJIb3YEMbIX Y3KUMU CIEIUAJICTAME, COBEP-
IIEH TIEPEX0/T B MOJIL3Y IIKOJIHHOTO 00pa30BaAHUS, TOIY/ISAP-
HOI HAyKM U MAacCOBOI'O MpocBerennsd. MoxKHO 1 cauTaTh
9TO OTKpBITUEM ! ZIBJIsIeTCS OTKPBITHEM ITOJIyICHIE HAY THOTI'O
pe3yJIibTaTa OPUTMHAJIBHBIM, HOBBIM, paHee He M3BECTHBIM
Hayke criocobom — Tak riacut “lIlosoxkenne 06 OTKPBITHSIX,
n300PETEHNAX U PAITMOHAIN3ATOPCKUX MIPEJJIOKEHUAX ; YTB.
noctanossiennem Coera Munucrpos CCCP ot 21 aBrycra
1973 r. N 584. (zeiicTBre JIOKyMEHTa TIOITBEPXKJIEHO Pellie-
nunem Bepxosuoro Cyma P® or 9 mgekabpst 2015 1. mo meay N
AKIIN15-1138). [Tosoxkenue geiictBoBaio 1o dhespasist 2021r.
u OBLJIO OTMeHeHO Kak ycrapesmiuii Hopmartusabiit akT CCCP
noctanosjieareM IIpasurenbcrea PO Ne 80. B ucropun yrpa-
ThI HAYYIHOTO CyBEPEHUTETa, CJIE/IyeT BBIJICIUTH PEIICHUE OT
14 mas 1991r. N 156 Ipesnmnyma Axagemun nayk CCCP,
[IPU3HABIIEM HeIe/1ecO00Pa3HbIM COXPAHEHUE TOCYIapPCTBEH-
HOH permcrparun HayIHBIX OTKpbITHil. C BCTyI/IEHHEM B
cuny dactu [V 'K P® B 2008r. u3 3akpbITOro nepedns 00b-
eKTOB MHTEIEKTya bHOi cobeTBennocTn (cr. 1225 'K PO)
OBLIN MCKJTIOYEHBI HAay9YHble OTKPBITHA. K coXKaJleHUIo, peru-
CTpaIys HAyYIHBIX OTKPBITUI B coBpeMenHoit Poccun, mazxke
B YCJIOBUSIX OCTPOTO BOEHHOT'O MTPOTHUBOCTOSHUS, 0 CUX TIOP
OCYIIECTBJISIETC «Ha BHEITHEM KOHTYDES.

[IpeaybexkieHne «MeXK1IyHapOIHOI'0 MATEMAaTUIECKOIO CO-
obrecTBay NMPOTUB U3JIoKeHHOrO B [1aBe 2 Kparkoro o-
kazarenbcTBa BT® Tpanciupyercsds HEKOTOPBIMU yBazKae-
MBIMU poccuiickumu yaenbimMu. Tak B Jiesie Bepxosoro cyna
P® CUII-947/2022 1o criopy aBropa ¢ Pocniarenrom B cBsi-
31 C OTKa30M B NOCPETHCTPAINN MMaTeHTa Ha ITPOMBIILIEH-
HBIIl 0Opa3err 1o ynoMsinyToit na Puc. 7.4 3asBke aBTopa Ne
2021501435/49 ot 20.03.2021, cymebHbIe aKTHI OBbLTIH 0GOCHO-
BaHbI C OMOPOii Ha 1ecTh (!) JIZKeHAY IHBIX MTHCEM U OJHY JIOZK-
HYIO 9KCIIEPTHU3Y, TJie ObLIa MCCJIeI0BAHAJUIIL OIHA I'DAHb
"3 IeCTH, UMEIOMNXCcA Y Ky0a, MOBTOPEHBI T'OJIOCTOBHBIE
yTBep:k/ieHus PocrniarenTa B maruare nNpuBeJIeHHOTO BBIIIE
JIOKa3aTe/IbCTBa C aMEpPUKaHCKON Bepcuu, Oasmpyloreiics
Ha runHpudecknx bynxinsax. OTKa3 B peructpanuu ObLT
ciesian PociarenToM 1o/1 Ha Ly MaHHBIM IIPEJIJIOTOM «HApYIITe-

1 Bsenenue

287
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HUsA OOIIECTBEHHON MOpaJIi U HPaABCTBEHHOCTH », BEPOSTHEE
Bcero 3alrajiHoil MOpaJin, UCKJIovaloIeil passurue Poccun,
KaK CYBEPEHHOT'O I'OCYJapCTBa. 3aMETHM, UTO MOPAaJIbHO-
STUIECKHE CIOPHI He TMOACYTHBI CYIy 10 MHTEIEKTYaIbHBIM
npasaM — Hapytenue 1. 1. ct. 47 Koucturyrmuun P®. Cam
IIPOMBIITIJIEHHBIN 00pa3ell SKCIIePTaMy JlayKe He UCCIeT0BAJI-
cd, JIOKA3aTe/IbCTBO, BBIIPABIUPOBAHHOE JIA3EPOM Ha KyOe «He
3aMeTu Iy, mybaukanuu, monorpadun B PUHII orpumanucs
KaK «He COJIMJIHbIE», KDUTHKOBAJICH «CJIUIITKOM MPOCTON aH-
riuiickuiiy. Takast OTKPOBEHHO 3aMCKUBAIONIAS, IPO3aIla IHas
MO3UIINS YIEHBIX JTAJIEKO OTCTYIIaeT OT OObEKTUBHOCTU M Ha-
yaroctu - cT. 14 @3 N 127-03 "O nayke u rocy1apcTBeHHON
HAyIHO-TEXHUIECKO monTuke".

30 mag 2024 ceouM ompesenenneM KoHCTHTYITMOHHBIN Cy/T
P® orkazayi aBTOpy B pacCMOTPEHHMH €ro KaJioObl, Kaca-
oIeiicss OOHAPYKUBITIEHCS HEOIIPEIEIEHHOCTH 110 BOTIPOCY
coorBercTBua Koncruryrmun P® nynkra 4 ct. 1349 ['pax-
nanckoro kojekca Poccniickoit @egeparuu (I'K P®) B Tom
KOHCTUTYITHOHHO-TIPABOBOM CMBICJIE, B KOTOPOM pe3YJIbTa-
ThI HHTEJIJICKTYAJILHO JeATe/IbHOCTH B HAY THO-TEXHUIECKOI
cdepe, orBevaromine ycranobieHHbIM 'K PO tpeboBanusim
K [IPOMBIIIJIEHHBIM 00pasiiaM, olleHnBaioTcsa PocraTenT ¢ mo-
3UIUKA COOTBETCTBUS OOIIECTBEHHBIM MHTEPECAM, TPUHITUIIAM
IYMaHHOCTH M MOpaJn 3amnajHbX crpai, a He Poccniickoit
Qenieparun. OTKa3bIBasi B PACCMOTPEHUN YKAJI00BI IO CYIIe-
ctBy, KOHCTUTYIIMOHHBII Cy/I, ceblaasich Ha pererne Cyia 1o
MHTEJJIEKTYAJbHBIM [IPAaBaM, MPUIIET K BBIBOJLY, YTO pa3Me-
meHHas nHQOPMAIUS HA CIOPHOM ITPOMBIIIIJIEHHOM 00pasie
"criocobHa BBecTH B 3a0JIy:KJIeHHE HO OJHOBPEMEHHO yKa-
3aJ1 Ha, OTCYTCTBHE KOH(MJINKTA ¢ MOPAJIbIO B JAHHOM JIEJIE.
B 4ém xe cocrout Takoe "szabmyxkaenue'B mese? - BOmpoc
PUTOPUYECCKUA.

2 llenb commosornieckoro nccie10BaHms

Cormasnibaas mpobsiema: B Poccnn, Bompeku JieKiapupyeMoit
ct. 44 Koncrturyrun P®, Her cucreMbl HOpMATHBHOT'O PEry-
JINPOBAaHUs HAYYHBIX OTKPBITUI, PEECTP OTKPBITUI HaIeit
CTPpaHbl BeAYT YaCTHbIE€ CTPYKTYPbI U MHOAI'€HT ]ESI/IKI/IHel[I/I?I7
110 HEIIPO3pATHBIM TapudaM H MpoIeaypaM. 3a0CTPUTh BHU-
MaHUe Ha 9TOM OCTPOM HECOOTBETCTBUU, PABHO KaK W Ha
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COIMAJILHOM 3JI€ JIOYKHBIX IKCIIEPTU3, HEPEIKO CTAHOBATINX-
¢ OCHOBOH TPY/IHO OTMEHSIEMBIX HEIIPaBOCYIHBIX PEITeHuit
(JIoCTATOYHO CJIe/IaTh HECJIOXKHBIH 3alpoC B IOUCKOBUKE O
peleH3un Ha SKCIEePTU3Y U IMOMHTEPECOBAaThCA TapudaMu,
ITOOBI TOHATH BOCTPEOOBAHHOCTH WHCTPYMEHTOB I10 OIIPO-
BEPZKEHUIO JIOKHBIX SKCIIEPTH3) TOMOT Obl SIDKUIT TIPerie/IeHT.
Tak myrem aHa/m3a ObLI BHIOPAH OOBEKT MCCJIEIOBAHUIT —
Benmukas Teopema @epma, «MaTeMaTHdecKas KEMIYKIUHA,
KpaTKo chOpMyIupOBaHHAs, HO OYEHb CJI0YKHO JJOKA3aHHAA.
CyIIecTBYIOT JIH «OJUMIIAAIHBIE» CIIOCOOBI JOKA3aTeIbLCTBA
[Bop -+ 88] O6Huazmexkupasio apropa o3apenue camoro [Ibepa
ne @epma, yTBepzKIaBmiero emié B 1637r., 9To0 OH «HAIIET
BOHCTHHY UyJIECHOE J0Ka3aTeIbCTBO, HO 110/ |Apudmernku
Huodanra| 31ech CAUMKOM y3KHU, 9TOOBI BMECTUTH €r0!».
DTO MOJICKA3aJI0 HAIIPAB/IEHNE TTOUCKA — MTapPaI0KC, MIHU-
MaJIbHOE KOJIMIECTBO (POPMYJI, a 3HAYUT HEOOXOIMMO MCKATD
¢ mo3uiuu reomeTpun u Ghus3uku, 1mockoygbky B XVII Be-
Ke HayKa elé He OblIa MOoJIBepPKeHa y3KOU CIIeIna/In3aIlii,
AKTUBHO ITPOBOJIMINCDH, BHIPAXKasiCh COBPEMEHHBIM S3bIKOM,
MEXKIUCIUTLITMHAPHBIE nccieoBannsd. HacToirauBbril monck
3aBEPIIUJIC HAXOXKJICHUEM KPATKOI'O JIOKA3aTeIbCTBa - HO
KakK IPU3HATH €ro OTKpbITHeM opuandeckn! CMoaempo-
BATb CIIOP B 9TOI CUTYAIIUU B CyJI€ 110 MHTE/IEKTYATbHBIM
IpaBaM — 9TO OJIMH U3 CIOCOOOB 3AIUTHI IIPAB, TaPAHTUPO-
BaHHBIX CT. 45 Koncrurynum P®: kaxk b1l BlipaBe 3alluinaTh
CBOM TIpaBa M CBOOOJIBI BCEMU CIIOCOOAMHE, HE 3aIPENIeHHbIMU
3aKOHOM.

B ycioBusix nmpaBoBoii sakyHbI (11pobesta), Jisi CO3IaHus
Ipere/ieHTa B 00pa30BaHUU U 1eJIArOTHKE, aBTOP ObLI BbI-
HY2KJIEH BbIZKEYb JIa3€POM CBOE OTKPBLITHE HA I'DAHAX Jlepe-
BSIHHOTO Ky0a ¥ I0JIaTh 3asBKY B PocmaTeHT 0 permcrparnn
raTeHTa Ha IPOMBIIIJIEHHBI 00pa3el] ¢ JI0Ka3aTe/IbCTBOM
«Benukoit Teopembr @epmas. OTKa3 B BhIJAYE ITaTEHTA Ha
IIPOMBIIIJIEHHBIH 0Opaser] co ctopoHbl PocrniaTenTa mpons3o-
e boJiee 1eM depes roji ¢ OOBUHEHNEM aBTOPa B «BBEJICHUU
B 3a0JTy2KJICHIE», aMOpaJIbHOCTH U Oe3HpaBcTBeHHocTu. o
STUMH HaJlyMaHHBIME IIpeyioraMmu PocriaTeHT npuImchbiBaeT
OTKPBITHE, HAlJIeHHOE T'PaKIaHMHOM Poccun, aMepruKancKoi
HayKe, He UMEIOIe HUKAKOI'0 OTHOIIECHUA K 3alluIacMOon
ct. 44 Koncruryruun PO unre/iekTyaabHON cOOCTBEHHOCTH
rpazkganuHa Poccuiickoit @eneparinm.

EmacTBEeHHBIM BO3pazkeHneM co CTOPOHBI PocmaTenT Morsio
OBbI CcTATh HAYYHOE OITPOBEPXKEHUE HAMJEHHOTO aBTOPOM JI0-

[Bop+88]: Bopobees u jp.
(1988), 3amaun no dusmke
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[AB120]: ABnpres (2020), «Basb
mauaubx 11 9BM lokazaTenn-
ctBO TeopeMbl Pepma syt Mut-
JITAPIOB HA OCHOBE IITKOJIBHBIX
saanuit 11.03.2020»

KazareabcTBa. [[0cKOIbKY OHO OmUpaeTcs MPenMyIIeCTBEHHO
Ha IIKOJIbHBIE 3HAHUS, IIPOBECTU TIIATEHHYIO IIPOBEPKY MO-
KeT J1iroboe JIUIO € aTTeCTaTOM IMKOJIBHOTO 00pa30BAHMUS.
Agrop n Bosrasisgemsrit um Coro3 «Cubupckuit LlenTp me-
JUAIIIA» MHOTOKPATHO OObSBJISLIN IIyOJMUIHOE ObelaHme
HarpaJibl — KOHKYPCBHI C IIEJPBIMU MPU3aMU 38 HAYIHOE
OIIPOBEpIKEeHNEe KPaTKoro aokasareabcrsa BT®, npuriarmia-
JIM K JUAJIOTY JIeKaHa MaTeMarudeckoro dakysabrera [Ipun-
crorckoro yauBepcurera CIIIA, capa Duapro Yaiiica 1o
[IOBOJIY HAIIPABJIEHHOI'O €My aBTOPCKOI'O JI0Ka3aTeIbCTBa
BT® (RO153663225RU ot 29.02.2020 BpyueHO ajapecary
17.03.2020 u RA631127263RU ot 03.05.2022 - mocTynuio Ha
Tamoxuro CIIA 15.05.2022, 3arem Bo3BpaieHo B Poccuto. )
— HO Harpa/ia ocTaJjiach He BOCTpeOOBaHHOM, a ImuchbMma - 6e3
OTBeTA.

[To muenuio PocniarenTa, ykazanne nvmenn 3asgBUTeNd U J1a-
THI CJIEJIAHHOTO UM MaTeMaTUYeCKOTO OTKPBITUS Ha M3/Ie/INN
U YIOMSIHYTO# 3adBKe «BBOJUT B 3a0/TyKJICHUE», SIBJISIET-
¢ «HEJOCTOBEPHBIM», «HAPYIIAET IIPUHIIAIIBI OOIIECTBEHHON
MOpaJIi U HPaBCTBEHHOCTU». HO 3TOT OMO3HBINI BBHIBOJ B
pemenun PocniaTrenTa MpoOTUBOPEYUT paHee TPOU3BEICHHOMN
Pocniarenrom perucrparuu 6a3bl ganabix [As120], B equn-
CTBEHHOI TalJIUIE COJEPKATCS CTPOKH M M300parKeHUusd C
JIoKazaTebecTBOM Benmkoit Teopembr Pepma. ABTOp, Kak
3agdBUTEJIb [TATEHTA, 10JIaJ]1 CBOU BO3ParKEHUs Ha pelleHne
PocmiarenT ¢ yueroMm aJMUHUCTPATHBHOIO TOpsijiKa (1. 2. CT.
1248 'K P®) B [Tasary no narentabiM criopam. Bospaskerust
ObLI oTKJIOHEeHBI [lagaToit co cChIIKOi Ha SKCIIEPTHU3y, KO-
TOpas MCCaeJ0Basla JUIIb OJHY I'PaHb IIECTUTPAHHOIO Ky0a

(17).

Pemenne Ilamarer mo marenTabiM criopaMm PocriatenTt Obl-
J10 ocriopeno aBropoM B CyJi 110 MHTEJIEKTYaIbHBIM ITPa-
BaM CHadaJia 0e3 COOJIIOJIeHUs JIO0CY/IeOHOIO IMOPSIKa, KO-
TOPBIil He ABJsIETCH 00g3aTEIbHBIM JIJIsi HAYIHBIX CIIOPOB
(CHUII-947/2022), 3arem ¢ cOOIIOIEHAEM JOCYIEOHOTO TOPSIJI-
Ka Kak norpebosan cyga (CUII-357/2022) u npusHanuem
co cTopoHbl PocriateHTa OTCyTCTBHE Yy HETO KOMIIETEHITUN
paccMaTpuBaTh HaydHbIE CrOphI. [loc/ie HEOTHOKPATHBIX CY-
JIeOHBIX 3ace/laHuil IpeJiceIaTe/TLCTBYIONECH Cy/ibsd COBEp-
AT HE TPEeIyCMOTPEHHbIe APOUTPAKHBIM MIPOIECCYATbHBIM
kosiekcom (AIIK P®) neiicrBust, orpaHnvuB myGJInKaInm
aBTopa-3agBuress Toabko 2020r. I 6e3 obcyxKiaeHust Bo-
IIPOCOB CO CTOPOHAMU CIIOPA, KaK BOIPEKN TPEOOBAHUSIM
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ATIK P® u 06beKTUBHOMY HCCJIEIOBAHUIO JTOKA3ATETHCTB
[BB09], Hanpasua 3ampoc B JA€CATOK HAYUIHBIX OpraHu3aIuii
¢ hbOPMYTUPOBKOIL: ABJIAIOTCS JIM IPUIaraeMblie myO/ KA
Bagpurensa jgokaszaTe-cTBOM Benmkoit Teopembr @epma? Ta-
Kasl IIOCTAHOBKA BOIIPOCA IIPOTUBOPEUUT IIPABIIAM (DOPMAJIb-
HOMl JIOTUKH, TIOCKOJIBKY (hakKT myOJUKAIUi B Psijie PA3HBIX
uzanuii PUHIT siBJistercst 10CTOBEPHBIM (IIPEJIMET CIIOPA -
IIaruaT HaifiJleHHOro 3asiBUTEIeM J0KA3aTe/IbCTBa C HHOTO
“OOIENPU3HAHHOTO” 1 COBEpIIIeHne aMOpaJIbHOIO, Oe3HpaB-
CTBEHHOTO MPOCTyMKa). [Tosromy yacTh BbICIINX yUeOHBIX
3aBeJIEHNIT 1 WHCTUTYTOB OTKA3aJIMCh JAaTh OTBET 10T OJ1a-
TOBUJIHBIM TIPEJIJIOTOM OTCYTCTBHS CIIEIIUAIUCTOB B TEOPUU
quces1. pyrue ke Jjajim OTBETHI ¢ IpyOefiimM HaApyIIeHueM
ct. 14 @3 "O Hayke u rocyapcTBEHHON HAYTHO-TEXHUIECKOIT
nonuTuke"or 23.08.1996 N 127-®3, nHayuHoil 3TUKH, IPO-
HeccyasbHbBIX TPABUII [5], & TakzKe COJIepIKAHUS KyPCOB 10
OCHOBAM TE€OPUU MHOYKECTB U TOIOJIOTUH, U3y YAEMbIX CTY/ICH-
TaMU TePBbIX KYPCOB U IaCTUIHO - MIKOJbHUKAMEI (DU3UKO-
MaTeMaTHYeCKUX IKOJI. B 9ToM m 3akiiodaeTcss HOBU3HA
JIOKA3aTe/IbCTBA, TOJIyIeHUe Pe3y/IbTaTa paHee HEU3BECTHBIM
Hayke criocobom. Ecim Duapro Yaitic «Bcé 9TO IpeaBuiIes
emé B 1994r»., To 3aduemM emy 1OHaI00MI0CH TPaTuTh 140
CTPAHWII, TaM, TJie JOCTATOIHO OJTHOM?

3 Ilomynspnas ameprKaHcKasl IIpecca, Vs

PUHII

B sroit muremme BeiOOp PocniarenTa yBepeHHO CKJIOHAETCS B
[I0JTB3Y TIOIYJ/ISIPHOM aMEePUKAHCKOMN IIPECChl - BEIOMCTBO IPH-
KJIQ/IBIBAET BBIJIEPKKY N3 HOBOCTEH MOIMY/ISIPHON aMepUKaH-
CKOil HayKu. B ciioxkuBIieiics nmpakTuke HaydHbIE U3IAHN,
Bxojidainue B Poccuiickoro Nuyexkca Hayunoro Iuruposa-
uus (PUHIT), He npuanMaoTcs BO BHUMaHUE, KOTJIA 3aJ1eThl
HHTEPEChl aMEPUKAHCKON HAyKn — He ciIydaitHo sxcuept Po-
CIIATEHT OPUEHTUPOBAJICS UCKJIFOIUTETHHO Ha MOIMYIIPHYIO
[Ipeccy 3alaHbIX U3JaHUN B PyCCKOSI3BITHOM IepeBojie. Ta-
Kas HeOObEeKTUBHOCTH W HAy4HAs CErPeralusd 110 ITPUHITAILY
rpak/IaHCTBa IIPOTUBOPEIUT JieiicTByomeMy Poccuiickomy
3aKOHO/IATE/ILCTBY. HEeoObeKTUBHOCTD TPOSIBIIACTCA JTaXKe
B TOoM, 9T0 PocmareHT BC/€T 38 CBOMM 9KCIIEPTOM, BO BCEX
CBOWX PEIIeHUsIX MCC/Ie/IyeT JINIIb OJIHY TPaHb U3 IMECTH Jepe-
BSIHHOTO Ky0a - TIPOMBIIIIEHHOT0 0Opasia. OcTraabHble IpaHn

[BB09]: Byreas u mp. (2009),
IIpaBoBast crarmcruka: Yueb-
Hoe 1ocobue
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He HAIIM HUKAKOTO OTPaXKEHUs B IEPEINCKE, SKCIEPTU3e
u ocnapuBaeMbIx perenuax Pocnarent. [Ipournopupona-
HbI Hay4HbIE TTyOJIUKAIINN, & TaKXKe Hay4dHble MOHOI'padun
Basiurens B m3ganuax PUHIL u ap. ABnserca qu Takoe
UTHOPUPOBaHUE OOBEKTUBHBIX JIOKA3aTEIbCTB CO CTOPOHDI
Pocnarenra HayIHbIM 1 00beKTUBHBIM ! - Bompoc puropute-
CKUIL.

4 Mopasab 1 HayKka

BaxkHO OTMETHTD, UTO € TMO3UIUH MOPAIN 3alla HbIX CTPaH,
upexje Bcero CITA, nayunoe passurue Poccun nemonycru-
Mo. JIig wintiocTpalun: ojiHa U3 KPYIHEHIINX MUPOBLIX 0a3
Hay4uHbix Janubix Web of Science crasa memoctynnoit mis
poccuiickux nosb3oBareseit. TACC murupyer 3asiBaeHne ee
BJaJIesIblla — KoMmmanuu Clarivate — o ToM, 9T0 oHa «IIpu-
HslJIa, PEeIleHrne 3aKPhITh POCCUICKUT 0DUC U PEKPATUTH
B P® KoMMepUecKyo J1eaTeIbHOCTD, MOSICHUB, YTO ITPUYH-
HOIl 9TOro cTaja crenonepanus Ha YKpauHey. 3arajiHas
MOpaJib, UJIe00rud oTpuriaer Poccuio, Kak cyBepeHHoe To-
cynaperBo. B Vkase Ipesujenta PO or 9 nHoabpa 2022 r. Ne
809 “O6 yrBepxkennun OCHOB TOCyIapCTBEHHON TOJIMTUKN
110 COXPAHEHWIO U YKPEIUIEHUIO TPaJIUIIMOHHBIX POCCANCKIX
JIYXOBHO-HPABCTBEHHBIX IIeHHOCTEH, T71e B 11. 14. maHo orpe-
JieJieHne JIeCTPYKTUBHOU ujeosorun: «lmeosiorndeckoe u
IICAXOJIOIMYECKOe BO3/ICHCTBIE HA I'PaXkK/aH BedeT K HacaxK-
JEHUIO YyzKIO0N POCCUIICKOMY HapPOJy U Pa3pyLIUTeIbHONI
JIJISI POCCHIICKOTO 00IIecTBa CUCTEMBI Ueil U IeHHOCTeIl.

Va3 [Ipe3ujienta pa3BuBaeT 1 KOHKpETH3UPYyeT OoJjiee paH-
HUE JIOKYMEHTBI

> OT/e/IbHBIE 1T0JI0KeHust CTpaTernu HaIlMOHAJIBHOM 6e3-
omacHoctu PO

» JlokTpunsl undopmarmonnoii bezonacuoctu PO

» Crparernn mpoTUBOJEHCTBUsT SKCTpeMusmy B PD 1o
20251

» Crparernu rocyIapCTBEHHON HAIMOHAIHLHON TOJIUTHKA
P® na nepuosm o 2025r.

» OCHOBBI rOCY/IAPCTBEHHON KYJILTYPHON MOJUTHKH

» Crparernu pa3BuTus WHGOOPMAIIMOHHOTO OOIECTBA B
P® na 2017-2030rr

> U Jp.



5 OO6menpu3HanHble, HO JIOKHBIE TEOPUU

Octaérest MorajipiBaThCs, ITO YKe U3 MePEednCIeHHOTO NHKPH-
MuHHpyeTca aBTopy? B cBoém pemtennn PocniaTeHT Takke
yKa3bIBaeT Ha Mpodes B JEHCTBYIONEM 3aKOHO/IATE/ILCTRE:
orcyTcTBHue B Poccniickoit Pejiepaniny rocy1apcTBEHHOIO Pe-
eCcTpa HAYYIHBIX OTKPBITHI, KOHCTATUPYET, YTO COBMECTHAS
nesareabroctb PAEH 1 MAAHOul (uactaeix HKO), pe-
TUCTPUPYIOMINX HAYUIHbIE OTKPBITUSI OCYIINECTBJISIETCS BHE
pamok 3akona u Koncrurymun PO. [Ipusnasas neyosiie-
TBOPUTEJILHOE TIOJIOYKEHHE JIeJI 110 TOCYJIaPCTBEHHON peru-
CcTpali HAyIHBIX OTKPbITHil B PD, mepemauy crparerunde-
CKU BayKHBIX BOIIPOCOB JIJIsT ObecriedeHust 0e301acHOCTH 1
pazButus Poccun meskIyHApOIHOMY COODIIECTBY U dacT-
HBIM CTPYKTypaM, PocrareHT mpocTo KOHCTATHPYET, ITO ITU
BOIIPOCHI HE OTHOCSITCs K ero Kommerennuu (neso Ne 300-
DC22-11151, Ne C01-842/2022CUII-357/2022 BepxosHoro
cyna P®). Oxnospemenno [lamara o nmaTeHTHBIM criopam,
BXOJIAast B CTPpyKTypy Pociiarenta, pacipocTpaHsieT CBOIO
KOMIIETEHIINIO M Ha HaydHBIE CIOPBI Bpa3pes co cT. 14 @3 "O
HayKe ¥ NOCyJIapCTBEHHOI HayIHO-TEXHIUIECKO mouTuke' or
23.08.1996 N 127-®3. BMmecTo cCbLIKEA HA PEECTP HAYUHBIX
OTKPBITHII PocniaTenT modemy-To ccbliaeTcd Ha MOPTAJ WH-
dopmanmonnoro arearcrea TACC, Tak »Ke He WMEIOIIHIT
OTHOIIIEHUsT K TOCYIAPCTBEHHOMY PEeCTPy HayIHBIX OTKPBI-
Tuit, He ynomunaJsicd B cT.44 Koncrturynueit PO, paBno Kak
U B JIefICTBOBABIIIEM Ha MOMEHT IOa9u OOpAIleHUs] aBTOPa
B Pocrarent “Ilomoxkennn 06 OTKPBITHSIX, H300PETEHUSIX .

o Hagasa 000CTpeHnst UACOJOTHIECKOTO U BOGHHOTO ITPOTH-
Bocrostaust Poccust - CIITA obmenpuaATo OBLIO CIUTATH POC-
CHIICKYIO HayKy OPTaHMYeCKU WHTErPUPOBAHHON B OOIIEMU-
poyto. ['naBHoe Bozpaxkenue PocriaTenTa — j10Ka3aTeIbCTBO
aBTOPa MPOTUBOPETHUT OOIIEITPU3HAHHOMY JTOKA3ATETHCTBY
U MHEHUIO MEXK/[yHapOIHOIO MaTEMATHIECKOTO COODIIECTBa
(rakoe muenue dopmupyercsi npexjie scero B CIITA| kax
«IIEJIPOTO IPAHTOATENSAS ). -

5 O061ienpusHaHHbIe, HO JIOYKHbBIE TEOPHUU

Aiisiercs n «0OIMIENIPU3HAHHOCTDY KPUTEPUEM HayIHOMN nc-
tunbl! - OTBeT oTpunarTebHbIii. Vcropus HayKu n300miIyer
npuMepamMu OOIIENPU3HAHHBIX JIOXKHBIX Teopuil. B smoxy
Knaccuaeckoro CpeiHEeBEKOBbs HA YPOBHE PEJIMTHO3HBIX
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[M3y18]: U3yTkun (2018), «Dun-
JIEMUH B 3MOXY KJIACCHIECKOTO
cpesiHeBeKoBbst B EBporne»

[[Iro-+98]:
(1998), AsbMmarecT: wiu Mare-
MaTHUYeCKOe COUMHEHHEe B TPU-

IItonemeit m gp.

HaJIIaTA KHUTAX

[KZ7K22]: KapasaeBa u jp.
(2022), «3EJIEHBIE ®MTHAH-
CBhI POCCUN»

10 Bopnbda ¢ npepydexienusamMu

[PEJICTABJICHUI 1 ODIIECTBEHHOI'O CO3HAHUSA SINIEMUAN BOC-
IPUHUMAIACh KaK OOXKeCTBeHHAasl Kapa 3a Pas/IHdHble OT-
CTYIUICHUSI OT PEJIMIUO3HBIX KAHOHOB, B YACTHOCTH, OTXO]L
OT JIOTMATOB II€PKBH, IIOIBITKA PAIMOHAIBLHOTO ITO3HAHUS
Mupa, BepooTcTyHIaecTBo [[[13y18]].

Pyku n xupyprudeckne HHCTpyMeHTBI 0OpabaThiBaIu He Iie-
pes, a mocJie orneparuit. Ipyroit npumMep obIenpu3HanuHoOro
JIOKa3aTeIbCTBA: TeOIEHTPUIECKas CUCTEMA MUPA MPeICTaB-
JieHre 00 yCTPOWCTBE MUPO3/IaHNs, COTTIACHO KOTOPOMY TIeH-
TpaJIbHOE TI0JI0)KeHne BO BeesleHHO 3aHnMAaeT HElo/[BUYKHAS
Bemiist, BOKpYT KoTOpoii Bpamatorcs Costare, JIyHa, IaHeTs!
u 383701 [[[TTo+98]].

Ota JToKHas Teopus mpocyitecrBoBasia 1400 jer, moka He
ObLTa ONpoBepruyTa MmojabckuM actponom Hukomaem Korep-
HUKOM, pa3pabOTaBIIIM TEOPUIO JIBUKEHUS IJIAHET BOKPYT
Connna Ha ocHoBanmu npunmuna [ludaropa o paBHOMEP-
HBIX KPYIOBBIX JBIzKeHUsIX (TpakTar «O BpaleHusax Hebec-
HBIX cdepy, uzgan 1543r.), u jgajee ObLIM OTKPBITHI 3aKOHBI
Kemtepa, 3akonnsl Heiorona. Boitee cBexkuit mpumep obiie-
npusaannoro [KZK22|, Ho joxkHOrO JoKa3arebLerea — Ie-
pPEeOTIeHKa POJIM 3eJIeHONH YHEPTreTUKN, KaK aJIbTePHATUBBI
TPa/IMITMOHHO SHepreTuke. B pe3ybraTe BOTIOHTAPUCTCKIX
peleHnii cTpal OObeIMHEHHOTO 3arajia MeHbl Ha a3 Bbl-
pocsin Gostee, yem B jecaTh pas (1) . . . “6e3 yriaeBomopo-
JIOB, 0e3 pe3epBOB, MAKCUMAJIbHBIN YPOBEHb, /10 KOTOPOI'O
MOYKHO JIOBECTH BOCCTAHABIUBAEMYIO SHEPTETUKY, — ITO
MakcuMyM 30 IIPOIEHTOB OT OOINEro sHeprodajaHcas,

cunTaer jorent PunancoBoro yHupepcurera npu [Ipasu-
tesiberBe Pocenu Jleonnn Kpyrakos [Uurepsoio B JlentePY
https://lenta.ru/news/2022/01/12/zelenerg/ ua 09.02.23].
Cpenu obIenpu3HAHHBIX OITUOOIHBIX UCTHH OCOOEHHO XO-
YeTcsl BBIJIEJIMTH CIIOP BOKPYT ycThsd AMypa u o. CaxajuH.
o cepenunbl XIX Beka obIenpu3HaHHbIM ObLIO yOekKIeHNe
psijla YYEHBIX, MopelaBaTeseil, ToCyIapCTBEHHBIX JesTe-
JIefl 0 HEIPUTOTHOCTH P. AMYp IJIs CYJOXOJICTBA CPEIN HUX:
Pycckuit moperiaBaTesib, BO3IJIAB/SBINNI TIEPBOE PYCCKOE
kpyrocserrnoe miaBanne V. @. KpysenirepH, mpejceaTesb
coBeta jiupekTopoB Poccuiicko- AMepukanckoit Kommanuu 6a-
pou II. H. Bpanrens, opunep Poccniickoro nmieparopckoro
dutora, uccremosaressb Oxorckoro mopst A. M. TaBpuiios,
MuHuCTp nHOCTpaHHbix Jien1 K. B. Heccenbposie. Benes 3a me-
peuncieHubiMEu aproputetamu Vmmeparop Beepoccnitckuii
Hukomait 1 canras, 9ro peka AMyp HEIPUTOTHA I CY-
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JIOXOJICTBA, TepsieTCsl B IecKax U ¢, mojaqdn Heccembpose,
3aIrpeTu aaMupasty pycckoro ¢guora M. Hesenbckomy mc-
cJIe/I0BaTh yeThe AMypa I0J1 IPEJIONOM SKOHOMUU CPEJICTB
Ka3HbI, coxpaHenns KaxTuHcKoil JaiiHoit Toproeiu ¢ Kura-
eM, cobumojienns OaJsianca orHomenuii ¢ Anrmueir u CIIIA
na Jlanmpaem Boctoke. U jmmmb B 1849-1851rr. ['ennamit
NBanosuu Hesesibckoil, oc/tymaBImuch IpuKasa, OmpoBepr
9TO 3abJIyK/IeHNe, NCCae10BaB AMypekuil mMaH. 3ac/yroi
PYCCKOro ajiMupaJia CTajao IpUCOeIMHEeHNe K HaIlleil cTpaHe
OOIUPHBIX JAJbHEBOCTOYHBIX 3eMejih 1 ocTpoBa CaxaymH, a
HE TIOJIyOCTPOBa, KaK 9TO paHee OMMMUOOTHO CUUTAJH YIIOMSI-
HyTBIe aBTopuTeTH [[3a:169]].

Ncropus Hayku m300mIyeT MOJOOHBIME ITIPUMEPAMHU.

Aptop obparuiics B Koncrurymonnslit ¢y ¢ mpocbboit 3a-
IIATATD TPUHIUAIIBI TYMaHHOCTH U MOPAJIU He 3alla/HbIX
crpaH, a Poccun B nmarentyemom mszesnuun. /leso B ToM, 910
Ha OOBIYHOM JIEPEBIHHOM KYOMKe I'park/IaHUH BBIZKET JIa3e-
poM JoKazarebeTBO Benukoit reopembr @epma. Pociarent
OKa3aJjl B TOCPErUCTPAIIU ITPOMBIIILIEHHOTO 00pa3Iia, MOTOMY
YTO HAWIEHHOE POCCUSTHHHOM JI0KA3aTeIHCTBO IIPOTUBOPE-
quT obrmenpuHaTOMy J0K-By Tpaxkmparmna CIITA, na 140 ctp.
PocnarenT norpeboBas yaauTh uMs rpaxkaanunia PO mo;r
KPaTKOIl BepcHeil ero J0Ka3aTe/IbCTBa, & TaKXKe OTKa3aJjl B
FOCPErUCTPAIIU TTPOMOOpa3Iia MOJI IPE/JIONOM HAPYIICHUs
00IIIeCTBEHHO MopaJIn U HpaBCTBeHHOCTH. Bompoc 3ak/io-
YaeTcsl B TOM, Ibsl MOPAJIh OAPa3yMeBaeTCs !

6 MopaJsib ctpan O0begmHEHHOTO 3aliajia

Mopauib crpan Obbeunennoro 3anajia u Poccun B KopHe
Pa3IUIHBI.

C mavajoM crennajbHOI BOEHHOI omeparun 3arai 0TOpo-
CUJI IUILJIOMATUYIECKUE YIOBKHU. 3alaiHasi MOpaJjib B PAIe
caydaeB oTpuiiaeT Bepy B Bora, npujep:kKuBaercst Ky/IbTa
CaraHbl, IPONAraHIUPYET, JIbIBOJOIOKIOHHIIECTBO, TOMO-
CeKCyaJIM3M, OTPUIIaeT OpaK, KaK COI03 MYKUYMHBI U YKEHIIIU-
HBI, TTPOIAraHIIPyeTCs] NHITBUIYAJIA3M, JTOMYCKAIOTCS JIOKD
U JIAIeMepre, KaK CpeJCcTBO JIOCTHXKeHus meJieil, u T. 1. Beé
9TO yKa3blBaeT Ha 3akar 3amaaoil Hnsmmmsamun [[[1nel0]].
Jlast mrocTpalum, KOoraa HalllyMeBInas 10 BCeMY MUPY Bbi-
cTaBka TpyIoB mpodeccopa ['tonTepa hor XareHca Jomura u

[3a169]: 3amopros (1969), Iep-
Boe oTKpbiTHEe. K OKeamy.

CI/ICTeMa JAYXOBHBIX 1 MODPaJIb-
HBIX IEHHOCTeH mpuodbpeTaeT
peraoriee 3HAYEHUE B YCJIO-
BUSX PAa3BI3aHHON 3ammajioM
OypHO-
0 Pa3BUTHS UHOOPMAITMOHHO-

KOI'HATUBHOW BOMHBI,

KOMMYHUKAIIMOHHBIX TEXHOJIO-
ruit, BU3yaJu3aluu, TPEXMep-
HOI'O MOJEJIMPOBaHUA U Illeva-
TH, JIETKO IIPEOIOJICBAONIEH Tro-
CyZlapCTBEHHBIE T'DAHUIIBI.

[[[Trre10]: MInenriep (2010), 3a-
xaT EBporst
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110 Poccun, PIIL BeicTynIMIa TIPOTUB TaKOro «OECCTHIJICTBAY,
yKa3bIBas He HEFATUBHOE BINSHUE Ha HDABCTBEHHOCTH, OTCYT-
CTBUE HAYYHOTO ¥ BOCIUTATETLHOTO 3HAYCHUS PACUJIEHEHHBIX
YeJIOBEUECKUX TPYIOB B TOM BHJIE, KaK 9TO IPEJICTABJIACT
['tonTep on Xarewc.

Puc. 6.1: A
1nonaTol ['1ox
110 IIPO3BHUIII

Hayxka, Bocriuranme u obpa3oBanme 0a3upyrOTCs Ha Iy XOBHO-
HPABCTBEHHBIX TeHHOCTAX. Tak, PeepaibHblil 3aKOH OT H
utosisg 1996 r. N 86-®3 "O rocymapcTBEHHOM pEryJInpOBaHUN
B 00J1aCTH NeHHOMHYKEHEPHO JesITeIbHOCTH  OIIpeIesisieT Me-
XaHU3MBbI, obecrieanBalolue 6€301MacHOCTh I'PayK/IaH U OKPY-
JKAIOIIEH CPEJIbI B IIPOIIECCE OCYIIECTB/ICHIS TeHHO-MHKEHEPHOI
JIeATEILHOCTU U UCIIOJIb30BaHus ee pe3ybTaroB. [punsar Pe-
nepasibubiit 3akoH o1 20 mast 2002 r. N 54-®3 "O BpemenHoM
3aIpeTe Ha KJIOHUPOBAHUE YeI0BEKa UCXO/IsI U3 MPUHITUIIOR
YBasKeHUs YeJIOBEKa, MPU3HAHUA TIEHHOCTH JIMIHOCTH, HE0D-
XOJIUMOCTH 3aIUTHI TIPAB U CBOOOJ] U€IOBEKA W YIUTHIBAs
HEJIOCTATOYHO U3YYEHHbIE OMOJIOTUYIECKNE U COUAJIbHBIE TI0-
CJIEJICTBUS KJIOHUPOBAHUS UeJIOBEKA.

Hpyroit npumep: yka3 Ilpesuienta P® or 10 okTabps 2019
r. N 490 "O passurun uckyccrBeHHOro nnresiekra B PO" (¢
M3MEHEHUSIME U JIOTIOJTHEHUSIMHI ) OIPE/ICIAIOT TTIOHATHS J0BE-
PEHHbIE TEXHOJIOTUH MCKYCCTBEHHOI'O MHTeJITIEKTa, OTBevar0-
e cTanjapraM 0e3011acHOCTH, pa3pabOTaHHbBIE C YIETOM
IPHUHIUIIOB 00BEKTUBHOCTH, HEJIUCKPUMUHAIINN, STUIHOCTH,
MCKJIIOYAIOIIIe [IPYA UX UCIOIH30BAHIN BO3MOKHOCTH IIPHYH-

HeHud Bpeda 9€/JIOBEKY U HapyHIeHUA €I'0 OCHOBOIIO/IaratOnIinx
[AB23]: ABipies (2023), «Besn-

Kag IoJIOBOJIOMKa, KaK UWHIWKAa-

IpaB 1 CBODOJI, HAHEeCEeHHd yIepba mHTepecaM OD0INecTBa 1
Top cyBepenusarmn Poccniickoit rocyAapcrba HABAQB”'

HAYKU»

MoKHO IPOIO/IKATE STH IIPUMEPHI C YIeTOM 3aKOHOIATE b
CTBa PEryJUPYIONIEro OOpaIleHnus ¢ PaJuOaKTUBHBIMEI MaTe-
puaJaMi U AI€PHBIM OPY:KHEM U MHUPHBIM aTOMOM B SHEpIe-

THUKE, HO U3JIOZKEHHOI'O JOCTaTOYHO JJId BbIBO/IA:
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PE3YAbTAThl UHTEIJIEKTYAJbHON JeATEILHOCTH B HAYyYHO-
TEXHUIECKO cepe, BKIIOUAS TPOMBIIIICHHBIE 00PA3IIHI,
JIOJIZKHBI OTIEHUBATHCS TI0 ITKAJIE JTyXOBHO-HPABCTBEHHBIX
nennocreit Poccniickoit Peiepalium, MopaJjn HaIlleil crpa-
Hbl. CucTeMa JIyXOBHBIX U MOPAJIbHBIX IIEHHOCTEH probpe-
TaeT pernaloniee 3HaUeHe B YCIOBUAX Pa3Bsa3aHHOM 3alia-

JIOM KOTHUTUBHO# BOIHHBI, OYPHOTO pa3BUTHA NHPOPMAITMOHHO-

KOMMYHUKAITMOHHBIX TEXHOJIOTUH, BU3yaJIU3AIIAN, TPEX-
MEPHOTO MOJIETUPOBAHUS U TI€YaTH, JIETKO ITPEOI0IEBAIO-
el ToCy/IapCTBEHHBIE IPAHUIIHI.

HeiictBytomas pegaknus 1. 4 cr. 1349 'K P® He coyep:kut
yKa3aHUsd Ha OOIECTBEHHYIO MOPaJb U HPABCTBEHHOCTH C
nosuiun 1eanocteit Poccniickoit @enepanun. B pesyiabrare
takoii B Jesie 300-9C23-19598 (CUII-947/2022) BepxosHo-
ro Cyna P® criop pa3peliien ¢ oopoii Ha 1peryoeKieHust
MEKJTyHAPO/IHOT'O MATEMATUIECKOTO COOOIECTBA, TOCTYJ/IN-
POBaHUA BTOPUYHOCTU POCCUMCKON HAyKU U OTPUIIAHUE ee
HayIHOI'O CyBEPEHHUTETA.

Kaxk ykaszanne nmenn poccuiickoro rpazxaannna (ct. 21 Kon-
cruryruu P®) noy HaiijeHHbIM UM j0Ka3aTebeTBoM BT O
(ct. 44, 75.1 Koncruryrun PD) Moxker poTHBOPEYUTH POC-
CHIICKO#1 00IIIEeCTBEHHON MOPAJI U HPABCTBEHHOCTU? - BOIIPOC
putopuveckuii. B Bcex mepednc/ieHHbIX f1e/1aX HeT HayTHOM
9KCIIEPTU3BI B TOM IIPOIECCYATbHOM IOPSAIKE, KaK 9TO IIPEeLy-
CMaTPHUBAET IPOIECCYATbHBIN KOIEKC: (hOPMYINPOBKA BOIIPO-
COB, BBIOOP IKCIIEPTHOTO YUIPEKIEHNUSI, TIPE Ty ITPEKICHIE IKC-
mmepra 00 YroJ0BHOI OTBETCTBEHHOCTH, CBEJICHUSI O KBAJIM(DU-
KaIliy SKCIepTa U crernuajansanun. Hayaabie opranusannn,
¢ koropeim CUII mipoBest «HedopMaibHOE HHTEPBLIO», JazKe
He TOJIYIIIN CIIOPHOIO ITATEHTYEeMOro H3e/usl. JdeTwipe n3
JIECATH OIPOIIEHHBIX TAKMM 00pa30M HAayIHBIX OpraHH3alIin
110 COOOPaKEHUsIM STUKH BO3/IEPKAJIICH OT OTBETa Ha JIOTH-
YeCKN HEKOPPEKTHO C¢(hOpMYIMPOBAHHBIN 3aKPBITHII BOIIPOC:
COJIEPKUTCS JIM B IpHUIJIamaeMoii myommkanun Asbiesa M.A.

nokazareibecTBo BT®? OTBer Ha Takoit BOIIPOC MOXKET OBITh:
Ha 6o Her.

Ho 3abbIiB 0 Hay4HoOil 1 371€eMEeHTAPHOI STHKE, IIIeCTh Hay Y-
HBIX OpraHu3aiuii HamnepeOoil MPUHSINCH OYEPHITH JIOKA3a-
tesibcTBO BT® 3asBuresis, moaMeHsist 06CyKIaeMbIil TE3WC,
nyTas Hay4dHyio TepMmunosioruio. He obomuiocs 6e3 orseToB
B aHOHUMHOM opMmare.

297
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Hayunbie OTKpBITHS UMEIOT OOIEMUPOBOE U, B JIAHHOM JIeJIe,
KYJIbTYPHOE U MCTOPUYECKOE 3HAUYEHUE C MO3UIUU I1e/Iaro-
I'MKN 1 00pa30BaHusl, IIOCKOJIbKY «Hepa3perumasty ¢ 1637
r. Benukasa Teopema @epma B 2020r., cBA3yIOIasd BpeMeHa
Huodanra Anekcanapuiickoro (111 sexk HD, Dnoxu Ilpo-
ceermenns (XVII Bek) u coBpemeHHOCTH (1 poBu3ariust
u 3D mogpenupoBanne XXI Bek) Oblia BIepBBIE JTIOKA3aHA
CpeJICTBAMU TITKOJILHOW MpOorpaMMbl B KpaTkoit hopme. B
YCJOBUAX ODOCTPEHHOTO MPOTUBOCTOSIHUS KOJIJIEKTHBHOTO
Bamaa ¢ Poccmeit, kparkoe mgokazarenbctBo BT®, orHO-
CUMOI K «MaTeMATHIECCKUM YKEMUIYKHUHAM», UMEeT BarKHOe
KYJbTYPHOE U UCTOpUYIecKoe 3HadeHusd. JlokazarencTBo 3a-
sieutesist ospbiBaer reremonnto CIITA u «kpacory» HaiineH-
noro tnpodeccopom Jluru I[laoma, mpod. [Ipuncronckoro
yHUBepcuTeTa, AekaHa mMar. Pakyibrera DHAPIO Yaiiica cra
¢ JINIITHUM CTPAHUIHOTO JTOKA3aTeIbCTBO, 38 KOTOPOE eMy
6bL1a pucyxkena Abesresckasi pemus B 2016r. Ho monck
WcTunbl He ocTaHaB/IMBAETCS C IMIPUCYKJIEHUEM CaMbIX IIpe-
CTHU2KHBIX HArpaJ u npeMuii. /1 9T0T IpUHIINAIT TaK»Ke ABJIsA-
eTcs poJIoJKenneM pazjengembrx Poccuiickoit @eeparmeit
JIyXOBHO-HPABCTBEHHBIX IIEHHOCTEN: IMOCTOSHHOE Pa3BUTHE
JINYHOCTU U COIUAJIbHBIX UHCTUTYTOB, MHOTOIOJISIPHBIN MUD,
Oe3bapbepHas cpejia, OOIMEeCTBO PaBHBIX BO3MOXKHOCTEH

T.1I.

Vka3z IIpesugenta PO or 25.04.2022 Ne 231 "O6 o0bsaBIeHnN
B Poccuiickoit @ejieparium JiecaTUIeTUsI HAYKW U TEXHOJIO-
ruit" o IepKUBaeT 3HAYMMOCTh HAY YHO-TEXHOJIOITIE€CKOTO
Pa3BUTHs CTPAHBI U CPEJIM MIPOYMX 38121 CTABUT MOBBIIIICHNE
JIOCTYITHOCTH WHMOPMAIIUNA O JIOCTUKEHUAX U HEPCIEKTUBAX
poccuiickoii HayKu Jiid rpaxkjiaH Poccuiickoit Pejieparmmn
(murepa B 1. 2 Ykasza). C 9TUX MO3UIMI KPATKOE JOKa3a-
TEJILCTBO 3adABUTEIIA JIEMOHCTPUPYET KarKIOMYy IMKOJbHUKY
[PUOPUTET ¥ JOCTUYKEHUsI POCCUICKOI HAYKH, & TOITOMY UMe-
eT BayKHble IMyOJIMIHO-TIPABOBBIE ITOC/IEICTBUS JIJIsi HAYKH,
[eJIATOTUKY, YKPEIJIeHNsT POCCUHCKON MOpaJIH JIUIUPYIOIe-
ro rocyjapcTBa B cpepax oOpa3oBaHUdA, HAYKU U TEXHUKH.
9r1or Yka3 pasBupaer cT. 34 Koucruryrmun PO: Kaxprit
MeeT IPaBo Ha CBOOOHOE UCIOJIHL30BAHNE CBOUX CIIOCOOHO-
CTell U UMYIIECTBA JJId HPEeAIPUHUMATEIBCKON 1 MHON He
3AIIPEIECHHON 3aKOHOM SKOHOMUYIECKON JIesITeIbHOCTH.

['oBopst 0 Bropuunoctn Poccuiickoit Haykn, 3asgBUTEb OT-
MedaeT MJIeOJIOTHIECKUE TTPEIIOCHIIKN, TAKYKe BBITEKAIOIINE
3 MopaJin u cucreMmbl 1enHocTeit. Emé B 1991 r. Ipe3sun-
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yMm Axajgiemun sayk CCCP npusnas «Hereecoodpa3HbIM»
COXpaHeHHUe TOCYIaPCTBEHHON PErucTPAINN HAYYHBIX OTKPbI-
tuit (perrenne or 14 maz 1991 n. N 156). Usbarue nnres-
JIEKTYAJILHOTO Pe3yJIbTaTa B BUJIA HAYYIHOT'O OTKPBITUS TIO/T
IIPEJJIOTOM «Helles1ecoodpa3HocTu» ObLI0 IpeupuaaTo Poc-
CUUCKUM TOCYJIAPCTBOM B TIE€PHOJT OOJIBINUX OXKUJIAHUN OT
MHTErPaIy Halllell CTPaHbl B MEXK/IyHAPOIHOE HAayIHOE CO00-
IIECTBO U pazjeenue Tpyaa. Ho kak ybenuTebHO oKa3asia
creruajbHas BOEHHas Ollepalins, TaKue OXKUJIAHUS OKa3a-
JINCh UJITIO30PHBIMI.

B [ecarunerre HayKn U TEXHOJIOTUN BOMPOC 3aIUTHI UH-
TEeJIJIEKTYaJILHOTO MTOTEHITNa I8 TpedyeT 0coO0ro BHUMAaHUS.
ocraTouno yKasaTh Ha ya3BUMOCTB 1. H. cT. 1259 'K P®:
ABTOpCKUE MpaBa HE paCIPOCTPAHAIOTCA HA. . . OTKPBITHUSI,
yOeUThCsI B OTCYTCTBUU 3aKOHA 00 OTKPBITUSX, ITPEEMHUKA
[ocymapcTBeHHOrO KOMHUTETA IO H300PETEHUSIM U OTKPBITUSIM
upu 'KHT CCCP rocyaapcTBeHHOM yC/IyTH 110 PErUCTPAIINT
HAY4YHOU OTKPBLITUMA.

[Iyakr 1. ct. 44 Koncrurymuu P® rracur Kaxiaomy ra-
paHTUpyeTcs €BOOOJIA JUTEPATYPHOIO, XY/I0XKECTBEHHOTO,
HAYYHOT'O, TEXHUYECKOI'O U JIDYTUX BUJOB TBOPYECTBA, IIPe-
nojtaBanus. VIHTeIekTya bHast COOCTBEHHOCTh OXPAHAETCST
3aKOHOM. V3 nMeromuxcs B Jejie HayIHbIX IIyOIuKaIuit 1 Mo-
Horpadumii u3 nepeunas PVIHII maTtemaTndeckoe oTKpbITHE
ObLIIO cies1aHo aBTopoM B Hadase 2020r., 1 Ha TOT MOMEHT pe-
rysmpoBajiock Ilocrarnosieruem Copera Mununctpos CCCP
ot 21 aBrycra 1973 r. N 584 "O6 yrBepxaenun [lomoxke-
HUAA 00 OTKPBITUAX, N300PETEHUSIX W PAIMOHAIN3ATOPCKIX
IpeIOKeHnsIX " .

[IpocToe mokazaTebCTBO UMeeT 0oJiee BHICOKYIO HAyIHYIO
IEHHOCTD: «He N300peTaiiTe CYyIHOCTH CBepX HEOOXOIUMOCTU»
(Vunbsam Oxkam). Hajnumen wa w3jemmn coryiacHO 3asiBKe
Ha IIaTEeHTYeMbIil IPOMBIIILJIEHHBI 0Opa3el; aBTopa He HapPy-
AT PaB JIPYTUX JIUI] U IyOJIMIHbIEe HHTEPECHI, a HAITPO-
THB COOTBETCTBYIOT OOIIECTBEHHBIM MHTEpecaM, IPUHIIAIIAM
T'YMaHHOCTH W MOpAaJd B TOH Mepe, B KOTOPOI 3TOMY CIIO-
cobcTByeT obpaszoBanne u npocsermenne. C 2021r. [N'unepky6
nepeBaHHbIl 3D Ha cOOpPHOIT MTOJICTaBKE C JIOKA3aTEIbCTBOM
Benukoit Teopembr @epma 6611 pasmerten Coioz Cubupcekuit
HenTp meguanyuu aBTOpPOM Ha MapKeT-Iuielice, KaK Pa3BU-
BAIOIINI CyBEHUP JJIsI MKOJIBHUKOB, CTYJIEHTOB U JTIOD03HA-
TeJIbHON MOJIOJIEXKU. DTOT CYBEHHU]P IOJAPEH aBTOPOM Py
o6ubymoreK n ynupepcuteros Poccun.

He n3obperaiite CYTITHO-
cTH  CBepX  HEOOXOIUMOCTH.
Duitocod Yuiibam OKKaM.
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[Xap62]: Xapkesua (1962),
CuekTpbl 1 aHaIn3

[[Ten65]: demman (1965), Vcro-

pust apudMeTHKN

7 Merasa3bik BeesneHnoill

TpyaHO TEPEOTIEHNTh MECTO MPOCTHIX YHCeN B (PU3NIECKIX
3aKOHaX, OIPEACIAIONINX OKPYZKAIONNA MaTepuaJIbHbBIA MUP
U, B IUPOKOM cMmbIcjie, Hamty Bceesennyio. M3noxkeHHbI
BBIIIIe MaTepuaJl yzKe II0Ka3aJjl CBA3b IIPOCTBIX YUCe/] C KBaH-
TOBOI MEXaHUKON, CTATUCTHIECKON (PU3NKOI M BBITEKAOIIEH
u3 Heé Teopun BepogrHOCcTel. CMm.Tabmuiy (2.1).

g HArJISTHOM MLTIOCTPAIME IIPOSABICHNNH CBONCTB MUKPO-
MHUpa JIOCTATOYHO COCJIATHCs Ha IPUHIIAIT HEOTIPEJIETIEHHOCTI
leiizenbepra ApAg > /2, upossisionuxcs B Ipeodpa3oBa-
Hugax Qypbe, B ClleKTpax M CUTHAJIAX: HEBO3SMOXKHO OJTHOBDE-
MEHHO CY3UTb II0JIOCY CIIEKTP U JJINTEJILHOCTh CUTHAJIA - CM.
nopobubIii mpumep B ([Xap62]).

Vmenno mpocTble Ync/ia MO3BOJISIET BMECTE CBA3AThH CHCTEMY,
HAJICUCTEMY W TOJICUCTeMY. BBIBO/I KAHOHUYECKOTO pacIpe-
siesiennst ['ub6ca OBLT clie/laH UCXO/d U3 PABHOBEPOSTHOIO
pacripe/ie/ieHus 110 BCEM MHUKPOKAHAHOYECKUM COCTOSTHUSM
CUCTEMBbI, BEPOSATHOCTH HAXOKJIEHUS CJIOYKHOHN cucTeMbl 1-
2 paBHOII IIPOU3BEJICHUIO BEpOATHOCTEHN eé moacucreM 1 u
2: p12 = p1 - P2, 9TO OOYyCIABIUBAET YJI0OCTBO PabOTHI €
JorapudMaMu U MO3BOJISIET OMEPUPOBATH C A IUTHBHBIMUI
nepeMeHHbIMA. AJInTUBHBIE (DYHKITUN JJId OJHOPO/IHBIX Be-
JIMYWH — 9TO OCHOBA JIJIsl PsJia HATYPAJbHBIX YUCEI, JJIsd
CYETHBIX MHOXKECTB U ITPOU3BOJICTBA JIIOOBIX M3MEPEHU = >
U3MEPUMOCTDH PACCTOAHMUIA, BBOJ] IIOHATHII METPUKH U MEPBDI.
CroiicTBa MUKPOMUpA OIPEJIEISIeT CBOMCTBA MAaKpPOMHUPA.
=> omeparys YMHOKEHUs SBJIAEeTCSA IEPBUYIHON B CpaBHe-
HUM C oneparnueii cioxkennst / Berantanus. C M3I0KEHHBIX
MO3UITNIT MOYKHO OObACHUTH aKCHOMBI api(PMETUKHU, BBEJICH-
ubix Jkysenme [leano a Takyke NPUHITUIT MaTeMaTHIECKOM
WHTYKITUU, MTAPOKO MPAKTUKYEMbBII B MaTeMaTUIECKUX J10-
KazaresbcTBax. oM. |/[len65].

Crenannble BBIBOJIBI MOTYT OBITH OOOOITIEHBI Ha, TEJIBIH DS
IIOJICICTEM U B PABHOI Mepe OTHOCATCA KaK K MaTeMaTH-
Ke (OCHOBBI T€OPUH BEPOSITHOCTH, JIOTWKH), Tak 1 (DU3NKe.
JloruaHo 1pU 3TOM OUpPEHEeINTh JOTapudM OT pacipeie-
JIEHHSI BEPOSITHOCTU U TOJIYUYUTH aJJIUTUBHYIO BEJIUINHY —
SHTPOIHIO. BO3MOXKHOCTD BBIIEIEHNUS [TOICHCTEMBI B COCTaBE
CJIOYKHOM CHCTEMbI M BO3MOXKHOCTH 3a/laHusd (DYHKITHH TT03BO-
i Apxurekropy Beestennoit (ecaim TakoBoi cyIecTByeT
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JlazKe BOIPEKU CKEICHCY aTeNCTOB) ClleIaTh MUD yIpaBJsie-
MBIM U [IO3HABaeMbIM, PEJIYIIUPOBATDH CJIOKHBIE dABJIEHUN K
IIPOCTBIM.

CBs3b TTPOCTBIX YUCEN C JIOTApUMOMUICCKUMU (PYHKITAIMA
IIPEJICTaBIISIETCST COBEPIIEHHO eCTeCTBeHHO. B xoze sBosto-
WA CJIyX, 3PCHUEC, OCA3ZAHNEC YCJI0OBEKa U >KUBOTHBIX aJlall-
TUPOBAJIUCH K JIOTAPUMDMHUIECKOMY 3aKOHY, UTO TO3BOJIAT
aJICKBATHO BOCIPUHUMATL OKPYZKAIOIIYIO Cpedy, Opranmd-
HO IIPOJIOJIZKaeT 3aKOHBI IIPUPO/IBI, ABJIACTCH CJICJICTBUEM
3aKOHA CTATUCTUYECKON MEXaHUKM W KBAaHTOBOW (DU3UKU,
TEOPHUH BEPOATHOCTH. JI€rKO MO/ICINTATE CJIeIbI CTATHCTIIE-
CKUX MaTPHUIIbI, IJle Ha JUATrOHAJIAX PACIIOJIOKEH yCPeIHEH-
HBII JorapudM BEPOATHOCTU - BCE OCHOBAHO Ha IIPUHITAIIE
cuMMerpun (yCpeHeHne), BO3MOKHOCTH BblJeJIeH st, 060c00-
JICHIA YaCTHOI'O U3 LEJIOr0 Pa3/Indusd MEXKIY B3aUMOCBA3LIO
u B3anmogeiicteuem [Cen(3].

A posib cuMMeTpun/acUMMETPUN B HaIlleil JKU3HU eIl Kak
celyeT He OCO3HaHa, 10 KpaiiHeil Mepe 3alaIHOi HayKOIi.
CaoiicTBa KOJIel, MHOTOUJIEHOB U JIMHEIHBIX OIEpaTOPOB SIB-
JISTIOTCS TIPOM3BOAHBIMUA OT CBOMCTB MPOCTHIX 4ucesi. Bia-
rojiapst aJIJIMTUBHBIM CBORCTBAM SHTPOIUE MOYKHO JOOUThH-
csl YMeHbIeHus: hJIYKTYaIlu JIEFKO U3MEPUMBIX BEJTUINH:
qucIa YaCTUll, SHEPIrU, TeMIEPATyPhl, JTaBJIeHUs, 110 Mepe
yBeJIMYeHNs] BLIOOPKK U OIKMCATH €ro IMPOCTHIMU JIMHEHHBI-
MU COOTHOIIeHUAME. Tak peaausyercs CBsI3b MUKPOMUPA C
MAKpPOMUPOM. DTa CBsI3b MOTINHAETCS 3aKOHAM MaTeMaTh-
YEeCKON CTATUCTUKU (CTATUCTUIECKON (DUBMKU). CM. TaK¥Ke
HHTEPECHYIO NOIy/IgpHyto KHUry [[Ton86].

[IpocThie uncia - merasi3blk BeesreHHoii.

[Topaxkaer TOT 0OCTOATENTHCTBO, 9TO OYKBAIBHO C MEPBBIX
KJIaCCOB IMIKOJbHUKY U3YYaIOT ABJIEHU, B OCHOBE KOTOPBIX
00HAPY>KUBAETCS KBAHTOBasI IPUPOIA, PyHIaMEHTAIbHBIE
3aKOHBbI Halreii BcejgeHHO: cuMMeTpusi, OJHOPOIHOCTH
IIPOCTPAHCTBA, W30TPOITHOCTh M T.JI. Ecim MareMaTnky
HapbIBAIOT sI3BIKOM BcejieHHOi, TO IPOCThIE YUCIa - 9TO
MeTasd3bIK BceenHoit.

B sTom cmbicsie pocThie Yuca NPUIILIH K HAM U3 3aPOK-
nennsi Beesennoit, 910 pesmkThl or Bosbimoro B3peiBal 910
Meraa3bik uian o Cranucnasy Jlemmy His Master’s Voice.
(Tnac Tocrioamit) - Ha 3emiie, 1moxkastyii, HET TAKOTO B3POC-
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[Cen03]: Cemupanos (2003), Ilo-
UCK OIMMOOYHOTO U IIPABAJIBHO-

o

[[Ton86]: TlonTpsirua
O606mennsa ance

(1986),
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[[Ten05]: Ienpoys (2005), Tenu
pasyMa B IIONCKaX HAYKH O CO-

3HAHUU
[Kpe21]: Kpetik (2021),
«HexkoTtopnie TEOPETUKO-
METO/IOJIOTTIECKUE OCHOBBI
paccMOTpeHusi CHUHEPruu B
conupymes

10 Bopnbda ¢ npepydexienusamMu

JIOT'O, KOTOprfI HE yMeeT CHUTaTb U MOJIMTbCA, HO JIaJIEKO HE
Ka)K,ZLbeI CII0COOEH yCiablIaThb...

Yr1006bI JrydIllle TOYYBCTBOBATL TO Y/IUBJIEHHE, KOTOPOE UC-
IBITBIBAET aBTOP, MPeJCTaBbTe cebe MUP Oe3 MPOCTHIX Uh-
ceJs1, TJie JII000e YUCJIO MMEET CKOJIBKO YTOJIHO JIeTUTE e,
IJIe HEBO3MOXKHO BBIJIE/INTH YacTh U3 IEJIOr0, IJie KayKJi0e
dABJIEHUE HepeIyIIpyeMo 10 60see mpocThiX. Vmenno o Ta-

Kux gBjieHugx yrnomuHaer Pojzkep [lenpoys B cBoeit kHure
[[Ten05].

JIMCKpPeTHOCTh TeHETUIECKOI'O KO/Ia, 3aK/II09aloIeecss B TOM,
qT0 ,Z[a.HHbIIU/I HYKJIEOTHA MO2KEeT BXOJIUTH B COCTaB TOJIBKO
OJIHOI'O KOJIOH& - 3TO eIé OAHU IIPUMEP BarxKHOCTU 000CO0-
JIEHHOCTH YaCTU U3 IEJI0T0.

HOILBITO)KI/IB&H N3JIOZKEHHOE, MOXKHO YTBEDPZK/IaTh, 9YTO €CJIN
OBbI TIPOCTBIX YHUCE/ He ObLIO, TO 3TO U3MEHUJIO Obl HAIIY
Bceenennyio 10 Hey3naBaemMocTu. Bo3MOKHO Jin ObLIO ObI
3apOoK/IeHne B MHUpe 6e3 MPOCTHIX YUCes YeJI0BEeKa pa3yMHO-
ro?

BazxHo oT™MeTUTB, UTO cucTeMa MOKeT 00J1aJIaTh CBOMCTBAMMI
9IMEPJIZKEHTHOCTH (AHIJI. OT «BO3HUKAIOMIUI, HEOKUIAHHO
HOSBJISTFOIIUICS » ) KAY€CTBEHHO HOBBIME, HE PUCYIIUME €6
KOMIIOHEHTaM I10 OT/IeJTbHOCTH.

B conmanbHoit cdepe 60JIbINOI HHTEpEC TIPeICTaBIsieT CBep-
Xa/UIUTUBHBI 9(OhERT (T.e. «IPEeBOCXOJAIIINA CYMMY>» ), HMe-
eTcst B BUJLY JIOTIOJIHUTEIbHAS TIpUbaBKa B IIPOJLYKTUBHOCTI
IPYIIIOBOH paboThl, IPEBOCXOAIIAA CYMMY BKJIQJIOB OT/IEIb-
HO JpyT oT Apyra. Jljist Takux c/lydaeB U3JI0XKEeHHBIH BBIIIE
I0JIXO0/T JIOJIZKEH OBITH JIOTIOJIHEH Ka9eCTBEHHO HOBBLIMU Me-
rogamu. Ho Takue ciiosKHbBIE SIBJICHUSI HE BXOIAT B IIPEIMET
uccienoBanus. bosee moapobHo o mpobieMe CUHEPIUH CM.
Harpumep B [Kpe2l].

[TockobKy Ji0OBIE JIEp3KHE MONBITKA Ha TTPOJIOJIZKEHe Ha-
YYHOI'O MOUCKa KpaTKuX Jiokazareabcts BT® Bcrpevasnn
COIIPOTHUBJIEHUE, ABTOP OBLI BBIHYKJIEH TPOJIOJIKUTEH HAY -
Hyto pabory Haj ABC-runoresoit, n3 KOTOpoil BBITEKAET Psil
MHTEPECHBbIX cjejicTBuil, Brmodas camy BT®. Obe TeopeMbr
OKa3aJIuCh CBA3aHbI Osrarojaps OOIUM IIPUHITAIIAM, 3aJ10-
JKeHHBIM 11pu hopMupoBanuu narieir Beesrennoii.

N xouercs 3aBepuTh 3Ty TJIABY IUTATOI:
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«/IBe Bely HAIOJHAIOT JIYITy TOCTOSHHO HOBBIM,
BO3PACTAIOIIMM YIUBJICHUEM U OJIATOTOBEHHEM: 3BE3JIHOE
Hebo HaJ/I0 MHON M HPABCTBEHHBIN 3aKOH BO MHE. 10 H
JIpyroe, Kak Obl TIOKPBITbIE MPAKOM MJIM O3/ THOIO,
HaXOJIAIIeCs] BHE MOEro TOPU30HTA, d He JIOJIZKEH
UCCJIEJIOBATD, a TOJBKO IIperoararb. ¢ BUXKY UX Iepe/l
co0Oil ¥ HEIMOCPEICTBEHHO CBI3BIBAIO UX C CO3HAHMEM CBOEI'O

CYIIIECTBOBAHUSI. .. »

Nvvanynn Kant.
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Fighting prejudice

In the decade of science and technology, it is necessary to
stimulate the interest of schoolchildren and students in the
exact sciences. "Every student and high school student can
make a discovery! this is exactly the message the author
seeks to convey to curious young people and daring Russian
scientists. Where American science needed 140 pages. in
search of a proof of Fermat’s Great Theorem, for which
Andrew Wiles was awarded the Abel Prize in 2016, Russian
science finds that only half a page or six faces of a wooden
cube are enough for the creative development of a child.

1 Introduction

Decree of the President of the Russian Federation No. 231
dated April 25, 2022 "On the announcement of the Decade
of Science and Technology in the Russian Federation among
other tasks, provides for increasing the availability of information
about the achievements and prospects of Russian science for
citizens of the Russian Federation (letter in paragraph 2.). It
is important to note that along with Fermat’s Great Theorem,
there is also a Small Theorem Fermat in number theory. Here
we are talking only about Fermat’s Last Theorem.

Fermat’s Last theorem was formulated in 1637. By Pierre
de Fermat. During his lifetime (1601-1665), this French
mathematician did not publish the proof. The world’s strongest
witty mathematicians fought over the puzzle, but there
was no proof for all degrees of n until 1994, when for the
first time Sir Andrew Wiles, now dean of the Mathematics
Department at Princeton University in the USA, presented
the proof on 140 pages, for which the author of the proof,
Andrew Wiles, was awarded the prestigious Abel Prize in
2016. All this testifies in favor of the complexity of the
scientific search. Does it turn out that Pierre de Fermat was
greatly exaggerating when he claimed to have found a brief
proof?
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However, in 2020, it turned out to be enough for Russian
science to present the main ideas of the proof of only half a
page or six faces of a wooden cube for the creative development
of a child and knowledge mainly within the school curriculum,
and not the bulky cylindrical functions used by Wiles. Thus, a
transition has been made from the knowledge used by narrow
specialists in favor of school education, popular science and
mass education. Can this be considered a discovery? It is
a discovery to obtain a scientific result in an original, new,
previously unknown to science way — so says the “Regulation
on Discoveries, Inventions and innovation proposals”, approved
by Resolution of the Council of Ministers of the USSR dated
August 21, 1973 No. 584. (the validity of the document
was confirmed by the decision of the Supreme Court of the
Russian Federation dated December 9, 2015 in the case N
AKPI15-1138). The regulation was in effect until February
2021 and was abolished as an outdated normative act of the
USSR by Decree of the Government of the Russian Federation
No. 80. In the history of the loss of scientific sovereignty,
the decision of May 14, 1991 should be highlighted. No.
156 of the Presidium of the USSR Academy of Sciences,
which recognized the inexpediency of maintaining the state
registration of scientific discoveries. With the entry into force
of Part IV of the Civil Code of the Russian Federation in 2008,
scientific discoveries were excluded from the closed list of
intellectual property objects (Article 1225 of the Civil Code
of the Russian Federation). Unfortunately, the registration
of scientific discoveries in modern Russia, even in conditions
of acute military confrontation, is still carried out "on the
outer contour".

2 Purpose of the sociological research

Social problem: in Russia, contrary to the declared Article
44 of the Constitution of the Russian Federation, there is
no system of regulatory regulation of scientific discoveries,
the register of discoveries of our country is maintained by
private structures and foreign agencies, according to opaque
tariffs and procedures. A vivid precedent would help to focus
attention on this acute discrepancy, as well as on the social
evil of false examinations, which often become the basis
for difficult-to-reverse unlawful decisions (it is enough to
make a simple search engine query about an examination
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[AB120]: ABnpres (2020), «Basbt
mauHubX 11 9BM lokazaTennb-
ctBO TeopeMbl Pepma jyra Mut-

JINapI0B Ha OCHOBE IIKOJIBHBIX
snarmit 11.03.2020»

review and ask about tariffs in order to understand the
demand for tools to refute false examinations). Thus, through
analysis, the object of research was chosen — Fermat’s Great
Theorem, a "mathematical pearl briefly formulated, but very
difficult to prove. Are there "Olympiad"proof methods? The
author was encouraged by the insight of Pierre de Fermat
himself, who claimed back in 1637 that he had "found a truly
wonderful proof, but the fields [of Diophantus’ Arithmetic|
here are too narrow to accommodate it!". This prompted
the direction of the search — a paradox, a minimum number
of formulas, which means that it is necessary to search from
the perspective of geometry and physics, since in the XVII
century science was not yet subject to narrow specialization,
interdisciplinary research was actively carried out, in modern
terms. The persistent search ended with the finding of a brief
proof - but how can it be legally recognized as a discovery? To
simulate a dispute in this situation in an intellectual property
court is one of the ways to protect the rights guaranteed
by Article 45 of the Constitution of the Russian Federation:
everyone has the right to defend their rights and freedoms
in all ways not prohibited by law.

In the context of a legal lacuna (gap), in order to create
a precedent in education and pedagogy, the author was
forced to burn his discovery with a laser on the edges of
a wooden cube and apply to Rospatent for registration of
a patent for an industrial design with proof of Fermat’s
"Great Theorem"[AB120]. The refusal to grant a patent for
an industrial design by Rospatent occurred more than a
year later, accusing the author of "misleading immorality
and immorality. Under these far-fetched pretexts, Rospatent
attributes the discovery found by a Russian citizen to American
science, which has nothing to do with the intellectual property
of a citizen of the Russian Federation protected by Article
44 of the Constitution of the Russian Federation.

The only objection from Rospatent could be a scientific
refutation of the evidence found by the author. Since it is
based mainly on school knowledge, any person with a school
education certificate can conduct a thorough check. The
author and the Union "Siberian Mediation Center"headed
by him have repeatedly announced a public promise of
awards — contests with generous prizes for the scientific
refutation of a brief proof of FLT, invited the Dean of
the Faculty of Mathematics of Princeton University, Sir
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Andrew Wiles, to a dialogue about the author’s proof of FLT
sent to him (RO153663225RU dated 02/29,/2020 handed
to the addressee 03/03/2020 and RA631127263RU dated
05/03/2022 - received to US Customs on 05/15/2022, then
returned to Russia. ) — but the award was not in demand,
and the letters remained unanswered.

According to Rospatent, the indication of the Applicant’s
name and the date of his mathematical discovery on the
product and the mentioned application is "misleading is
"unreliable "violates the principles of public morality and
morality". But this odious conclusion in Rospatent’s decision
contradicts the database registration previously carried out
by Rospatent [3], the only table contains rows and images
with a proof of Fermat’s Great Theorem. The author, as
the patent applicant, filed his objections to the decision of
Rospatent, taking into account the administrative procedure
(paragraph 2. art. 1248 OF the Civil Code of the Russian

Federation) to the Chamber for Patent Disputes. The objections
were rejected by the Chamber with reference to the examination,

which examined only one face of the hexagonal cube (17).

The decision of the Rospatent Patent Dispute Chamber was
challenged by the author to the Intellectual Property Rights
Court, first without observing the pre-trial procedure, which
is not mandatory for scientific disputes (SIP-947,/2022), then
in compliance with the pre-trial procedure as required by the
court (SIP-357/2022) and recognition by Rospatent of its lack
of competence to consider scientific disputes. After repeated
court sessions, the presiding judge committed actions not
provided for by the Arbitration Procedural Code (APC RF),
limiting the publications of the Applicant author only in
2020. And without discussing issues with the parties to
the dispute, as contrary to the requirements of the Agro-
industrial Complex of the Russian Federation and objective
examination of evidence [BP09], sent a request to a dozen
scientific organizations with the wording: are the attached
publications of the Applicant a proof of Fermat’s Great
Theorem? Such a statement of the question contradicts the
rules of formal logic, since the fact of publications in a
number of different publications of the RSCI is reliable (the
subject of the dispute is plagiarism of evidence found by
the Applicant from another “generally recognized” and the
commission of immoral, immoral misconduct). Therefore,
some higher educational institutions and institutes refused

[BP09]: Bugel n ap. (2009),
Legal Statistics: Textbook
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to give an answer under the plausible pretext of the lack of
specialists in number theory. Others gave answers in gross
violation of Article 14 of the Federal Law "On Science and
State Scientific and Technical Policy"dated 08/23/1996 N
127-Federal Law, scientific ethics, procedural rules, as well as
the content of courses on the basics of set theory and topology
studied by first-year students and partially by students of
physics and mathematics schools. This is the novelty of the
proof, obtaining a result in a way previously unknown to
science. If Andrew Wiles "foresaw all this back in 1994,"then
why did he need to spend 140 pages where one is enough?

3 Popular American Press vs RSCI

In this dilemma, Rospatent’s choice confidently leans in
favor of the popular American press - the agency applies
an excerpt from the news of popular American science.
In current practice, scientific publications included in the
Russian Science Citation Index (RISC) are not taken into
account when the interests of American science are hurt
— it is no coincidence that the Rospatent expert focused
exclusively on the popular press of Western publications
in Russian translation. Such bias and scientific segregation
based on the principle of citizenship contradicts the current
Russian legislation. Bias is manifested even in the fact that
Rospatent, following its expert, in all its decisions examines
only one face out of six wooden cubes - an industrial design.
The remaining facets were not reflected in the correspondence,
expertise and contested decisions of Rospatent. Scientific
publications, as well as the Applicant’s scientific monographs
in the publications of the RSCI and others, were ignored. Is
such disregard of objective evidence by Rospatent scientific
and objective? - The question is rhetorical.

4 Morality and Science

It is important to note that from the moral standpoint of
Western countries, primarily the United States, Russia’s
scientific development is unacceptable. To illustrate: one
of the world’s largest scientific databases, Web of Science,
has become inaccessible to Russian users. TASS quotes a
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statement from its owner, the company Clarivate, that it
"decided to close the Russian office and stop commercial
activities in the Russian Federation, explaining that the
reason for this was a special operation in Ukraine."Western
morality and ideology denies Russia as a sovereign state.
In the Decree of the President of the Russian Federation
dated November 9, 2022 No. 809 "On the approval of the

Foundations of State Policy for the preservation and strengthening
of traditional Russian spiritual and moral values where paragraph

14 defines destructive ideology: "Ideological and psychological
impact on citizens leads to the imposition of a system of
ideas and values alien to the Russian people and destructive
to Russian society.

The Presidential Decree develops and concretizes earlier
documents

» individual provisions of the National Security Strategy
of the Russian Federation

» of the Information Security Doctrine of the Russian
Federation

» Strategies for countering extremism in the Russian
Federation until 2025

» of the Strategy of the state national Policy of the
Russian Federation for the period up to 2025.

» Fundamentals of State cultural policy

» Strategies for the development of the Information society
in the Russian Federation for 2017-2030

» , cte.

It remains to guess which of the above is incriminated
to the author? In its decision, Rospatent also points out
a gap in the current legislation: the absence of a state
register of scientific discoveries in the Russian Federation.
Recognizing the unsatisfactory state of affairs regarding the
state registration of scientific discoveries in the Russian
Federation, the transfer of strategically important issues
for ensuring the security and development of Russia to the
international community and private structures, Rospatent
simply states that these issues do not fall within its competence

(case 300-ES22-11151C01-842/2022SIP-357/2022 of the Supreme

Court of the Russian Federation). At the same time, the
Chamber for Patent Disputes, which is part of the Rospatent

structure, extends its competence to scientific disputes, contrary

to art. 14 Federal Law "On Science and State Scientific
and Technical Policy"dated 08/23/1996 N 127-Federal Law.

311
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[Tzul8]: Izutkin (2018),
«Epidemics in the Classical
Middle Ages in Europes

[Pto+98]: Ptolemy u ap. (1998),
Almagest: or a mathematical
essay in thirteen books

[KZ22]: Karavaeva u mp. (2022),
«GREEN FINANCE OF
RUSSIA »
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Instead of referring to the register of scientific discoveries,
Rospatent for some reason refers to the portal of the TASS
news agency, which is also unrelated to the state register
of scientific discoveries, was not mentioned in Article 44 of
the Constitution of the Russian Federation, as well as in the
“Regulations on Discoveries and Inventions” in force at the
time of the author’s appeal to Rospatent.

Before the escalation of the ideological and military confrontation

between Russia and the United States, it was generally
accepted that Russian science was organically integrated
into the global one. Rospatent’s main objection is that the
author’s proof contradicts generally accepted proof and the
opinion of the international mathematical community (such
an opinion is formed primarily in the United States, as a
"generous grantee"). -

5 Generally accepted but false theories

Is "universal acceptance"a criterion of scientific truth? - The
answer is no. The history of science is replete with examples
of universally accepted false theories. In the Classical Middle
Ages, at the level of religious beliefs and public consciousness,
epidemics were perceived as divine punishment for various
deviations from religious canons, in particular, departure
from the dogmas of the church, attempts at rational knowledge
of the world, apostasy [lzul§].

Hands and surgical instruments were treated not before,
but after operations. Another example of generally accepted
evidence: the geocentric system of the world is the idea
of the structure of the universe, according to which the
central position in the Universe is occupied by the stationary
Earth, around which the Sun, Moon, planets and stars rotate
[Pto+98].

This false theory existed for 1400 years, until it was refuted
by the Polish astronomer Nikolai Copernicus, who developed
the theory of planetary motion around the Sun based on the
Pythagorean principle of uniform circular motions (treatise
"On the Rotations of the celestial spheres published in 1543),
and then Kepler’s Laws and Newton’s laws were discovered.
A more recent example of the generally accepted [KZ22],
but the false proof is the overestimation of the role of green
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energy as an alternative to traditional energy. As a result of
the voluntaristic decisions of the countries of the united West,
gas prices have increased more than tenfold (!) . . . "without
hydrocarbons, without reserves, the maximum level to which
renewable energy can be brought is a maximum of 30 percent
of the total energy balance,"says Leonid Krutakov, associate
professor at the Financial University under the Government

of Russia [Interview in the feed https://lenta.ru/news/2022/01/12/zelenerg

/ on 09.02.23]. Among the generally recognized erroneous
truths, I would especially like to highlight the dispute around
the mouth of the Amur and about. Sakhalin. Russians

Russian navigator, who headed the first Russian circumnavigation

of the world I. F. Kruzenshtern, Chairman of the Board of
Directors of the Russian-American company Baron P. N.
Wrangel, officer of the Russian Imperial Navy, researcher
of the Sea of Okhotsk A.M. Gavrilov, until the middle of
the XIX century, it was generally recognized that a number
of scientists, navigators, statesmen about the unsuitability
of the Amur River for navigation, among them: Russian
navigator, who headed the first Russian circumnavigation
of the world I. F. Kruzenshtern, Chairman of the Board of
Directors of the Russian-American company Baron P. N.
Wrangel, officer of the Russian Imperial Navy, researcher
of the Sea of Okhotsk A.M. Gavrilov, Minister of Foreign
Affairs K. V. Nesselrode. Following the listed authorities,
Emperor Nicholas I of Russia believed that the Amur River
was unsuitable for navigation, lost in the sands, and with the
filing of Nesselrode, forbade Admiral of the Russian Fleet G.I.
Nevelsky to explore the mouth of the Amur River under the
pretext of saving treasury funds, preserving the Kyakhtin
tea trade with China, maintaining a balance of relations
with England and the United States in the Far East. And
only in 1849-1851. Gennady Ivanovich Nevelskoy, disobeying
the order, refuted this misconception by exploring the Amur
estuary. The merit of the Russian admiral was the annexation
of vast Far Eastern lands and Sakhalin Island to our country,
and not the peninsula, as previously mistakenly considered
by the mentioned authorities [Zad69].

The history of science is replete with similar examples.

[Zad69]: Zadornov (1969), The
first discovery. To the ocean.
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The system of spiritual and

moral values is becoming

crucial in the context of
the cognitive war unleashed
by the West, the rapid
development of information and
communication technologies,
visualization, three-dimensional
modeling and printing, which

easily overcomes state borders.
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6 Protection of rights through the
Constitutional and Supreme Courts

The author appealed to the Constitutional Court with a
request to protect the principles of humanity and morality not
of Western countries, but of Russia in the patented product.
The fact is that on an ordinary wooden cube, a citizen
burned out with a laser the proof of Fermat’s Great Theorem.
Rospatent refused the state registration of an industrial
design, because the evidence found by the Russian contradicts
the generally accepted document of a US citizen, on 140
pages. Rospatent demanded that the name of a citizen of the
Russian Federation be deleted under a brief version of his
proof, and also refused state registration of the advertisement
under the pretext of violating public morality and morality.
The question is, whose morality is implied?

7 In the interest of humanity and morality
of Russia

Acting in the interests of humanity and morality, not of
Western countries, but of Russia, the author filed a complaint
with the Constitutional Court. The reason for the appeal
was the revealed uncertainty about whether paragraph 4
of Article corresponds to the Constitution of the Russian
Federation. 1349 of the Civil Code of the Russian Federation
(Civil Code of the Russian Federation) in the constitutional
and legal sense in which the results of intellectual activity in
the scientific and technical field that meet the requirements
for industrial designs established by the Civil Code of the
Russian Federation are evaluated by the Federal Executive
Authority for Intellectual Property from the position of
compliance with the public interests, principles of humanity
and morality of Western countries, and not the Russian
Federation Federation.

The dispute over the name of a Russian citizen and morality

On March 20, 2021, the author applied to the Federal Service
for Intellectual Property (Rospatent) with application No.
2021501435/49 for state registration of an industrial design.
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Product name "Device for learning "Hypercube wooden
on a prefabricated stand with a proof of Fermat’s great
theorem" (hereinafter FLT).

In the positive formal examination of Rospatent for the
Applicant’s industrial design dated 07/16,/2021, it was concluded:
According to the results of the formal examination, the
applicant is notified that the formal examination of the
application for an industrial design conducted in accordance
with paragraphs 1 and 3 of Article 1391 of the Civil Code of
the Russian Federation has been completed with a positive
result. L.e., the result of the Applicant’s creative work is
an original design solution. From the point of view of the
state registration of a patent for an industrial design, this is
enough, the truth / falsity of the Applicant’s copyright proof
could be left "to the judgment of posterity."Meanwhile, on
April 14, 2022, Rospatent decided to refuse to grant a patent
for an industrial design on the application on the grounds
that the surname, first name of the Applicant in Latin letters,
as well as the year 2020 of the mathematical proof of FLT
found by him, engraved with a laser on the patented product,
according to Rospatent, is misleading, as unreliable, and thus
it is contrary to the public interest. Rospatent applied clause 4
of Article 1349 of the Civil Code of the Russian Federation in
contradiction with the Constitution, considering the patented
product to be the Applicant’s full name, including the proof
and the date of its location, contrary to public interests,
principles of humanity and morality.

On May 29, 2023, by its decision in case No. SIP-947/2022,
the Intellectual Property Rights Court (SIP) refused to
satisfy the author’s claims to Rospatent to declare illegal /invalid
Rospatent’s decision to refuse to grant a patent for an
industrial design under application No. 2021501435/49 dated
03/20/2021. On August 21, 2023, the Presidium of the
Intellectual Property Rights Court, by a decision in case C01-
1179/2023, refused to satisfy the cassation complaints of both
the Applicant of the registered industrial design of the author
and the Union "Siberian Mediation Center"(SCM), which
sold the product - the patented product through Internet
Solutions LLC (Ozon trading platform). Disagreeing with
the judicial acts adopted in the case, Avdyev M.A. and
the Union appealed to the Supreme Court of the Russian
Federation. On 10/23/2023, in case No. (SIP-947/2022),
the Supreme Court of the Russian Federation rejected the
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cassation appeals of the author and the Union "Siberian
Mediation Center"against the decision of the Intellectual
Property Rights Court of 05/29/2023 and the decision of
the Presidium of the Intellectual Property Rights Court of
08/21/2023.

Along with judicial appeals, the Applicant appealed to the
Government of the Russian Federation for the protection
of intellectual rights in accordance with Article 44 of the
Constitution of the Russian Federation with a proposal to
register a scientific discovery in mathematics, the sovereignty
of science and stimulate the interest of young people in
science and technology, in other words, the implementation
of Article 44 of the Constitution of the Russian Federation.

The applicant has exhausted all other domestic remedies,
unsuccessfully resorted to extrajudicial protection through
correspondence with the Government of the Russian Federation,
publications in scientific publications, an open access educational
video on the topic of FLT, and other measures. At the same
time, the Applicant referred to the cancelled Resolution of
the Council of Ministers of the USSR of August 21, 1973
No. 584 "On approval of the Regulations on Discoveries,
Inventions and rationalization proposals"1, the Applicant
argued that to fit more than a hundred pages. The American
version of the FLT proof on the six faces of the children’s
cube is impossible, unlike the Russian version of the FLT
proof found by the Applicant, the main ideas of which are
set out in two formulas and drawings and takes up half a

page.

In the judicial acts listed above, the SIP and its Presidium
went beyond the limits of a certain Federal Law 95-Federal
Law competence and authority, resolving a dispute in terms
of morality, morality and science. Speaking of the scientific
side, taking into account the accessibility of the presentation
of the Applicant’s FLT proof to schoolchildren, this kind of
dispute must be resolved with the involvement of specialists
in the fields of philosophy and logic, general methodology of
science, geometry and physics, number theory, and school
pedagogy. Considering the moral aspects (the right to the
name of a Russian, not an American citizen, the possibility
of presenting one’s own version of the proof, even if this
contradicts the dominant point of view of the international
scientific community to the priority of science in the United
States and the consolidated West, the prejudice about the
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absence of a short version of the FLT proof), the dispute
should be settled from the positions of epistemology, scientometry,
morality and ethics, religion.

In fact, the above dispute is a manifestation of the contradictions
inherent in clause 4 of Article 1349 of the Civil Code of
the Russian Federation to the Constitution of the Russian
Federation. The thesis that the name of a citizen and the
date of his discovery are misleading, as unreliable, and
thus contradicts the public interests expound the discursive
position of apologists for pro-Western morality, alas, still
prevailing in the domestic academic environment due to
inertial thinking based on the long-term leadership of European
and US countries in the fields of culture, education and
sciences based on the system of Western values — the so-
called societies of democracy and social welfare. It is important
to remember that from the moral standpoint of Western
countries, primarily the United States, Russia’s scientific
development is unacceptable.

In general, Western morality and ideology denies Russia
as a sovereign state - this is the main public interest of
the ruling classes of the countries of the united West.

Our spiritual and moral guidelines The constitutional reform
carried out in 2020 introduced new spiritual and moral values
into the text of the Russian Constitution. The Law of the
Russian Federation on the Amendment to the Constitution
of the Russian Federation dated March 14, 2020 No. 1-
FKZ "On Improving the Regulation of Certain Issues of the
Organization and Functioning of public Authority"introduced
new norms, obviously indicating the setting of goals and
objectives of a moral nature. We are talking about the
wording of new articles (67.1, 75.1), as well as existing ones
(paragraph "J. 1"of Part 1 of Article 72). For the first time,
the current Russian Constitution enshrines provisions on
"preserving the memory of ancestors who passed on ideals
and faith in God,"on children as the most important priority
of Russian state policy, their "comprehensive spiritual, moral,
intellectual and physical development,"education in them
"patriotism, citizenship and respect for elders."

Earlier, in its Decision No. 24-P dated September 23, 2014
"On the case of checking the constitutionality of Part 1
of Article 6.21 of the Code of Administrative Offences of
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the Russian Federation in connection with the complaint
of citizens N. A. Alekseev, Ya. N. Yevtushenko and D. A.
[sakov the Constitutional Court of the Russian Federation
noted that the family, motherhood and childhood in their The
traditional, ancestral understanding represents those values
that ensure continuous generational change, are a condition
for the preservation and development of the multinational
people of the Russian Federation, and therefore need special
protection from the state.

In the regulatory system of the Russian Federation, the
Constitution of the Russian Federation and a number of
normative acts protect morality, spiritual and moral values
of Russian society, these are: Decree of the President of
the Russian Federation dated November 9, 2022 No. 809
“On Approval of the Foundations of State Policy for the
preservation and strengthening of traditional Russian spiritual
and moral values”, where paragraph 14 defines destructive
ideology:

The ideological and psychological impact on citizens leads to
the imposition of a system of ideas and values alien to the
Russian people and destructive to Russian society, including
the cultivation of selfishness, permissiveness, immorality,
denial of the ideals of patriotism, service to the Fatherland,
natural continuation of life, the values of a strong family,
marriage, large families, creative work, positive contribution
of Russia to world history and culture the destruction of the
traditional family through the propaganda of non-traditional
sexual relations.

The Presidential Decree develops and concretizes earlier
documents: certain provisions of the National Security Strategy
of the Russian Federation, the Doctrine of Information Security
of the Russian Federation, Strategies for countering extremism
in the Russian Federation until 2025, Strategies of the State
National Policy of the Russian Federation for the period up
to 2025, Fundamentals of state cultural policy, Strategies
for the development of information Society in the Russian
Federation for 2017-2030, etc.
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8 The morality of the countries of the
United West

The morals of the countries of the United West and Russia
are fundamentally different.

With the beginning of a special military operation, the

West dropped diplomatic tricks. Western morality in some

cases denies faith in God, adheres to the Cult of the Devil,

promotes devil worship, homosexuality, denies marriage as a

union of a man and a woman, promotes individualism, lies

and hypocrisy are allowed as a means to achieve goals, etc. All

this points to the decline of Western Civilization [[SHAO1]].  [SHA91]: Spengler u sp. (1991),
To illustrate, when the sensational worldwide exhibition The decline of the West
of the corpses of Professor Gunther von Hagens reached
Russia, the ROC opposed such "shamelessness pointing out
not the negative impact on morality, the lack of scientific
and educational significance of dismembered human corpses
in the form presented by Gunther von Hagens.

cal exhibits
n Hagens,
vth

Science, education and upbringing are based on spiritual and
moral values. Thus, Federal Law No. 86 of July 5, 1996 "On
State Regulation in the field of genetic engineering"defines
mechanisms that ensure the safety of citizens and the environment
in the process of carrying out genetic engineering activities
and using its results. The Federal Law of May 20, 2002
was adopted. No. 54-Federal Law "On a temporary ban on
human cloning based on the principles of respect for human
beings, recognition of the value of personality, the need to
protect human rights and freedoms and taking into account
the insufficiently studied biological and social consequences
of human cloning.

Another example: Decree of the President of the Russian
Federation No. 490 dated October 10, 2019 "On the development
of artificial intelligence in the Russian Federation"(with
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amendments and additions) defines the concepts of trusted
artificial intelligence technologies that meet safety standards,
developed taking into account the principles of objectivity,
non-discrimination, ethics, excluding the possibility of harming
a person and violating his fundamental rights when using
them rights and freedoms, harming the interests of society

[Avd24]: Avdyev (2024), «<How  and the state [Avd24].

can a student prove the ) ) )
ABC hypothesis using prime  Lhese examples can be continued, taking into account the

numbers, quantum mechanics  legislation regulating the handling of radioactive materials
and creative imagination?» and nuclear weapons and peaceful atom in the energy sector,
but the above is enough to conclude:

the results of intellectual activity in the scientific and
technical field, including industrial designs, should be
evaluated on the scale of spiritual and moral values of
the Russian Federation, the morality of our country. The
system of spiritual and moral values is becoming crucial
in the context of the cognitive war unleashed by the West,
the rapid development of information and communication
technologies, visualization, three-dimensional modeling
and printing, which easily overcomes state borders.

The current version of clause 4 of Article 1349 of the Civil
Code of the Russian Federation does not contain an indication
of public morality and morality from the standpoint of
the values of the Russian Federation. As a result, in the
case (SIP-947/2022) of the Supreme Court of the Russian
Federation, the dispute was resolved based on the prejudices
of the international mathematical community, postulating
the secondary nature of Russian science and denying its
scientific sovereignty.

How can the indication of the name of a Russian citizen
(Article 21 of the Constitution of the Russian Federation)
under the evidence of FLT found by him (Articles 44, 75.1
of the Constitution of the Russian Federation) contradict
Russian public morality and morality? - the question is
rhetorical. In all these cases, there is no scientific expertise
in the procedural order, as provided for by the procedural
code: the formulation of questions, the choice of an expert
institution, the expert’s warning about criminal liability,
information about the expert’s qualifications and specialization.
The scientific organizations with whom the SIP conducted
an "informal interview"did not even receive the controversial
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patented product. Four out of ten scientific organizations
surveyed in this way, for ethical reasons, refrained from
answering the logically incorrectly formulated closed question:
does Avdyev M.A.’s invited publication contain evidence of
FLT? The answer to such a question may be: Yes or No.

But forgetting about scientific and elementary ethics, six
scientific organizations vied with each other to denigrate
the evidence of the Applicant’s FLT, substituting the thesis
under discussion, confusing scientific terminology. There were
answers in an anonymous format.

9 Scientific objectivity

It turns out that without morality scientific objectivity, laid
down in Article 14 of the Federal Law "On Science and
State Scientific and Technical Policy"dated 08/23/1996 N
127-Federal Law, is impossible. In conclusion, based on the
results of the examination on the merits of the Applicant’s
application to Rospatent - Adj. the decision to refuse to
grant a patent 3 contains an unsubstantiated indication of
possible plagiarism on the part of the Applicant from the
evidence of Andrew Wiles, but without giving a specific
context, presentation of ideas, formulations attributed to

Andrew Wiles.

It seems impossible to arrange a text of more than one
hundred pages so that it can be printed on six faces of a
wooden cube for the creative development of a child.

Scientific discoveries have global and, in this case, cultural
and historical significance from the point of view of pedagogy
and education, since Fermat’s Great Theorem, insoluble since
1637, in 2020, linking the times of Diophantus of Alexandria
(ITT century NE, the Enlightenment (XVII century) and
modernity (digitalization and 3D modeling of the XXI century),
was first proved by means of the school curriculum in a
short form. In the context of the heightened confrontation
between the collective West and Russia, a brief proof of
FLT, referred to as "mathematical pearlshas important
cultural and historical significance. The Applicant’s evidence
undermines the hegemony of the United States and the
"beauty"found by the Ivy League professor, Prof. Princeton

321
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University, Dean of Math. The Andrew Wiles Faculty of
the hundred-plus-page proof, for which he was awarded the
Abel Prize in 2016. But the search for Truth does not stop
with the awarding of the most prestigious awards and prizes.
And this principle is also a continuation of the spiritual
and moral values shared by the Russian Federation: the
constant development of personality and social institutions,
a multipolar world, a barrier-free environment, a society of
equal opportunities, etc.

Decree of the President of the Russian Federation dated
04,/25/2022 No. 231 "On the announcement of the Decade of
Science and Technology in the Russian Federation"emphasizes
the importance of scientific and technological development
of the country and, among other tasks, sets increasing the
availability of information about the achievements and prospects
of Russian science for citizens of the Russian Federation
(letter in paragraph 2 of the Decree). From these positions,
the Applicant’s brief proof demonstrates to each student the
priority and achievements of Russian science, and therefore
has important public legal consequences for science, pedagogy,
and strengthening the Russian morality of the leading state
in the fields of education, science and technology. This
Decree develops Article 34 of the Constitution of the Russian
Federation: Everyone has the right to freely use their abilities
and property for entrepreneurial and other economic activities
not prohibited by law.

10 Scientific discoveries are of global
importance

Speaking about the secondary nature of Russian science, the
Applicant notes the ideological prerequisites that also arise
from morality and a system of values. Back in 1991, the
Presidium of the USSR Academy of Sciences recognized that
it was "inappropriate"to maintain the state registration of
scientific discoveries (decision No. 156 of May 14, 1991). The
withdrawal of an intellectual result in the form of a scientific
discovery under the pretext of "inexpediency"was undertaken
by the Russian state at a time of great expectations from the
integration of our country into the international scientific
community and the division of labor. But as the special
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military operation convincingly showed, such expectations
turned out to be illusory.

In the Decade of Science and Technology, the issue of protecting
intellectual potential requires special attention. It is enough
to point out the vulnerability of clause 5 of Article 1259 of
the Civil Code of the Russian Federation: . . discoveries, to
make sure that there is no Law on Discoveries, the successor
of the State Committee for Inventions and Discoveries under
the State Committee for Scientific Research of the USSR,
the state service for registration of scientific discoveries.

Paragraph 1. of Article 44 of the Constitution of the Russian
Federation states that everyone is guaranteed freedom of
literary, artistic, scientific, technical and other types of creativity,
teaching. Intellectual property is protected by law. From the
available scientific publications and monographs from the
peppery RSCI, the mathematical discovery was made by the
Applicant in early 2020, and at that time was regulated by
Resolution of the Council of Ministers of the USSR dated
August 21, 1973 No. 584 "On approval of the Regulations
on Discoveries, Inventions and innovation proposals".

In accordance with the above, guided by Part 1 of Articles
21, 75.1, Part 1 of Article 34, Part 1 of Article 44 of the
Constitution of the Russian Federation, Part 3 of Article 3
of Articles 36, 96, 97 of the Federal Constitutional Law of
07/21/1994 N 1-FKZ "On the Constitutional Court of the
Russian Federation

The wording of the petitioning part of the complaint

To recognize paragraph 4 of Article 1349 of the Civil Code of
the Russian Federation as inconsistent with Part 1 of Articles
21, 75.1, Part 1 of Article 34, Part 1 of Article 44, Part 1
of Article 46 of the Constitution of the Russian Federation
in the constitutional and legal sense in which the specified
norm contradicts public morality and morality of the Russian
Federation.

11 The response of the Constitutional
Court

The decision of the Constitutional Court of the Russian
Federation, dated 30/05/2024, N 1337-O, concerning the
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rejection of the complaint filed by citizen Avdyev Marat
Alexandrovich, alleging a violation of his constitutional rights
by paragraph 4 of Article 1349 of the Civil Code of the
Russian Federation. Constitutional Court of the Russian
Federation

DEFINITION
dated May 30, 2024 N 1337-O

ON THE REFUSAL TO ACCEPT A CITIZEN’S
COMPLAINT FOR CONSIDERATION

Avdyev MARAT ALEXANDROVICH FOR VIOLATING
IT

CONSTITUTIONAL RIGHTS BY PARAGRAPH 4 OF
ARTICLE 1349 OF THE CIVIL CODE

THE CODE OF THE RUSSIAN FEDERATION

The Constitutional Court of the Russian Federation, consisting

of Chairman V.D. Zorkin, judges A.Y. Bushev, L.M. Zharkova,
S.M. Kazantsev, S.D. Knyazev, A.N. Kokotov, L.O. Krasavchikova,
M.B. Lobov, S.P. Mavrin, N.V. Melnikov, V.A. Sivitsky,
having considered the possibility of adopting citizen M.A.
Avdyev’s complaints for consideration at the session of the
Constitutional Court of the Russian Federation,

installed

1. The complaint of citizen Avdyev Marat Alexandrovich is
rejected on the grounds that it fails to meet the criteria set
forth in the Federal Constitutional Law "On the Constitutional
Court of the Russian Federation."This law stipulates that
a complaint to the Constitutional Court of the Russian
Federation is deemed admissible if it meets the specified
requirements.

2. The decision of the Constitutional Court of the Russian
Federation on this complaint is definitive and cannot be
appealed.

Chairman of the Constitutional Court of the Russian Federation
V.D. Zorkin.



12 Don’t invent entities beyond necessity

Nevertheless, even a negative answer allows the author to
freely distribute and print the results of his intellectual

activity in accordance with Articles 29 and 44 of the Constitution

of the Russian Federation. It should be recalled that the sole
grounds for refusal to register an industrial design patent
by Rospatent were those of violations of public morals. The
aforementioned elements have now been removed.

12 Don’t invent entities beyond necessity

A simple proof has a higher scientific value: "do not invent
entities beyond necessity" (William Occam). The inscriptions
on the product according to the application for the patented
industrial design of the author do not violate the rights
of other persons and public interests, but on the contrary
correspond to the public interests, principles of humanity
and morality to the extent that education and enlightenment
contribute to this. Since 2021. A 3D wooden hypercube
on a prefabricated stand with a proof of Fermat’s Great
Theorem was placed by the author at the Siberian Mediation
Center Union on Market Place as a developing souvenir for
schoolchildren, students and curious youth. This souvenir
was presented by the author to a number of libraries and
universities in Russia.

13 The Metalanguage of the Universe

14 Conclusion. Prime numbers as
metalanguage of universe

It is challenging to overstate the significance of prime numbers
in the physical laws that govern the material world and, in
a broad sense, the universe as a whole Tab. 14.1. There is a
correlation between prime numbers and quantum mechanics,
statistical physics, and the subsequent probability theory.
The divisibility properties of prime numbers (only by one
and themselves) follow from symmetry, independence, and
the random nature of microstates in any thermodynamic
system.
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Tabsmna 14.1: Mathematics model. Algebra.

Difficulty of Understanding —

the universe

Prime Numbers Integer Matrices. SLDEs y Quz
Polynomials A(t)y. Mex
Ope
2,3,5,7,11...and | Irreducible Symmetry Group G. H Y
even integers 2Z = | Polynomials Completely reducible | ent
Z representations =
decomposed
irreducibles: D
A
Z]- rj D
g= % — probability | Characteristic Statistical weight I' and | Pro
density and | polynomial its differential AT ||
Z = <g> — group | (A — a;)k of a Cnl
generating element | matrix mat
Fundamental | f = c1,p* | R = Ri@Ry---@R;. | Deg
Theorem of Invariant subspaces. | eige
Arithmetic Characteristic the
a =TI, p“(p) polynomial. (ene
deg
The cognitive | Polynomials and | Description of dynamical | Mo
understanding  of | matrix functions | processes mic

«—— Foundations

Prime numbers are a mathematical model of the possibility
of isolating a subsystem with additive resource separation
from a system Fig. 3.2. The utilisation of prime numbers
facilitates the integration of a system, a suprasystem, and a
subsystem. Prime numbers are metalanguage of universe.

The conclusion of the canonical Gibbs distribution was made
on the basis of an equally probable distribution over all
microchannel states of the system. This facilitates the use
of logarithms and additive variables. Additive functions for
homogeneous quantities form the basis for a series of natural
numbers, for countable sets, and for the production of any
measurement. The measurability of distances is introduced
through the concepts of metrics and measures. It is evident
that the properties of the microcosm are indicative of the
properties of the macrocosm. The multiplication operation is
considered to be of greater importance than the addition and
subtraction operations. It is from these positions that the
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axioms of arithmetic introduced by Giuseppe Peano can be
elucidated, as well as the principle of mathematical induction,
which is widely practised in mathematical proofs.

The conclusions derived can be extrapolated to a range
of subsystems, finding equal application in mathematics
(fundamentals of probability theory, logic) and physics. It
is logical to determine the logarithm of the probability
distribution and thereby ascertain an additive value, i.e.
entropy. The capacity to differentiate a constituent element
within a complex system, in conjunction with the capacity
to establish a function, enabled the Architect of the Universe
(if such a being exists, despite the scepticism of atheists) to
render the world manageable and knowable, thereby reducing
complex phenomena to simpler ones [Sel03].

And the role of symmetry/asymmetry in our lives has not
yet been properly realized, at least by Western science.
The properties of polynomial rings and linear operators
are derived from the properties of prime numbers. Due to
the additive properties of entropy, it is possible to reduce
the fluctuation of easily measurable quantities: the number
of particles, energy, temperature, pressure, as the sample
increases and describe it in simple linear relations. This is
how the connection of the microcosm with the macrocosm is
realized. This relationship obeys the laws of mathematical
statistics (statistical physics). see also the interesting popular
book [Pon86|.

Prime numbers are the metalanguage of the universe.

It is striking that, literally from the first grades, schoolchildren
study phenomena that are based on quantum nature, the
fundamental laws of our universe: symmetry, uniformity of
space, isotropy, etc. If mathematics is called the language

of the universe, then prime numbers are metalanguage of
the Universe.

In this sense, prime numbers came to us from the beginning
of the universe, they are relics from the Big Bang! Is it a
metalanguage or according to Stanislav Lemm His Master’s
Voice - perhaps there is no adult on Earth who does not
know how to count and pray, but not everyone is able to
hear...

To better feel the surprise that the author feels, imagine

[Sel03]: Selivanov (2003), The
search for the wrong and the
right

[Pon86]: Pontryagin (1986),
Generalizations of numbers
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[PHY95]: Penrose u xp. (1995),
«Shadows of the mind: a search
for the missing science of
consciousness»

[Kre]: Kreik (),

a world without prime numbers, where any number has
as many divisors as you want, where it is impossible to
separate a part from the whole, where every phenomenon is
irreducible to simpler ones. It is about such phenomena that
Roger Penrose mentions in his book [PH95|. The discreteness
of the genetic code, which consists in the fact that a given
nucleotide can be part of only one codon, is another example
of the importance of separating a part from the whole.

Summarizing the above, it can be argued that if there were
no prime numbers, it would change our universe beyond
recognition. Would it be possible for a reasonable person to
originate in a world without prime numbers?

It is important to note that the system may have the properties
of emergence (English from "arising, unexpectedly appearing")
qualitatively new, not inherent in its components individually.

In the social sphere, of great interest is the superadditive
effect (i.e., "exceeding the amount"), meaning an additional
increase in the productivity of group work, exceeding the
amount of contributions separately from each other. For
such cases, the above approach should be supplemented with
qualitatively new methods. But such complex phenomena are
not included in the subject of the study. For more information
about the synergy problem, see, for example, [Kre].

Since any daring attempts to continue the scientific search
for brief evidence of FLT were met with resistance, the
author was forced to continue scientific work on the ABC
hypothesis, from which a number of interesting consequences
follow, including FLT itself. Both theorems turned out to be
connected due to the common principles laid down during
the formation of our universe.

And I would like to end this chapter with a quote:

"Two things fill the soul with constantly new, increasing
wonder and awe: the starry sky above me and the moral law
in me. Both, as if covered with darkness or abyss, are
beyond my horizon, I should not explore, but only assume. I
see them in front of me and connect them directly with the
consciousness of my existence..."

Immanuel Kant.
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1 IIpocrpanctso Jlebera, I'mabbepTa.
OneparTopbl

B sroit cexnum u ciemyronieit NCIONb3yI0TCA 0003HaYeHuA: 1, ¢ -

BostHOBast pyHKIMsA, G - orpanndennas obsactb B R™.

Bcé ckazannoe B sTOM pasjese o mpocTpaHcTBO Jlebera

Z»(G) nepenocurcst na npocrpanctso Jlebera ¢ secor ZLa(G; p).

Omnpeienernne < f, g)p:

<fr8>p=/P(x)f(x)g(x)*dx (1.1)
G

re p € C(G)u p(x) >0, x€G, f,g € %L (G;p)

(Jamee pst mpocroTel Hmzke p = 1 u B popMyIax omyckaer-
Cs1, HO BBIBOJIBI KACAIOIINECS OPTOHOPMUPOBAHHBIX (DYHKITHIA,
MOXKHO pacripocTpanuts Ha Vp(x) > 0, x € G, B 4éM JIerko
yOeIuThCs TyTeM 3aMeHbl epeMeHHbix [2K{B22] ). B mpo-
CTPaHCTBE U3MEPUMBIX (DYHKIIHH, JIJIT KOTOPBIX HHTETPAJI OT
KBa/j[paTa MOJLYJisi KOHEUYCH f ” f (x)||2dx < 00 - B IIPOCTPAH-
ctBe Jlebera & paccMOTpUM CUCTEMY yPAaBHEHUS JIMTHEHHOTO
oneparopa Ay, = ay,, rae codbcrBenHasg OYHKINT g, AB-
JISTIOTCST JIMHEITHO HE3aBUCHMBIMI, 8 COOCTBEHHBIE 3HAYECHUST
JIHeHOro oneparopa A 3amanbl Had mojgem C.

1.1 Bazuc u3 jimHeitHO He3aBUCUMBIX (PYHKITHIT

Besikasg opToHOpMAJIbHAST CHCTEMa {l,bk} COCTOUT M3 JINHEHHO
HE3aBUCUMBIX (DYHKIWMMH, T.€. Yk 1 D, |Ck| # 0 HEBO3ZMOXKHO
k

2k ckYPx = 0. CobecrBennble dyrKIMHI Y1, 17 ... P, € IOMO-
HIbIO IIpoltecca oproronaanzanun ['pama-~ IImuara MOXKHO
IIPUBECTH K COBOKYITHOCTA OPTOHOPMHUPOBAHHBIX (PYHKITHIL,
Haupumep B £y (=71, 71): ABIgETCS TPUTOHOMETPUYECKAs CH-
creMa:

— L ikx
Yr(x) = \/Z_ne

k=0,%1,%2...
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[?KB22]: Kapuro u jp.
(2022), VpaBHeHus MareMaTu-
qecKoil (pu3uKu

(Huzkree dopmysia - COOTHOIIEHIE OPTONOHATBHOCTH MOYKET
OBITH 3alncaHa TakyKe B B BUJE: ( f, g> = 0, ona wurpaer
BayKHYIO pOJIb Ipu pabore B mpoctpancTse Jlebera £y).

Jost ykazanupix Gyuknmit Voo f(X) MOXKIHO Pa3IokKUTL B P
Dypre:

ck = (f, ¥x)

f= i:] Cry = %(fﬂl’k)‘abk (1-3)

Bepuo pasenctso [lapcesasis-CrexiioBa Jijisi OpTOHOPMAJIb-
HOI CHCTEMBI {1/);(}, oJtHOH B £Lp:

; F ol =fI (1.4)

N3 Teopembr Pucca-Pumepa ciaemyer:

YpaBHEHNE 3aMKHYTOCTH

it Toro 9Tobbl OpTOHOPMAJIbHAS CUCTEMA, {gbk} ObLITa
IIOJIHOM B £ o HEOOXOINMO U JIOCTATOIHO ITOObI

» s Vf BbiosHSIIOCH paBeHcTBO [lapceBana-Crekiiosa;

» Vf u3 muoxkectsa M 1ornoro 8 £3(G) MoxkHO
OBLIO CKOJIb yTOJAHO TOYHO Hpubm3uth B L2(G)
JIMHETHOM KoMOWHAaIel (OyHKINI 9TO CHCTEMBI.

Cu. §1[2KB22].

N3oxkeHHble BBIIIE CBOWCTBA Jijisi IIpocTpaHcTBO Jlebera
Z£>(G) cupaBeIUBLI U I €ro JUCKPETHOro aHaJjora lp u
TeMm 6oJ1ee JIjisi €ro KOHEIHOMEPHBIX MOJIIPOCTPAHCTB IIPO-
crpancTBa lp. CorytacHo Teopeme Prcca-Duinepa mpocTpaH-
ctBO Jlebera L(G) nzomopdno npocrpancTy I'minbepra

H.

B xBanTOBOIl pusnKe - BoTHOBasT (DYHKIIUS, SIBJISIIONIAACS Pe-
ImeHueM JimHeitHoro ypasuenus Ipénunrepa, onpeensercs
B KoOpuHaTHOM (g, 1) b0 MMITYIHLCHOM IIpPe/ICTaB/ICHIN

P(p,t).
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Ypasuenue [lIpénunrepa:

m%w:ﬁwﬂmf (1.5)

CumMeTprsi KBAHTOBOMEXAHUIECKON HEKOTOPOI IPYIIIIBI PO~
SIBJIAETCS KaK MHBApUanTHOCTH ypasHuenust [Ipéaunrepa or-
HOCHTEJILHO NTPeoOpa3oBaHmil HaJl IEPEMEHHBIMI KOODMHAT
U UMITyJIbca (4, p) U3 9TOi IPYHIIb! (HAIIOMHUM, YTO B KJIAC-
CUYECKON MeXaHUKe MPeodpa3oBaHusi, COXPaHsIIoIee BUJL Ta-
MUJIBTOHMAHA HA3BIBAIOT KAHOHUYECKUMHE). Ecim ypasHeHue
[Ipéaunrepa NHBAPHAHTHO OTHOCUTEIHLHO IIPeodpa3oBaHus,
TO 1OCJIe TPEOOPA3OBAHUS OHO JIOJIZKHO COXPAHUTH MPEXKHUN
B [[Ter99]. OgeBu im0, 9TO 91O GyAET BHINOJHEHO, €C/IH ITa
HOJICTAHOBKA He M3MEHWUT BHJ raMuabronnana H(x) 1.5.

CreicTBIEM WHBAPUMAHTHOCTH TaMUJIBTOHUAHA TTPU KAHOHW-
YeCKUX MPeodpPa30BaAHUAX ABJISAETCS €ro SPMUTOBOCTL. Jlys
SPMHUTOBA ONEPATOPa COOCTBEHHbBIE 3HAYCHUS SIBJIAIOTCA JIeii-
CTBUTEJbHBIMU YUCIAMU U COOTBETCTBYIOT SHEPIUU CUCTEMBI.
B opronopmMupoBanHoOit cucteme pyHKITHIT MOXKHO 110/100paTh
0a3uc U3 COOCTBEHHBIX BEKTOPOB, OTBEYAIOIINX CBOUM COO-
CTBEHHBIM 3HAYEHUAM (SHEPIHUH), TJIe TAMUJIBTOHUAH CUCTE-
MBI TIPUOOPETAET MIPOCTON BUT

Hy = Ey (1.6)
rie E - sHeprus wmcciempyeMoil cucteMbl (CyMMa SHEPruil

HOJICHCTEM ). DTO COOTBETCTBYET TCOPEME O KHHETHICCKON
SHEPI'UK, N3y4aeMoil B Ha ypOKaX MeXaHUKH B IIKOJIE.

CobcTBeHHBIE 3HAUEHHST 00pa3yI0T JUCKPETHYIO ITOCJIEI0-
BATEIHHOCTh (KOHETHYIO WJIM DECKOHEUHYIO CYETHYTO), UTO
SIBJISIETCS XapaKTEPHBIM JIjIsi COOCTBEHHBIX 3HAYECHUI, cOO-
cTBeHHbIe (DYHKIMHU TPUHAJJICXKAIUX TTPOCTPAHCTBY [ Mih-
bepra.

Ckautstproe mnpoussesieane Wy, Wy sBsiommxcst perennemMm
1.5 onpenensiercs o dpopmyiie:

(W1, W2) = > (W1, ¢p) (¥, ¥2). (1.7)

p

Haumnio anajorusg ¢ oObIYHBIM KOMILIEKCHBIM BEKTOPHBIM
npoctpancTBoM. [losiHast opTonopMupoBanHast cucrteMa OyHK-
il UrpaeT posib OA3UCHONW CUCTEMBI OPTONOHAIBHBIX JIPYT

[[Ter99]: Tlerpamenr Mapus
UsanosHa (1999), IIpumenenne
TEOPHUH I'PYII B KBAHTOBOI Me-
XaHHKe
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[Can04]: Canosuuunit (2004),
Teopust onepaTopos

JIpyry BeKTOpOoB eauHudHO JmuHbl. Oynknusa W ecTh BeKTOD
B 9TOM MPOCTPAHCTBE (¢ GECKOHEYHBIM YHCJIOM M3MepeHuii),
k03 durmentor Pypbe 1.3 - 970 KOMIOHEHTHI TI0 HAIIPaB-
JIEHUSIM Oa3UCHBIX BEKTOPOB, & HOPMa 3TOr'0 BEKTOPa PaBHA
CyMMe KBaJIpaToB MojyJieil cocransomux. CKaaspHoe mpo-
n3BejieHne 1.7 paBHO CyMMe ITpOU3BeIeHUIT Cp - KaxJoit
KOMITOHEHTHI 1.3 Ha BEJIMYNHY, KOMIIJIEKCHO COIPSIKEHHYIO

*

p
3HavYeHne orneparopa A 1o gopmyie:

COOTBeTCTByIOIlIeIU/I KOMIIOHEHTE C,, == OIPEJE/JIUTh CpeHee

(W, AW)

W=y

(1.8)

VHuTerpupyemMocTs oreparopa, JefiCTBYIOMEro Ha IPOU3BO/Ib-
Hoe perrrenne yrpassenne [Ipémuarepa AW:

AW = > chAY, = D ape . (1.9)
p.r p.r

2
p| Ans bu-
HUTHOI BosiHOBOM dynkiun W u oneparopa A ¢ orpaHudeHHOI

C

olpeziejyieHa B CUJIy CXOJMMOCTU DPsJla Zp,r a’%

HOPMOIi (KOTOpasi HHBAPUAHTHA OTHOCUTEIHLHO BHIODAHHOIO
6asuca) [Can04].

B ciydae orpannyeHHON HOPMBI OIIEPATOPaA U CXOJAUMOCTH
psijia MOXKHO OlpeneuTh orneparop F(A) depes pasioxke-
HHe B CTEIeHHOfl psiJ| 110 KBaJIpaTHOIl MaTpuue dpC, BH-
na: F(A)W = Xy, » F(ap)cp . Takoe onpejesenne dyHKIum
F(A)W rakxke He 3aBUCHT OT Oa3uca, B 4aCTHOCTHU it (DYHK-

IIUH SKCIIOHEHTDHI ¢4

AW = S ey, (1.10)
2

MoK1o onpenenuTs craTucTHYecKoe pacupeaesrenne f(&)
CJIy9ailHOl BeJIMYUHBI /I JTF000I0 JUHAMUYECKOI'O COCTOSI-
Hus usndeckoit cucrembr. /leficTBuTeIbHO, BBEICHHAS PYC-
CKUM MaTEMaTHUKOM N MEXaHUKOM AM HHHyHOBbIM Xapak-

+00

tepuctnieckas ynknusa f(&) = / e’**P(x) dx pacmpese-
—00

JIeHusl CIyvaiinoit Besmaunbl P(X) (1711 JUCKPETHOTO CTydast

ompeiesisiercs 1o dopmyie: f(&) = X, e!¢Xn. smanme koro-

POii TIO3BOJISIET MOJIHOCTBIO OIUCATH PACIpPeJIe/IeHe - 3TO

I10 OIpEIEIEHNIO, Cpe/Hee 3HaUeHNe BeJINIHHbL €/ B 9TOM
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cocTogHnK. Bocrob30BaBImch onpejesienneM cpejnero 1.8,
BBIYUCJIUM HEITOCPEJICTBEHHO 3TO CpejlHee 3HAYEHNE C ITOMO-
OIbIO BbIPa2KCHUA:

(W, et w)
f(&) = VA L1)
f(&) = Z wpeiéap
p

['ie onpenesierne BecoBbIX KO3(MMUITMEHTOB 3a,1a6TCsI POp-
MYJIaMHU:

Zlol 2 (wp wF

_ _ (1.12)
(PP (P, W)

Wy

N3 BoIpakenus Jjid XapaKTePUCTHIECKON (DYHKITMH pacipe-
JIeJIEHUS CJIETYEeT UTO:

» Bemmuauna f(&) MOXKeT IPUHUMATH TOJIBKO 3HAYCHUS
1,2, -+-0p T. €. CODCTBEHHBIC 3HAUCHHS COIOCTAB/ICHHO-
o eif omeparopa. 4,

» Bepogrunocrs roro, uro W npumer snadenue d,, €CTh
Wy .

» Cpeanee 3HaYEHUE ( f (5)) JTaeTcs BhIPaskKeHueM IIph
YCJIOBUH CXOIUMOCTH 3TOTO Psijia YTO 00ECIICUNBACTC B
CITy TOJIHOTBI OPTOHOPMAJIBHOM CHCTEMBI U PABEHCTBA,
[TapceBasisa-Crekiosa 1.4.

Ky6o0, anamu3upyst MaTpuily IJIOTHOCTA CBOOOJIHOM YacTH-
Bl B KOOPJMHATHOM ITPECTABJIECHUN, IMPUBOIAT (DOPMYJIY
JIJISE 9JIEMEHTa CTATUCTUYIECKON MATPHUIIBI B KOOPJANHATHOM
g-npezacrasiaennn §2.32 [Ky607]:

(@' 1e ] q7) = exp {~A) X 0:(0)0}(")
=exp {-BH(7)} (4" - q”) (1.13)

Bakno ormeruts, uro xots psax 2 Yi(q’)Yi(g”)" me cxo-
JINTCSA B OOBIYHOM CMBICJIE, €0 MOYKHO PacCMaTPUBATh KaK
O-byuknuio upaka. 1o ciiejlyer u3 Toro, 4To eciau PyHK-
mn P (I =1,2,...) 06pa3yior mOJIHYIO0 CHCTEMY {gbk} B

[Ky607]: Ky6o (2007), Craru-
crudeckas Mexannka. CoBpe-
MEHHBII KypC € 3aJja9aMi U pe-
[IEHUSIMEU, COCTABJIEHHBIA HPU
yaactuu X. Muanmypa, L. Yeyn,
H. Xacusywme
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GYHKIIMOHATBHOM ITPOCTPAHCTBE, YAOBJIETBOPSIOINIEM 3a,/1aH-
HBIM I'PDAHUYHBIM YCJOBUSM, TO Jjisd Ji00oi dpyukimn 1.3
BBITIOJTHAETCS COOTHOIIEHUE:

/ Zl] Vi@ (q”)f(g")dq” = f(q") (1.14)

u 31a GHopMyJIa ABISIETCS OJJHUM U3 CIOCODOB OIpEIe/IeHUsT
O-byHKIHIN.

B Boipazkenun 1.13 nipu pasjioykeHUn MOZKET ObITH UCIIOJIb-
30BaHa MPOU3BOJIbHASA cucTeMa (DYHKIIUN TPU YCJIOBHUH, UTO
oHa sBJigeTcs 1mostHoit. [Ipu aTom He Tpebyercs, 9To0bI hyHK-
U ObLIN COOCTBEHHBIMU 3HAYCHUAMU ypaBHEeHUA 1.5. DTO,
OYEBUJHO, CJIEYeT U3 TOro, UTO cooTHornenue 1.14 gapiser-
cs copepieHHO obmmM. CrieoBaTe/IbHO, B KadecTBe Oa3uca
JIJISI TIPeJICTaBIeHNs MATPUIILI IJTIOTHOCTH 1.13 MOXKeT OBIThH
HCII0JIb30BaHa Jito0as MoJIHas cucTeMa (PYHKIINM, HAIIPUMED,
miockue BoJub 1.2, 1.3.

Ypasuenne [Ipénunrepa 1.5 3KBUBAIEHTHO HEKOTOPOMY 3BO-
JIIOIIMOHHOMY HpHHIINITY. PaccmaTpuBas cpejinee 3HaYeHUE
SHEPIUH B COCTOAHUM 1) KaK (DyHKI[HOHAJI, OLPEeIeJICHHBIN Ha
KJIacce KBaIPATUIHO WHTEIPUPYEMBIX (DYHKIWI Ly, MOXKHO
OTBICKATh (DYHKIHUIO ', KAK COOTBETCTBYIOMIYIO SKCTPEMYMY
9TOro (PyHKIMOHAIA, IIyTEM OOPAIIAIONLYIO B HOJIb Bapua-
nun. Beraucaus Bapualuio, Jerko yoeauThesd, 9TO yCJIA0BU
9KCTPEMyMa YJOBJIETBOPAIOTCA JId (DYHKIUN ), €CIl OHa
nounHsiercss ypasuenuio IIpéqurarepa:

Hy =(E) ¢ (1.15)

a cpeJiHee 3HAYEHUE SHEPIMH €CTh COOCTBEHHOE 3HAYEHUE B
9TOM cocTosinuu. BepHo u obpaTHoe, ecin Kakasd-To PYHKINAA
Y, umeer sKcTpeMyM (E), TO OHa yJI0BIETBOPSET YPABHEHUIO
[Ipénuarepa.

[Tosromy mamnusmiee suadenue {E,,;,) oneparopa H naér
abCoIOTHBIN MuHUMYM (dyHKImonaua (E), Koropblii peaiu-
3yeTcsl Ha, BOJIHOBOI (pYHKIIUN OCHOBHOI'O COCTOSIHUSI CHUCTE-
Mol Pg. Crretytornee o Bestiranue nocse (Ey,i,) cobcrBentoe
snauenue H naér, munnMyM (E) Ha Kitacce yHKIUU OPTO-
rOHAJIBHBIX K Yo U TaK jajiee.
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OCHHHHHHHOHH&H TeopeMa

B KBaHTOBO TEeOpHUHN OCHUJIJIAITMOHHBIE T€OPEMbI CBA3bI-
BAIOT YMCJIO y3JI0B (HyJiei) BOJHOBON (byHKIUE - pere-
nus ypapaenus [IIpénunrepa ¢ HOMEPOM 3HEPreTHIECKOrO
ypoBHs E,; ocruiignuontas TeopeMa IJIaCUT: BOJHOBas
bynrnus Y(x) coOTBETCTBYIOMAS N-My SHEPIeTHICCKOMY
YPOBHIO, IMe€eT POBHO 1 y3710B (TOUeK, rje Y (x) obparaet-
csl B HyJIb (He CUATasi TPAHUIHBIX TOYEK ). DTO MO3BOJIAET
BU3YaJIU3UPOBATH JHEPTETUICCKUE COCTOAHMA: OCHOBHOE
cocrosiare 1 = 0 He UMeeT y3JI0B, IIEPBOe BO3OYIKJIEHHOE
n =1 umeer — oun y3es u T.J. Hanmpumep 11 KBaHTO-
BOTO TAPMOHMYECKOTO OCIIIJIIIATOPA PEIIeHHsT (SPMHUTOBBI
HOJIMHOMBI) UMEIOT POBHO M y3J10B jyist E, = 2n + 1.

3/1ech yMecTHa aHAJIOTHS OCIIIJIISIIINOHHON TeOPeMbl U BbI-
pazKeHus JyIsl HeTPUBUAILHBIX HyJel dynkmusa E(t) 1.19.

B Toit mim uHOI cTelneHn OCHUJLISIMOHHAsI TeopeMa HU3y-
JaeTcs Ha ypOKax IMKOJbHONW XMUMUU U3YydaeTcsl CTPOEHUE
9JIEKTPOHHBIX 000JI04€K aToMa s, p, d, f V, rae mmurepa obo-
3HAYAET COOTBETCTBYIOIILYIO (hOPMY OPOUTAH, BHITEKAIOILYIO
u3 pemtenus ypasuenust [Ipénunrepa.

1.2 @ynknusa ['puna. IIponaratop

B sroit nogceknun H - ravmibronnan ¢ u W - BoaHOBBIE (DYHK-
IIUH, P - IVIOTHOCTB BeposATHOCTH, G - dyHknua 'puna K - eé

Pa3HOBUIHOCTE TIporaraTop S - meficTBue.

[Tepeitaém terepsb K mostHoMy ypasaenuto IIpéunrepa, orm-
CBIBAIOIEMY SBOJIIOIMIO BO BpeMeHH. [IJis1 crarmoHapHbBIX
COCTOSTHUH 3aBHCHMOCTD OT BPEMEHHU SIBJISETCs] 9UCTO TapMo-
HUYIECKOI B CHJIY BelllecTBeHHOCTH sHeprun. CpejHee 3Hade-
HEe 1000l PU3NIecKoil BeJIMINHbI, He 3aBUCAIIEH SIBHO OT
BPEMEHH B CTAIlMOHAPHOM COCTOSIHUHU, OKA3bIBAETCsI ITOCTOSH-

HBIM.

PaceMoTpuM B ra/ibOEPTOBOM IIPOCTPAHCTBE MPOU3BOJILHOE,
B 00IIEeM cilydae, HecTallmoHapHoe perenue ypasuenust [pé-
muarepa (g, t), rae g obos3HavIaeT He O/HY, & COBOKYIHOCTD
HepeMEHHDIX JIAHHOIO IPECTABICHUS, 3aIIUIIEeM ero B BUJIE
pasioxkenue 1o Bpemenn [3es102]:

[3en02]: Benesnuckuit (2002),
Jlekiuu 110 KBaHTOBOI busnKe
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(g, ) = D Palge™ (1.16)

rje lﬁn(q) - KO3 PUIUEHT pa3IoKeHus, a 3HaK CyMMbI O3Ha-
qaeT cymmy 1o Pypbe-rapmonnkaM. [lojicraBigasa pasziioxke-
Hue B ypaBHenue [IIpénuarepa, caurasi, 9TO raMIUJIBTOHIAH
H He 3aBucHT 5IBHO OT BPEMEHU, TPUHUMas BO BHUMAaHUE
YCJIOBAE OPTOHOPMHUPOBAHHOCTH, ITpUpaBHUBasd KO3 duirm-
€HTBI 110 KazK/I0ll TapMOHUKE OTJIEJIbHO, TTOJTYINM:

Hy(q) = I, (q) (1.17)

Kosdbdunmentst 1,,(q) pasnokeHns ABIAOTCH PEIICHUSIMA
cranroHapHoro ypasuenus: [LIpéauarepa, orBedatonum sHep-
run E,, = hw,

U3 yciioBust HOpMUpPOBKHU 1.2 1 OPTOTOHAJIBLHOCTU BOJTHOBBIX
dynknmit Y, ciaemyeT BBIBOJ, YTO KO3MDMUIMEHT pas3iioKe-
HUSA lﬁn(q) B dopmyisie 1.16 oTimyaercs OT HOPMUPOBAHHBIX
BOJIHOBO# (DYHKITUU JIUIIIH TTOCTOAHHBIMU MHOXKUTEJISIME, B
obireM ciryuae KoMIeKeHbIMU Uy () = ¢pthy, clieoBaTes-
HO:

W(g, )= S cae™ F Pa(q) (1.18)

Ota dhopmyiia gaéT obIee perneHne JIid HeCTAIMOHAPHOIO
ypasuenus [IIpéanarepa. 3amMerns, 910 I KBA3UKIACCAIe-
CKOT'O IPUOIMKEHNS BOJTHOBYIO (DYHKITUIO 9ACTO BBIPAXKAIOT
Yepe3 JIBe BEIeCTBEeHHBIE MOJIYJIb - KOPEHb U3 IIJIOTHOCTH Be-
posiTHOCTH 2.9 U a3y, KaK HHTErpas OT aHajI0ra JJ0CTaTOIHO
IIJIABHO M3MEHAOIIEr0Cst KJIACCHIeCKOr0 UMITYIbCA IaCcTUIIBI
10 TYTH JIBUKEHUsI, UTO MO3BOJISIET BBIPA3UTH BOJIHOBYIO
dynknuio W Kak QyHKIUIO OT IJIOTHOCTH BEPOATHOCTH O U

daszwr S:

W =+p-exp %S (1.19)

Bribop pemenus ypasuenus [Ipéaunrepa /i KOHKPETHO
GUBMIECKO CUTYAINE 3aBUCAT OT HaYaJbHBIX ycyoBuii. Co-
IJIACHO KBAHTOBOMEXaHUIECKOMY TIPUHITIITY TTPUITHHOCTH
3a/laHue BOJIHOBOM (DYHKIMK B HaYaJIbHBIH MOMEHT BpEMEHU
MIOJTHOCTBIO OIPEIE/IsieT JAJTbHENIITYIO 9BOTIOIUIO CUCTEMBI.
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[TockonbKy HavdajibHas BOJHOBas (DYHKIUS MOYXKET OBITh
[POU3BOJIBHO 3aJlaHa, 9T0 O3Ha4daet, dro Jjobasa W(q, ) mo-
JKeT OBITh PA3JIOYKEHO TPEJICTABICHA KAK CYIIEPIO3UITUS 110
cranmoHapubiM pertienneM ypasaenus [IIpémunrepa. Cra-
[IOHApHbIe BOJIHOBLIE DyHKIUN ,(q) 06pasyior HOIHYIO
OPTOHOPMUPOBAHHOTO CUCTEMY (DYHKITUI, IIPU STOM KO-
dunuentsr ¢, B 1.18 silerko HaxomdTCcsa 1o hopMmyJe:

cn:/¢;\y(q,0)d1 (1.20)

2
W3 gero ciemyeT BHIBOJI, 9TO BEJIMUNHA [¢n] JAET BEPOSITHO-
cTu OOHAPYKEHUS y CHCTeMbI 3Heprun E,,, mpu 3ToM cpejinee
3HAYEHNE IHEPTUU CUCTEMBI HE 3aBUCUT OT BPEMEHU:

() = > Enlenl® (1.21)

HOCKOJIbe HCXOOHOE COCTOdHNEe CUCTEMbBI HeCTalluOHapHO U
He mMeeT OHpe,ZLeJ'IéHHOI'?'I QHEPru, MOXKHO I'OBOPpUTL JIMIIb
O CpeadHEeM SHa4YC€HUU SHEPIUH. W3 ckazaHHOro BBITEKACT
BazKHO€ CJIEJICTBHE: 3aJaHue aMIIJINTYI Cy IIOJIHOCTBIO OIIpe-
JeJigdeT COCTOAHuEe CUCTEMDI.

Breipazum pertenne Wy, 171d pon3BOJIbHOIO MOMEHTa BpeMe-
HI Yepe3 HavdaJIbHbIe yCJIOBUS.

[Toncrasnsasa 1.20 B 1.18 nosrygaem:

a0 =3 [ Ui oo e

- / G, 4, DWu(q, 0t (1.22)

31ech BBejieHa (hyuKIms ['priHa  onmchIBaoIas pacpocTpa-
HeHMe 10000 MCXOIHOIO MaKeTa:

Ent

G(q, 4", 1) = D walq (e (1.23)

Oyukius ['puna takxke nogunnsercd ypasuenuio [HIpéun-
repa u mpejicraBiisier coboil ero wacTHoe perienne, yJIoBJe-
TBOPSIONIEe HAYAJBLHBIM YCJIOBUAM, KOTOPBIE JIETKO HAWTH

339
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[3en02]: Benepunckuii (2002),
Jleknuu 1m0 KBaHTOBO# bU3NKe

o102kuB B 1.22 Bpemd t = 0. = BBIBOJI, TPAHITHOE YCJIOBUE
- mpaBag 4JacTh auddepentmaabuoro ypasuenus [Ipémaunre-

pa:

G(q,9’,0) =06(q - q") (1.24)

N3 nByx mocieganx GOpMyJI CaegayeT, UTO JJjis TOTO, UTO-
OBl IpOM3BOJILHOE pertenne ypasaenue [Ipénunrepa MoKHO
ObLIIO TIpesicTaBUThL B BHJe 1.18 HeoOXoamMo coOJIroIeHre
YCJIOBUS:

2 n(@y(q) = 6(g - ¢') (1.25)

Bamernm, uro G(q,4q’,t,t")— oupenensercsa Kak mporara-
TOP B KBAHTOBOI MeXaHUKE, OH COOTBETCTBYET aMILIUTYIE
BEPOATHOCTH IEPEMEINEHUsT YACTUIILI U3 OJHOI0 MECTa, IIPO-
CTpaHCTBa B JIPyroe 3a 3aJaHHbIi IPOMEKYTOK BpPEMEHU
UM BEPOSATHOCTHU IePEeMeIleHnsl YACTUIIbI ¢ OIPeae/ICHHOM
3Heprueil U UMILyJIbCOM.

Hecnoxuo BeBectn [3e102] dopmyity mpomaratopa Jijist CBO-
6OIHOrO IBUKCHUS YACTUIIBL:

m

o7 - r’)z} (1.26)

, m
K(l",i’ ,t) = ﬁexp{

JIerko mpocseuTh aHaJOTUIO TPoaraTopa ¢ (hopMyJIoit Jiis
OIIpeJIe/IeHNsT TaK Ha3bIBAEMO I]D(%) - byHKIMY, BBEJIEHHOM
Pumanom 1.8 u 1.11, rie moxkuO 3agate ' =0, r =n, t = X.
Takas aHaIorust MOXKET Ha TePBbBIN B3IV OKA3aThCAd UCKYC-
CTBEHHOM, HO B CJIEJIYIOIIEM Daz/iesie OHA OYJeT PacKpbITa
6o1ee TOJTHO.

Oyukius ['puna, nponaraTop 0OCHOBaHbI Ha TPUHITATIE JTTHET-
HOCTH BO3JIEHCTBUSA HE3aBUCAIINX (PAKTOPOB, CYIIEPIO3UIIUN
cut, noseit. [Ijist ciydas KBa3MK/IacCUIECKOTro MPUOJIKe-
nust B ypapaenus Ipemumarepa moacrapisgercs QyHKIAS B
BHUJE, aHajgorudHoM 1.19, HO ¢ mobaBIeHHEM KOMILIEKCHOTO
CJIaraeMoro B BHJ€ KOPHS U3 IJIOTHOCTH BEPOSITHOCTH B (ha-
3y ?ln(\/ﬁ) U JIAJIBHEHIIIM pa3jioKeHueM (as3bl B psiJi 110
CTelleHU IIOCTOdHHOI HJIaHKa:
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y0) = exp 150

2

. (1.27)
SISO+7—151+352+---

[Tomcrasnssa 1.27 B ypasuenue [llpeaunrepa u npupaBHuBas
YJIEHBl C OJJMHAKOBBIMU CTENEHSIMU fI, HECJIOXKHO BBIBECTHU
ypaBHEHUE JIJI BOJTHOBOTO TAKETa C 3aJJAHHBIM HAIPABJICHU-
eM pacIpoCTpPaHeHNs, BHIYUCIUTD KaK JIJI KJIACCUIeCKOTO
cllydas €ro aMIUINTYy depe3 UMILy/asc p(x) mo dbopmyte:
A(x,t) = i;% u dpasy B TOUHOCTH JI0 MHOKHUTEJIS % PABHYIO

KJlaccudeckoMmy JeiictBuio 2.2.

NurepecHo OTMETHTD, UTO ¢ MATEMATHIECKON TOYKHU 3pe-
HUA OIIMCaHHOE KBA3UKJIACCUYICCKOE III)I/I6.HI/I}KCHI/IC 1Ipu pe-
meHnn 3a71a49 KBanToBoit Mexannku (1926) WKB Benrreos,
Kpawmepca, Bpusurysna gBisieTcss pa3HOBUIHOCTIM METOJIa,
cranmonapnoii gasznl. Ha ocnoBanun WKB pazpaborana
aJibTepHaTUBHAS (DOPMYJIMPOBKA KBAHTOBON TEOPHH METO/]
urTerpasios mo mytsM Deitavana [Tax11], sakmogatomasicst
B CYMMHUPOBaHUN BKJIAJOB OT BCEX TPAECKTOPUI ¢ BECOM IKC-
HIOHEHTBI eXP {i%}, rae S - KJaccuaeckoe JeiicTeue 2.2 BIoJb
Z[aHHOIjI TPaceKTOPUU. KH&CCI/I“IQCKI/HU/I IIPUHIIUIT HaMeHbIIeTo
JieficTBIst OTOMpaeT U3 ceMeicTBa BUPTYAJIbHBIX TPACKTOPUI
OJTHY, YJIOBJIETBOPSIONLYIO KJIACCUYECKUM yPaBHEHHE JTBUKE-
HUS.

Meto naTerpason mo mytsam Peiinmana

KpanToBast MexaHUKa OCHOBAHA Ha IIPUHIIAIE CYIICPIIOSH-
UM TPACKTOPHIi, TIe pe3yIbTHPYIOMas BOJTHOBAsS (PyHK-
usl (aMILIATYJIa BEPOSITHOCTH) OIPEe/deTcsi nuHTepde-
PeHIell UX BKJIAJIOB, UMeIuX pasubie dasbl [3e102].
DTO HAIIOMUHAET ABJICHIE HHTEP(MEPEHIINU BOJIH B OIITUKE.

Amnasoruio nponararopa ¢ dhopmystoit dbyuximn P(X), BBe-
JleHHoi PumanoMm, ciieyer paccMOTPeThb JieTaibHee.

CBOICTBO 8 TATUBHOCTH SHEPTUN, SHTPOIINU, THC/Ia TACTHIL
[IOJICUCTEM, 0OPA3YIOIINX UCCJIE/LyeMYIO CUCTEMY, B JIefiCTBU-
TEJIbHOCTHU $BJISIETCS IIPOSIBJIEHUEM SIBJIEHUSI CUMMETPUU.
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[Tax11]: Taxrtamksan (2011),

MeXaHUuKa  JJIsd
HUIT  “Pe-
XAOTUIECKAS

gunamuka, M.—xkesck 2011,

496 c.; English transl., LA

Takhtajan, Quantum mechanics

KsanroBasa
MaTEMaTUKOB,
ryJisipHasi "

for mathematicians

[3en02]: Benesunckuii (2002),

Jleknuu 1o KBaHTOBO# buU3NKe
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1.3 Uuterpasibnoe ypaBuenne @peroabma

B sToit cexmum ¢, P - nckoMmble (OYHKIUN JI7Is pellleHusd HHTe-
rpaJibHOIO ypaBHeHHs, K - HelpepbIBHOE SIIPO WHTErPaIbHOIO

ypaBuenus K - oreparop siapa E - equnuyanas maTpuia.

Paccemorpennas Boie dynkius ['puna 1.23 - sTo npumep
MHTErPaJIbHOTO YPaBHEHUS - YPaBHEHUS, COJIEPIKAIIErO MC-
KOMYIO (DYHKITHIO T10JT 3HAKOM HHTerpaJ/ia Ha HEKOTOPOil 00-
nactu () U3 N-MEPHOro eBKJINI0Ba mpocrpancTBa R" (st
MIPOCTOTHI M3JI0ZKEHNST MOYKHO CUHTATDH 3Ty 00JIACTh OTHO-
MEpHBIM OTKPBLITBIM nHTepBajsoM (0, a) - Ha BbIBOJ (DOPMYJI
TAKOE YIIPOIIEHNEe He BIIUSIET).

o(x) = / K(x, o0y + fx)  (1.28)
Q

U COI03HOE K HEMY MHTerpajibHOe ypaBHEHUE

() = / G Yy + g0 (1.29)

Q

(3ech mojpasymeBaeTcs HerpepbiBHOe s1/1po K, 3a1ann0e Ha
3aMKHYTOI 00JIacTh Q x ﬁ) [TonpasymeBaercsi, 9To PyHK-
must f u aapo K(x, ) HelmpepbIBHBI Ha COOTBETCTBYIOIINX
0bJTacTAX ONpEICTICHU.

N3 Teopum mHTErpabHBIX ypaBHEHUN U3BECTHO, YTO KOM-
ILJICKCHOE 3HAa4YeHue [, IPpU KOTOPOM OJJHOPOJHOE MHTErPDaJlb-
HOE ypaBHEHHE NMeeT HeTpuBHaJbHBIC pemenus u3 Ly(G),
Ha3bIBAETCsl XapaKTepPUCTHIecKnM qrcjaom siapa K, a coor-
BETCTBYIOIINE PeIIeHnsT — COOCTBEHHBIME (DYHKIIUSIMEI 3TOTO
sIpa, OTBEYAIONINMEI 3TOMY XapaKTEPUCTUYIECKOMY HHUCITY.

Definition 1.1 XapakTrepucruieckue 4nucia (U aiapa K u
coOCTBEHHBIE 3HAYEHUS A oreparopa B3anMHOOODATHHI, a

X COOCTBEHHBIE (byHKHI/II/I COBIIa/alOT.

B oneparopnoit popme ypasuenus 1.28, 1.29 ObITh BbIpazKke-
HBI KaK:

¢ =AKp+ f

_ (1.30)
Y =AKY +g



1 IIpocrpanctBo Jlebera, I'manbepra. OmepaTopb

rJe MHTerpaJibHbI€ YPaBHEHUS OIIPEJIE/IAIOTCA ApaMU

(KF)(x) = / K(x, 1) f(9)dy

G

(K*F)(x) = / K(x, y)f(y)dy (1.31)

G
COOTBETCTBEHHO. BO3MOXKHO 1OC/IEI0BATE/ILHOE TPUMEHEHUE
onepatopos K3 = K»Kj o npasuy (K2K1)* = KiK3), a Tak-

Ke BO3MOKHBI 1osTopibie sapa KPH = K(KP) = (KP)K.

Viporenue 10 CUCTEMBI aJiredpanvIecKnX ypaBHEHUI

KazKk10e naTerpajbHoe yIpaBIeHue ¢ BHIPOXKICHHDBIM $1J1-
poum, T.e. ¢ pasgensiembivu K(x, y) = ©(x)W¥(y) nepemen-
HBIMH, S5KBUBAJIEHTHO CHCTEME ajrebpanvdecKux ypaBHe-

HHI ypaBHeHUit ¢ = yAc+a, 1 9TOT pe3yIbTaT 0000IaeTcsa
Ha V HermpepbiBHBIE sjpa. [/IKB22].

Omneparopuas ¢popma MO3BOJISIET JTAKOHUIHO BHIPA3UTH Pellie-
HIle MTHTErPaJIbHOTO YpaBHEHNUS B 1.28 depe3 pe30bBeHTY
o popmyuie:

(I-uK)™ =1+ uR,

ul < Vi (1.32)

Baece M = max(|[K(x, y)|) - 3TO0 MaKCUMAJIBHOE 110 abCOJIOT-
HOMY 3HAUEHHUe sJIpa IIPU ITOM X, Y € uccieryeMoii obacti,

a 1mepeMmeHHast V = f dy obosHadaeT Mepy HUCCIIeLyeMoil
Q
obJiacTu.

Pemenne 1.29 naxomurcesd ¢ MOMOIIBIO PE30JILBEHTDI:

o(x) = F(x) + p / R, fdy  (133)
Q

B cBoto odepeib pe3osibBenTa ONpe/iessgeTcs 1o hopmyie:

1

00 N
R(x,y,u) = Z 1Ki(x,y) = D) Z M; i fi(x)gk(y)
i=0

ik=1
(1.34)
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OTOT Pl AHAJUTUYEH 10 [l M CXOJUTCH B KPyre |y| < ﬁ
ITox D(u) noapasymeBaeTcst OIPeIeInTeNlb COOTBETCTBYO-
mero anrebpamdeckoro ypasuenns D(A) = det(E—AA), M; k
obosHauaer anrebpanteckoe ponosnenne Marpunpl (E —AA),
JIJIsT KOTOPOT'O CTelleHb MHOTOUJIeHa 110 A Ha eJIUHUILy MEeHbIIe
D(A). IToropHoe s11po 1 MOBTOPHAS PE30JIbBEHTA SPMUTOBO
CONPSZKEHHOTO sIJIpa BBIPasKalOTCsI Yepe3 IMOBTOPHBIE sipa 1
COOTBETCTBEHHO PE30JIbBEHTY UCXOIHOTO s1/Ipa aHAJOTUIHO,
10 OOIIMM TIpaBmiaM pabOThl HAJ JUHEHHBIME OIlEpaTOPa-
Mmu. B kpyre |y| < ﬁ CYIIECTBYeT U OrpaHuYeH oOpaTHBII
orrepaTop:

(I-uK)™'=1+uR,

JL71s1 COI03HOIO MHTErpaIbHOTO YPaBHEHUS ONPEJIEIUTEND U
PAHI MATPUII A* COBIANAIOT ¢ PAHEE IOJIYIeHHBIME 3Ha-
yennamu. Cornacuo I reopeme @pearonsma upu D(A) # 0,
TO UHTerpajibHOe ypaBHeHmue 1.28 u coro3Hoe K Hemy 1.29
yDaBHEHHE Pa3peInMbl IPU JIFOObIX CBOOOIHBIX WieHax f n
cooTBeTcTBeHHO ¢. Oba yIIOMAHYTHIX yPaBHEHNS UMEIOT O/IU-
HaAKOBOE KOHEYHOE YNCJIO JIMHEHHO HE3aBUCUMbBIX PEIICHUN

pasuoe n — rank(E — AA) (II reopema Ppejrosnbma).

Ypapaenus 1.32 u 1.34 umeroT BuI, aHAJOIMIHBIA 1.2, DTa
AHAJIOTNA OObACHSIIETCS C MO3UIINN KBAHTOBON (DU3UKM.

2 CraTucrmieckasi MaTpHIIA.

B sT0i1 cekmum Bce omiepaTopbl U MATPHUIIHI PACCMATPUBAIOTCS
B I'IJIbOEPTOBOM ITPOCTPAHCTBE.

YpaBHenue JInyBusis ONUCHIBAET IBOJIIONNIO TIJIOTHOCTH Be-
postroctu p(p;, 4i;t) Bo Bpemenu. CoryiacHO IPaBU/LY Ha-
XOKJIEHUsI TIOJTHON TTPOU3BOJIHON (DYHKITUU C YIETOM HECKU-
MaeMOCTH IIOTOKa IIJIOTHOCTU BEPOATHOCTU IO aHAJIOTUU C
JKUJIKOCTBIO B (Da30BOM ITPOCTPAHCTBE:

dp dp d (9dpdg; dp dp; _dp -
E—Eﬁ'; a—qla—F&—pZE —E'F{p,H} (21)

1



2 Crarucrmyeckast marpurna. | 345

1o Teopema JInyBuLIsI, OHA HEMOCPEICTBEHHO CJIeIyeT u3
MHBAPUAHTHOCTHU (ha30BOr0 0ObEMa, MIPU KAHOHIIECKIX T1Pe-
obpazoBaHusIx. DTU XKe Ipeodpa30BaHms O0bICHIIOT JIAKO-
HUYHYTO 3aIiCh CKOOOK Ilyaccona { p,H } [/Tar04].

JL1s1 KBAaHTOBO-MEXaHUIECKOT'O CJIydas MOXKHO COTIOCTaBUTD
JIIODOI MCCTIeyeMOi CHCTEME CTATHICCKYIO MATPUILY B KOP-
JIAHOBOI (hopMe 1t BJIOTHO- TUATrOHAJIHLHOM BUJIE B THIIHOED-
TOBOM IIPOCTPAHCTBE, Ha UATOHAJIAX KOTOPOil OyIyT 3armmca-
HbI BEPOSITHOCTH OOHAPYKEHUSI MUKPOOOBHEKTA B 33 JaHHOM
KBAHTOBOM COCTOsIHUM. BMecTe Takue BepOATHOCTH 00pa3y-
IOT TIOJIHYIO TPYIIY cOOBITHIT, a UX CyMMa paBHa €JIMHUIIE,
Kak npejycmarpusator 2.10, 2.16 u ycioBue HOpPMUPOBKU.

st HaXOXKIEHWSI CTATUCTUIECKON MaTpUIlbl UCCIeyeMOit
CHACTEMBI IIPEJIIIOJI0XKUM CHaYaJIa, YTO OHA HAXOJUTCA B YUCTO

KBaHTOBOM COCTOSIHUM C BOJIHOBOW (DyHKIIME <n|tp|m>

Cpennee 3nadenne Hab/ogaeMoil f BbIpakaeTcs GOpMyIIon
BHJIA:

MHOKeCTBO BEJIMUUH Wyy STO SJIEMEHTHI MATPUIILI TLJIOTHO-
cri (MM CTATHCTUYIECKOTO OIEPATOpPa) B SHEPreTUIECKOM
[PEJICTaBIEHUN. - OHU 00Pa3yloT CTATHCTUYIECKYIO MATPUILY.
Bajiaua HaXOKAEHUsT TaKONH MaTPHUIIbI CBOJUTCA K BLIUUACIE-
HUIO BEPOATHOCTEH Wy = Wyy - 9TO BEPOATHOCTU HAXOXK,IE-
HUsI CHCTEMBI B COCTOAHUAX C sHeprueit E,, u onn obpasyior
JIMArOHAIBLHBIEC 3JIEMEHTHI MATPHUIILI IIJIOTHOCTH.

Dopmyia JJIs CpeIHero 3HaYeHus MPOU3BOILHON BETMINHDI
f yupomaetrcs. B pabore [/lan02] wy,, paccmarpusBatoTcs
KaK MATPUYIHBIE 3JIEMEHTBI CTATHCTHYECKOTO OlepaTopa .
Crarucruaeckuii oneparop (WM MaTpHUIA JIOTHOCTH) OTIU-
CBIBAET CMENIAHHOE COCTOSHHE CHCTEMBI.

B srom citydae cymMMa Xy, Winp fum OyA€T ANArOHATLHBIM MaT-
PUYHBIM 3JIEMEHTOM f , & cpejHee 3HaYeHNe HaDJII01aeMoit
f OyJIeT BBITUCIATHCA 10 (DOPMYJIe JJIsT HAXOXKICHUS CJI1e/1a
OT CYIIEPIIO3UIIAT OIIEPATOPOB - COOTBETCTBYIONINE MATPHUITLI
ITPOCTO ITEePEMHOXKAFOTCH:

]? = Z(w]?)nn = tl’(’éf)f) (2.3)

[Tan04]: JIannay (2004), Teope-
T4aeckas pusmka. Tom 1. Me-
XaHUKA

[TTan02]: Tanmay (2002), Teope-
tuueckad Pusuka B 10T. Towm 5.
Crarucrudeckasa Ousnka.
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D1a hopMyIia TO3BOJISIET IPOU3BO/INTH BEITUCIEHIE CPETHETO
f ¢ moMoIIBIO OJIHOrO HAGOPA B3AMMHO OPTOTOHAIBHBIX HOD-
MUPOBAHHBIX (PYHKIIUH. 3aMETHM, 9TO CMEITAHHOE COCTOAHIE
IIPEJICTAB/IAET COOOM CTATUCTUICCKUN aHCaMOJIb Pa3IMIHBIX
YUCTHIX COCTOSIHUI, KaXKJI0€ U3 KOTOPBIX BO3SHUKAET C OIpe-
JIeJIEHHOI BEePOSITHOCTBIO. TaKoe cocTosiHue He MOXKeT ObITh
OIINCAHO OJIHUM BEKTOPOM COCTOsSHUA. BMecTo 3TOro oHo
OIIICHIBAETCsSI MATPUIICHT TIJIOTHOCTH, KOTOPAasl IIPeJICTaBIsI-
eT coboil B3BEIIEHHYIO CYMMY MATPHIL IJIOTHOCTH YHCTHIX
COCTOSTHII aHCaMOJIsI.

[Ipencrasienne HIpéaunrepa, Kak crocoba onnucaHusl KBaH-
TOBOMEXaHMIECKUX SBJICHUIT, 9BOJIIONNS CUCTEMbI BO BpDEMEH!
OIIMCHIBAETCS M3MEHEHUEM BEKTOPa COCTOSHUs, & OIePaTOPhI
dpusnIecKnX BeJIMYUH TOCTOAHHBL. J[JIsT MaTpHIIB TIJIOTHOCTH
[IPOU3BOIHAS 10 BPEMEHH OT OllepaTopa W BBHIYUCISIETCH C
IIOMOITbI0 KOMMYTATOPa aHAJOTUYHO 3.2:

(wH - Hw) (2.4)

9r1o yCJI0BHE BBIIIOJIHAECTCA, €CJIN MaTpUlla IIJIOTHOCTHU KOM-
MYTHUPYET C raMHUJIbTOHUAHOM.

Takum 06pa30M 0Ty I€HO BhIparKeHne - KBAaHTOBO-MEeXaHUIeCKUit
aHaJjior Teopemsbl JInyBuig. s cTanoHapHOCTH CTaTUCTU-
JeCKO MaTpHIlhl HeOOXO MO OOpallleHre B HYJIb IIPOU3BOJI-
HOM u@, JIPYTUMU CJIOBAMH, UTOOBI OIIEPATOP W KOMMYTHUPOBAJI
¢ TaMIJIbTOHHAHOM H == cratuctudeckass MaTpuiia gBJis-
€eTCd JIMarOHAJbHON, SPMUATOBOM, IIPU 3TOM 3HAUYEHUS ILJIOT-
HOCTHU BEPOATHOCTEN @ Ha rIABHOM JaroHaJm gaBJIAIOTCA
BEIECTBEHHBIMU U TIOJIOKUTETbHBIMU 3HAUECHUSIMEU. SHAHUE
CIIEKTPa BOJIHOBOI (PYHKIIUKA B SHEPIreTUYIECKOM IIPEICTaB-
JIEHWH TIO3BOJISET OIPEJIEIUTh CaMy BOJHOBYIO (DYHKIIHIO B
TouHOCTH 110 (ba3bl. Paza BOJHOBOI (DYyHKIIUN HE BIUSIET HA
HabJIfo/IaeMble BeJIMIUHBI, TaKHe KaK IIJIOTHOCTb BEPOSITHOCTHU
UJIA CpeJHUuEe 3HAUYCHUA.

Cﬂe,ﬂ olrepaTopa MHBapUaHTEH OTHOCUTEJIbHO BbI60pa ba3u-
ca.

[IpousBoJibHOE CcOCTOsIHIE, B ODIIEM CJIy4ae, HeCTallMOHAPHOE
pemrenne ypasuenust [IIpéumnrepa, Mmoo serpasuts W(g, t)
Kak uepe3 uaTerpaJ Jlebera - dpynkimio ['puna 1.23 B Ly, Tax



3 Kanonmueckoe pacmpesenenue ['nboca

u B rusibbeproBoM mpoctpancTie. (O6a IpeicTaBieHns SKBH-
BaJIEHTHBI OJiaroapst B30MoOpMU3My MeXK1y IIPOCTPAHCTBOM
L u rusibbeproBbiM TpocTpancTBoM H.)

Taxum obpazom 1151 MPOU3BOJIBHON KBAHTOBO-MEXaHIMIECKOI
CHCTEMBI MOYKHO COCTaBUTH JIUATOHAIBHYIO CTATUCTUIECKYIO
MAaTpPUILY, U CpejiHee 3HAUYeHNe HAOJII0/IaeMOil OY/IeT BBIUKC-
JIATBhCA 9epe3 CJieJ 9TOM MaTPUIIbl ¢ UCIIOIH30BAHUEM IO THO-
ro Habopa OpTOrOHAJIBHBIX HOPMUPOBAHHBIX yHKIWMI. [1pn
HaJIMYIUN BBIPOXK/IEHHBIX YPOBHEI SHEPIUU COOCTBEHHBIE 3Ha~
JeHUs] Ha JUATOHAJIM IMTOBTOPSIOTCA C YIETOM KPaTHOCTU
BBIpOXKIeHUsI. [Ij1s1 HaXO0XK IeHUsT SHTPOIIUH JIOCTATOYHO BbI-
YHUCJUTH CPeJIHee OT CJiejla OT CTATUCTUYECKOW MAaTPUILbI

(8.2).

3 Kanonndeckoe pacnpenenenue ['nobca

MexaHn4yecKme COCTOSTHUsI, COBMECTUMBIE C JIAHHBIM TE€PMO-
JUHAMIYECKAM COCTOSTHUEM, COCTABJIAIOT CTATUCTUIECKUIT
arcam0Osb. CraTncTUaecKuii ancaMOJIb IIPeICTaB/IeH B da-
30BOM IIPOCTPAHCTBE HAOOPOM TOYEK, pacipejesieHne Ko-
TOPBIX OIHUCBIBAETCS ILIOTHOCTBIO BepoaTHOCTU. OHO JaéT
OTBET O BEPOSATHOCTN HAXOK/IEHUSI TAKOI'O COCTOSITHUS BCel
CUCTEMBI, TPU KOTOPOM JTAHHOE TE€JIO HAaXOJUTCS B HEKOTO-
POM OIIPEJIeJIEHHOM KBaHTOBOM COCTOSIHHU W; C SHEPrueit
E,, B cocTosHuM, OMMCAHHOM MUKPOCKOIIMYECKIM 00Pa30M.
MuKpocKom4ieckoe COCTOSTHIEM BHEITHEH CpeJIbl IIPU 3TOM
He oTciexkupaercd. Kanonudeckoe pacupeenenne ['nboca
OCHOBAaHO Ha IPOCTOM IPUHIIAIIE: BEPOATHOCTH HAXOXKIEHUS
CJIOYKHOI crucTeMbl 1-2 paBHA POU3BEIEHNIO BEPOATHOCTEM
eé nogcucreM 1 u 2: p1p = p1 * P2 (u3 wero ciemyer yuo6-
CTBO IIPUMEHEHUS JIOTapU@PMOB J1JIsI UCCJICIOBAHUS CJIOXKHOM
cucreMbl). Omupasich Ha 3TOT MOCTY/IAT PABHOBEPOATHOCTH
BCEX JOCTYIHBIX UCCJIELYEeMOM CUCTEeMe MUKPOCOCTOAHUIA,
BBITEKAIONINI 13 cuMMeTpuu, ['uboc BhIBe)I hOpMYITY:

n

w, = exp T 31)

. F-E(p,q)
,o..p = (27th) exp# (

Jlo mHOrOTOUMS BBIIIE TpUBeJeHA (DYHKIUA PaCIpejieie-
HUS BEPOSITHOCTH 110 SHEPTUU CUCTEMBI B cocTosduuu E, B
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KBaHTOBO-MEXaHUYICCKOM IIpeacTaBJICHUHN, IIO0CJIE — B KBa3HU-
KJIaCCUYI€CKOM IIpEJACTaBJICHUN. B,ZLer

» w,(p,q) — BEPOATHOCTH HAXOXK/ICHUS B COCTOSIHUM, CO-
OTBETCTBYIOIIEMY BOJHOBOI (DYHKITUH C COOCTBEHHBIM
3HAYECHIEM

» E,. - sHeprus kaxk GyHKINUA OT 000OIEHHBIX KOOP/IH-
HAT,

> S — YNCJO cTeneHeil ¢cBOOOILI.

» F - cBoboanast sueprus rasa. (B mepmonunamuke 3a
CUeT Pa3HUIIbI CBOOOIHBIX SHEPIHil KOHETHOIO M Ha-
JaJbHOIO COCTOSTHUI rasa coBepiaeTcs paboTa, 9To
00bsICHSIET yI0OCTBO UCIOJIHL30BAHUS 3TOH IepeMeH-
HOIA).

> 0 — IJIOTHOCTb BEPOATHOCTH HAXOXKJIEHHUS B KOHKDET-
Hoit dazoBoM juddepeninale,

JIT0OOIIBITHO OTMETHTD, UTO CBOOO/IHAS SHEPIUS ra3a ABJIdeT-
Cs1 TIPOCTBIM CJIEJICTBUEM YCIOBUsT HODMUPOBKHU IPUBEICHHOTO
BBITIIE KAHOHUIECKOTO pacupesaeaennsa ['uboca. 1o Harisa -
HBII [IPUMEP CBSI3U MEXKIy MaTeMaTHUKOI, TeOpeTUIecKOit
dusuKoit u 1a00pPATOPHLIM SKCIIepuMenTOM. B TepmoinHa-
MUKe cBODOjiHAsA sHeprus ', surponus S, sueprus E, odbem
V', naBnenus P, remneparypa T psj JIpyrux nepeMeHHbIX
BBIBOJISITCS JIPYT U3 Jpyra U KOHTpoJupyioTcs. [lepsbie Tpu
Hepedrc/IeHHbIE TIePEMEHHbBIE SIBJISTIOTCS 8/ INTUBHBIMI (DYHK-
[IASIMHA.

Bo3MOXKHO, 4TO KBA3UKIACCHIECKUM sIBJISIETCS HE BCE MUK-
POCKOITIYECKOE JIBUKEHNE YACTHI, & JIUIIb JBUKEHUE, COOT-
BETCTBYIOIEE YaCTU CTeIeHell CBOOO/IbI, B TO BPEMsl KaK IO
OCTaJIbHBIM CTENEeHsIM CBOOOJIbI JIBUZKEHUE SIBJIAETCS KBAHTO-
BbIM. Hanpumep, MoxkeT ObITh KBa3UKJIACCHIECKUM MOCTY-
narTebHOE JIBUYKEHUE MOJIEKYJI TIPU KBAHTOBOM XapaKTepe
BHYTPUMOJIEKY/IIPHOIO JIBUZKEHUST aTOMOB. B TakoM cirydae
YPOBHE SHEPIUU TeJla MOXKHO HAIUCATH B BHJE (DYHKIUIT OT
KBa3WKJ/IACCHIECKAX KOODAMHAT U UMITYIbcoB E(p, q).

YrnomauyTble Bbilie pactpejenennsd bosbivana u Makce-
BeJLIa, ABJISIIOTCH YACTHBIMU CJIyYasgMU KAaHOHUYECKOTO Pac-
upejesienns ['nb6ca. B nepBoMm ciydae B umcimTesie Japo-
O 9KCIIOHEHTHI TOJICTABJISIETCS ¢ OTPUIATEIbHBIM 3HAKOM
[IOTEHINAJIbHAS SHEPIUs, BO BTOPOM — KuHeTudeckas. B
3HaMeHaTe el B oboux ciaydaax ocrtaércs T jmbo kT.



3 Kanonmueckoe pacmpesenenue ['nboca

B cuny maenTrudHOCTH MOJIEKY/T Ta3a IPU aHAJM3€e PacIpee-
Jlenust MakcBesuia JJ0CTaTOYHO PacCMOTpPeTh (hazoBoe Mpo-
CTPAHCTBO JIUIIb OJHON MOJIEKYJIbl, BBIPA3UTh HEPIUIO B
AMITYJIbCHOM IIDEJCTABJICHUNA B KOODIAWHATAX

E = im(px® + py* + pz?) + €k, 1pnu 310M €} -3TO SHeprus
rasza, mojlejleHHas Ha YUMUCJIO MOJIEKYJ ra3a, K-blif ypoBeHb
SHEPIUU OJIHON MOJIEKYJIbI, PUXOJIAIIAsICA Ha e Bpala-
TeJIbHBIe, KoJiebaTelbHbIe CTeIIeHN CBOOO/IbI, COOCTBEHHBII
MOMEHT HMIIY/IbCa 3JIeMEHTAPHBIX JacTull, ciint u jap. lasee
HHTErPUPOBAHUE 110 00OOIIEHHBIM KOODANHATAM d( CHCTEMBbI
MOYKHO 3aMEHHUTDb Ha IIPOCTOE YMHOXKEHIE Ha 00beM COCy1a —
AHAJIOTUYHBINA aJIrOPUTM IIPUMEHACTCH JJ1d paclpeie/IcHU
Makcpesuia (8.6). D10 3HAYUTENHHO YIPOIIAET BBIYUCICHNUS.
B pesynbrare s HaxoxkaeHust cBOOOIHO sHeprun F uje-
aJIbHOTO Ta3a (HAIOMHUM, 9TO PasHHIa CBOOOIHO SHEPT I
KOHEYHOI'0 M HAJaJIbHOIO COCTOSIHHUA KaK pa3 paBHa COBEp-
[IEHHO paboTe 3a CYeT ra3a) MCHOJIb3YeTCs CJIeIyIOIast

dbopmyia |9 dopm. 31.3, 31.2[:

eV [ mT 3/2

eV
F = —NTZH W ﬁ Z| = —NTZTZW +Nf(T)
(3.2)
Tne

» N — 91CJIO MOJIEKYJT

v

— abCoJTIOTHAsT TeMIIepaTypa B SHEPTeTUIEeCKUX €11~
HUTAX

e — gucjo Jiytepa 2.718 . . .

V — obbem cocyna, m — Macca MOJIEKYJ/IbI

vyvyy

I - npusesiennas nocrostanas [lnanka, pasrast 1.055 *
1073* JIxx *cex.

» 7/ — cTaTHCTUYeCKas CyMMa, 3aBHUCHAINasd OT dHepre-
TUYECKUX YPOBHEH MOJIEKYJIbI, €€ olpejesenue Oyaer
[IPUBEJIEHO HUZKE.

Hauganbubie Temneparypa, 00beM U KOJI-BO YaCTHUIL PACCMaT-
pUBAIOTCA KaK 3aJlaHHble U3BHE MapaMeTpPhl HCCJIELyeMOit
CUCTEMBI. AJIbTepHATHBHOE MPEJICTAB/ICHIE [TPUBEICHHON BbI-
e (popMyJIbl 3aKJII0YAETCS B BBIHOCE BCEX IAPAMETPOB B
OTJIETIbHYIO (DYHKITUIO, 3aBUCSIILYIO JIUIIH OT TEeMIIEPATYPbI

S(T).
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DHTpONUA S OINpeIe/IdeTcs U3 TEPMOIUHAMUIECKAX COOT-
HOIITEHU KaK JacTHas MPOU3BOIHASI CO 3HAKOM MHUHYC OT
CBODOTHOI SHEPTUN:

_ JF _ eV af
S = _8_T = NZTIW — Nﬁ(T) (33)

Ncxons n3 OCHOBHBIX YPaBHEHUIT TEPMOIMHAMUKH, MOYKHO
HailTu U Apyrue TepMoJMHaMUYecKre IlepeMeHHble CCIeTye-
MOMl TIOJICUCTEMBI, YeM TIOJIHOCTBIO OIPEJIENTh JTUO0 3a/1aTh
€€ MaKpPOCKOIIMYECKOE COCTOSIHUE.

4 BrlpoxieHne sHepreTuIecKnxX ypoBHEL

Korna pasubie BotHOBBIE (DYHKIIMU UMEIOT OJTHO U TO K€
cOOCTBEHHOE 3HavUeHueM sHeprun E,, TO 3TO O3HaYaeT BbI-
pPOXKJIeHIe SHepreTudeckoro yposus. [lokazarenb cremnenu B
dopmye 4.1 cooTBETCTBYET KPATHOCTH BBIPOXKIEHUS SHED-
FeTUYECKOI'0 YPOBHSI, 0003HAYAEMbIil KAK CTATUCTUIECKU
Bec gk. B arom ciayuae gacts dopmyist (1.1) comepkur cra-
TUCTUIECKYIO CYMMY, onpejiesisieMyio 1o dopmyJie |10, crp.
35 dopm. 1.71b|

Z= Z gre er/kT (4.1)
k

VemoBue HOpMUPOBKH J7I (POPMYJIBI (1.2) TIO3BOJILET BBIYTIC-
JINTHh CBOOOJIHYIO 3HEpruto F 1uepe3 BeposiTHOCTU KBAHTOBBIX
COCTOAHNIA:

N N N
1=> wy=efT Y e /T = F=-Tin > e /T (42)
n n n

[Tpumenum oburyio dopmysy (1.2) s BbraucaeHust cBo6O/I-
HOU SHEPruu UIeaTbHOrO ra3a, MO INHSIIONIEr0CT CTATHCTHKE
Bombnmana. Hanucas suepruio ;, B Bujie CyMMBbl SHEPrHit
MOJIEKYJI €k, MOYKHO CBECTH CYMMHUPOBAHUE TI0 BCEM COCTOsI-
HHUSIM Ta3a K CyMMHIPOBAHUIO IO BCEM COCTOSTHUSIM OT/IeTBHOM
MOJIEKYJIbI, KaK U B cjIydae pacipejesenns Makcsesia. Kax-
Jl0e cocTosiHue raza Oyier onpejensarbest Habopom N (N —



4 BroipoxKjeHue 3HepreTuIecKux ypoBHeit

YHCJIO MOJIEKYJT B Ta3€) 3HAUEHUI €, KOTOPbIe B OOJIBIIMAHOB-
CKOM CJIy9ae MOXKHO CUATATh BCE PA3JIMIHBIMEI MEXKTY COOOi
(B KaxKJIOM MOJIEKYJISIDHOM COCTOSTHUUM — He 0oJjiee OJIHOM
MOJIEKYJIBI B CHJIY OIPAHUYEHUN, HAJIaraeMbIX BOJTHOBBIMU
dyukiuamu 171 hepMUOHOB, TIOCKOJIbKY UMEHHO C TAKUMU
06’beKTaMI/I paboraer Bapomerpuyeckast (bopMyJIa) Bamucas

€k
e” * B BUJIC IIPOU3BEJICHUS MHOXKUTE e e~ T Jijid YV U3 MoJie-
KYJI I CYMMUPYA HE3aBUCHUMO 110 BCEM COCTOAHUAM KazKJIOU
MOJIEKYJIbI, MBI TIOJIYIUM BBIPayKeHHE, COOTBETCTBYIOIIee N

N

N
S emer/T Z oEnlT = I\lﬂ S el (4.3)
k

k

[Tpu sTom Bce HaOOpbl N pazIMIHBIX 3HAYEHU, OTIUIAIO-
Iuecs JIMIIb pacipeeseHueM OJMHAKOBBIX MOJIEKYJI ra3a
[0 YPOBHAM €} COOTBETCTBYIOT OJHOMY U TOMY K€ KBaH-
TOBOMY COCTOSIHHIO raza. BmecTe ¢ TeM, B CTATUCTUIECKOI
cymMe, B bopMyJie, BbIIIE KarxKJ0€ U3 COCTOSHUI JIOIKHO
YUUATBIBATHCA JIUITL OJUH pa3. [109ToMy MBI JOJIKHBI errle
pPa3JeuTh BhIpayKeHUe MOy YeHHOE BhIPAXKEHNe Ha UUCJIO
BO3MOXKHBIX TI€PECTAHOBOK N MOJIEKYJT JIDYT C JIPYTrOM, T.
e. Ha N! u OleHUTb 3HaUYeHUe C TPUMEHEeHHeM (OPMYIIbI
Crupsunra n! = V2nn (%)n

B pesysibraTe Takoii oneHKu mojryauM hopMysty Jijist CBOOO/I-
HOI 9HEPTUH OOJIBIIMAHOBCKOI'O UJI€AJIBHOIO ra3a:

e
F=-NTIn|— —ex/T 4.4

B ciiyuae BBIPOXKIIEHHBIX SHEPreTUUECKUX YPOBHEH YUCIIO
[IOBTOPOB COOTBETCTBYIONIETO 3HAYEHUS € PABHO KPATHOCTH
BeIpOXK/IeHust. U0 npousoiijger ¢ dopmysamu (1.3) u (2.1)
Jutst cMmecu Ta3oB? st oTBeTa HA MOCTABJIEHHBINH BOIPOC
obpaTuTca K GOJIBIIOMY KAHOHUIECKOMY PACIPEIETEHIIO
['n66ca ¢ nepeMeHHBIM YUCIOM YaCTHIL;:

Q+[JN _En,N
T

wn,N = Aexp (4.5)

B,HGCI) BbIIIIE — (bYHKHI/IH pacupeaesjiennd IoJCuCTeMbl OHOI'O
naeaJIbHOT'O ra3a I10 ABYM II€pEMEHHDbIM:

» 3HadeHuro 3Heprun E, n uncia gactur N

351



352 | 12 Ilpuioxkenue

[Ky607]: Ky6o (2007), Craru-
cruyeckasi Mmexanunka. Cospe-
MEHHBIIl KypC C 3aj[a9aMi U pe-
MIEHUSIMHU, COCTABJIEHHBIN IpU
yuactuu X. Uaumypa, 1. Veyu,
H. Xacuzyme

» () - TepMOIMHAMIYIECKUI TTOTEHITAAT

» T — abco/ioTHasi TeMIlepaTypa B SHEPreTHIECKUX €11~
HHUTaX

> U — XUMHUYECKHUI MOTEHIINA MOJIEKY/IbI.

Tenepnb onpegenum GyHKIMSA pacipeae/ieHnus M0ICUCTEeMbI
CMeCH MJIeaIbHBIX M'a30B ra3a [0 IePEMEHHBIM — 3HAYEHUIO
sueprun E, u uncna gactur, N1, Ny, N3 - 3/iech Tak»Ke BO3-
MOZKHBI BBIDO2K/I€HHBIE ypOBHI/I QHEPIuu.

Q+ 3, uiNi = Ey Ny N2...
T

Wn, Ny N2... = Aexp (4.6)
DHEPIUIO ;; TAKIKE MOKHO TIPEJCTABUTH B BUJIE CyMMbI SHED-
Uil MOJIEKYJT €k, 38 CUET 9€r0 CBECTH CyMMHUPOBAHUE 10 BCEM
COCTOSTHUSIM Ta3a K CyMMHUPOBAHUIO TI0 BCEM COCTOSTHUSIM OT-
JesibHol Mostekyitbl [[Ky607]]

st cMecn meaTbHBIX Ta30B IPUBEIEHHBIE BhITIE (POPMYIIBI
OCTAIOTCA B CHJIe, TOJHBKO BMecTO N IOJACTABIISETCS KOJIH-
YeCTBO MOJIEKYJI COOTBETCTBYIOIIEro rasa. /s cMmecn razos
00J1aTaI0T CBOMCTBAMU & [JIATUBHOCTHU CJIEJIYIOIIUE TEPMO-
JTUHAMIYECKHEe IIepeMeHHbIe: IUCI0 MOJIEKYJI, SHEPIUsd, JH-
TPONUs, MapIuaJbHOe JaBJICHUE KayKJ0r0 ra3a TEePMO/JIH-
HaMHYeCKN IOTEHIUA U pdajd aApyrux. [Ipu stom obbem u
TeMIIepaTypa 10 IIPaBUIaM TEPMOINHAMIKHI OJNHAKOBDI JIJIs
BCEX MOJIEKYJT KaxKJI0To raza u3 cmecu. OTMeTnm, 4to Oj1a-
rojapsi OTCYTCTBHUIO B3aUMOJEHCTBIAA MEXKTY MOJIEKYIaMU
MIPOUCXOIUT CyMMHUPOBAHUE 3HAUECHUI SHTPOIUU U COOTBET-
CTBEHHO, IIepeMHOXKeHne 00bEMOB (PAa30BBIX IIPOCTPAHCTB
(7.4) Jlerko npocenutsb anasgoruto dopmysst (2.6) ¢ jora-
pudnom dbopmyiibl (3.1) u ybeaurbes B ux mogobun. Xorst
dopMyJIbI UMEIOT HEOOJIBIITIE OTJIMYINUSA, HO 9TO HE JOJIZKHO
obecKypaxKuBaTh. [loJIKperisgeT Takyo yBepeHHOCTh (hopMy-
J1a, MojieImpyoiias (a3oBoe MPOCTPaHCTB U FHTpoIHo (7.2).
[Taper npoussenenuii 8 (2.6) p;N; 01 3HAKOM CYMMBI BXOJAT
cuMMeTpudHO. B a1oit (hopMysie MOXKHO ITPOU3BECTH CyMMHU-
pOBaHME 10 BCEM COCTOSIHUSIM SHEPTeTHIeCKUX YPOBHEi, a He
Mouteky/1. CocTosiHIE SHEPreTHIeCKUX YPOBHEH OIpe IeIseTcst
KBAHTOBO-aTOMHBIMU TIapaMeTpaMU MOJIEKYJIbI, N3y IaeMbIX
HA yPOKAX XUMHUH B IIKOJIE.
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Appendix

1 The Canonical Gibbs Distribution

The statistical ensemble is represented in phase space by a set
of points whose distribution is described by the probability
density. It gives an answer about the probability of finding
a state of the whole system in which a given body in a
certain quantum state w, with energy E, is in a state
described in a microscopic way. The microscopic state of the
external environment is not observed. The canonical Gibbs
distribution is based on a simple principle: the probability
of finding a complex system 1-2 is equal to the product of
the probabilities of its subsystems 1 and 2: p12 = p1 * p2
(which implies the convenience of using logarithms to study a
complex system). Based on this postulate of equal probability
of all microstates available to the system under study, which
follows from symmetry, Gibbs derived the formula:

(F_En)
Wy = exp T el

(1.1)

F—-E(p,
p= (2nh)sexp#

Before the semicolon above, the probability distribution
function for the energy of the system in the state E,, is given
in the quantum mechanical representation, after that in the
quasi-classical representation.

Where

» wy,(p, q) - the probability of being in a state corresponding

to a wave function with eigenvalue

» E,. - The energy as a function of the generalised
coordinates,

» s is the number of degrees of freedom.

» F is the free energy of the gas. (In thermodynamics,
work is done by the difference between the free energies
of the final and initial states of the gas, which explains
the convenience of using this variable).

1 The Canonical Gibbs
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» p - Probability density of being in a given phase
difference,

It is interesting to note that the free energy of a gas is a
simple consequence of the normalisation condition of the
above canonical Gibbs distribution. This is a clear example
of the connection between mathematics, theoretical physics
and laboratory experiments. In thermodynamics, free energy
F, entropy S, energy E, volume V', pressure P, temperature
T and a number of other variables are derived from and
controlled by each other. The first three variables listed are
additive functions.

It is possible that not all the motion of a microscopic particle
is quasi-classical, but only the motion corresponding to
some of the degrees of freedom, while for the rest of the
degrees of freedom the motion is quantum. For example, the
translational motion of molecules can be quasi-classical with
the quantum nature of the intramolecular motion of atoms.
In this case, the energy levels of the body can be written as
functions of the quasi-classical coordinates and momentum

E(p,q).

The Boltzmann and Maxwell distributions mentioned above
are special cases of the canonical Gibbs distribution.Due
to the identity of the gas molecules, when analysing the
Maxwell distribution, it is sufficient to consider the phase
space of only one molecule and to express the energy in the
impulse representation in coordinates

E = %m(p% + pi +p2) + ek, where €y is the energy of a gas
divided by the number of gas molecules, the k-th energy level
of a molecule due to its rotational and vibrational degrees
of freedom, the intrinsic angular momentum of elementary
particles, spin, etc. Furthermore, integration in the generalised
coordinates of the dg system can be replaced by simple
multiplication by the volume of the vessel - a similar algorithm
is used for the Maxwell distribution (7.6). This greatly
simplifies the calculations. As a result, the following formula
is used to find the free energy F of an ideal gas (remember
that the difference free energy of the final and initial states is
just the perfect work due to the gas) [8 forms 31.3, 31.2|:



2 Degeneration of energy levels

F=—-NTIn

i T 3/2Z
N \2mnh?
eV
:—NTZnW+Nf(T) (1.2)

Where

N - number of molecules

>

» T is the absolute temperature in energy units

» ¢ is the Euler’s number 2.718 ...

» V is the volume of the vessel, where m is the mass of
the molecule

» 71 - the reduced Planck constant equal to 1.055 * 10734
J*sec.

» 7 is a statistical sum depending on the energy levels

of the molecule, its definition will be given below.

The initial temperature, volume and number of particles are
considered as external parameters of the system under study.
An alternative representation of the above formula is to put
all the parameters into a separate function that depends only
on the temperature f(T).

The entropy of S is determined from thermodynamic relations
as a partial derivative with a minus sign of the free energy:

JdF eV af
S=—-——=NIn—-N—=(T 1.3
o7 = Ning ~NgrD (13)
On the basis of the fundamental equations of thermodynamics,
it is possible to find other thermodynamic variables of the
subsystem under study, rather than to completely determine
or set its macroscopic state.

2 Degeneration of energy levels

When different wave functions have the same eigenvalue of the
energy E,, it means that the energy level is degenerate. The
exponent in the formula 3.1 corresponds to the multiplicity of
the energy level degeneracy, called the statistical weight gx.
In this case, part of the formula (1.1) contains a statistical
sum determined by the formula [9, p. 35 of form 1.71b].
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Z= Z gre er/kT (2.1)
k

The normalisation condition for the formula (1.2) allows us
to calculate the free energy F from the probabilities of the
quantum states:

N N
1= an = eF/TZe_E"/T
n n

N
— F=-TlIn Z e BT (2.2)
n

Let’s use the general formula (1.2) to calculate the free energy
of an ideal gas obeying Boltzmann’s statistics. By writing
the energy Ej, as the sum of the energies of the molecules €y,
it is possible to reduce the summation over all states of the
gas to the summation over all states of a single molecule, as
in the case of the Maxwell distribution. Each state of the gas
is determined by a set of N (N is the number of molecules
in the gas) values of €k, which in the Boltzmann case can
all be considered to be different from each other (in each
molecular state - no more than one molecule, due to the
limitations imposed by the wave functions for fermions, since
it is with such objects that the barometric formula works).
If we write e~ F as a product of the multipliers of e=F for V
of molecules and sum independently over all states of each
molecule, we get an expression corresponding to N

N
(Z e—ek/T) _ Z o En/T
k n 1 N
= — e~x/T 2.3
w(zer) e

At the same time, all sets of N different values, differing
only in the distribution of identical gas molecules over the
levels of €k, correspond to the same quantum state of the
gas. However, in the statistical sum, in the formula above,
each of the states should be taken into account only once.
Therefore, we must also divide the expression obtained by
the number of possible permutations of N molecules with
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each other, i.e. by NI, and evaluate the value with Stirling

formula n! = V2nn (%)n

As a result of this estimation, we obtain a formula for the
free energy of a Boltzmann ideal gas:

F=—-NTin

% Zk] e_ek/T] (2.4)

In the case of degenerate energy levels, the number of repetitions
of the corresponding value is €k, it is equal to the multiplicity
of the degeneracy. What happens to the formulae (1.3) and
(2.1) for a mixture of gases? To answer this question we turn
to the Large canonical Gibbs distribution with a variable
number of particles:

Q+[JN _En,N
T

wn,N = Aéxp (2.5)

Here above is the distribution function of the subsystem of
an ideal gas over two variables:

for the energy value E, and the number of particles N

>
» () - thermodynamic potential

» T - absolute temperature in energy units
>

u is the chemical potential of the molecule.

Now let’s define the distribution function of the subsystem
of a mixture of ideal gases of a gas by variables - the energy
value E,; and the number of particles N1, N», N3 - degenerate
energy levels are also possible.

Q+ 2% uiNi — Ey Ny N2...
T

Wn,Ny N2... = Aexp (2.6)
The energy of E, can also be represented as the sum of the
energies of the €x molecules, reducing the summation over
all gas states to the summation over all states of a single
molecule.

For a mixture of ideal gases, the above formulae remain
valid, only the number of molecules of the corresponding gas
is replaced by N [9]. For a mixture of gases, the following
thermodynamic variables have additive properties: number
of molecules, energy, entropy, partial pressure of each gas,
thermodynamic potential and so on. In this case, according to
the rules of thermodynamics, the volume and temperature are
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the same for all the molecules of each gas in the mixture. Note
that, due to the absence of interaction between molecules,
the entropy values are summed up and, accordingly, the
volumes of the phase spaces are multiplied (7.4).

It is easy to trace the analogy of the formula (2.6) with
the logarithm of the formula (3.1) and check their similarity.
Although the formulas have slight differences, this should not
be discouraging. This confidence is supported by a formula
modelling phase space and entropy (7.2). Pairs of products
in (2.6) u;N; under the sign of the sum enter symmetrically.
In this formula it is possible to sum all states of energy levels,
not molecules. The state of the energy levels is determined
by the quantum-atomic parameters of the molecule, which
you learned in high school chemistry.

3 Statistical matrix for arbitrary A, B and
C

It is possible to map a quantum mechanical system onto
linear maps o, %B, 6. Let’s move from Euclidean space to
Hilbert space.

Here, orthogonal vectors are an orthonormal system of functions,

so that any operator @ is expressed in terms of <n|é|m> =
/ ¢;Q¢mdq is explicitly time-independent and commutes
with the Hamiltonian, then its matrix elements

<n|@|m> do not change with time. This is the quantum

form of motion integrals. It is important to note that in
our case all the eigenvalues of A, i.e. the energies of the
microstates, are real, which means that the H Hermite
operator. The remarkable property of the Hermite operator
ensures the commutativity of the Hamiltonian with a number
of operators, such as energy and entropy. Note that the
time derivative of the statistical matrix commutes with the
Hamiltonian:

[ﬁz}] =0 (3.1)

For the physical phenomena under consideration, this condition
is fulfilled. And the result is a quantum mechanical analogue
of Liouville’s theorem: the commutativity of an operator on
any quantity with a Hamiltonian is precisely the quantum
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mechanical expression of the persistence of that quantity in
time.

The eigenvalue of A; corresponds to the energy of the subsystem
E;. And as you can easily guess, the sum of the eigenvalues
on the main diagonal is the energy of the whole system E
(energy is also an additive variable)

The eigenvalue of A; corresponds to the energy of the subsystem
E;. And as you can easily guess, the sum of the eigenvalues
on the main diagonal is the energy of the whole system E
(energy is also an additive variable)

Hy = E (3.2)

The eigenvalues of the Hamiltonian of a system consisting of
two subsystems are usually written as follows

H |n,m) =(Ey + Ex)n.m > (3.3)

This formula can be extended to the case of a number of

subsystems and the analogy with invariant subspaces can be
verified, see (9.4).

To find a statistical matrix for arbitrary numbers A, B, C,
first assume that the system is in a pure quantum state with
a wave function <n|1jb\|m< The probability distribution for

the coordinates is given by the square of the module:

W[ =S¢ cnin (3.4)

Where the product of the coefficients of the expansion of
the wave function 1) according to the system of orthonormal
(basis) ¢, and ¢, can be replaced by the probability wy,,.
As a result, we get the following formula for the probability
distribution by coordinates (keeping the diagonal elements
of the statistical matrix)

Z Z Winn Y Pn = Z Yy => dwg = Z Y @Ymdyg
(3.5)
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In an expression written in this form, any complete system
of normalised wave functions can be used as functions of ¢;,.
The task of determining the statistical distribution is reduced
to calculating the probabilities w, = wy;,, which represent
the desired distribution function in quantum statistics. The
formula for the mean of an arbitrary value f is simplified:

(f) =D wnfun (3.6)

Therefore, to find the entropy, it is sufficient to calculate the
average of the trace from the statistical matrix (7.2).

4 A group axiom for {Z(8)}

The preceding clause, designated as 6 is to be referenced.
Z-sums are defined as density matrices (operators). And for
a composite system of independent subsystems, the general
density matrix is formed according to the rules tensor product
of matrices |Vin03|:

m
Zrotal = X) Zi
i=1

tr(Zrotal) = tr(Z1) - tr(Za) - ... tr(Zm) - .

(4.1)

In this case, expressions of the form will be written for each
element on the diagonal of the resulting matrix:

(Z1®Z2® Zs ... )i j k)i ko) =

z1(i,1) - 22(j, j) - z3(k, k) - -~ = (4.2)

e_ﬁEie_.BE]'e_.BEk . lli —

pivipx

S|~

Note: According to fundamental theorem of arithmetic canonical
form for natural Va e N, a = Hp p“(P). The last formula
provides an interpretation of the definition of the C-function
1.2.

The product of (normalized “Z, for which the formulas
mentioned above are similar) statistical sums is unambiguous
up to permutations, since they are Abelian matrices that have
the property of commutativity, associativity by multiplication.



4 A group axiom for {Z(ﬁ)}

In order to establish a group axiom for {Z(ﬁ)}, it is necessary
to demonstrate the existence of an inverse element V element:

Jinverse element for V. Z p) 3 Zi(ﬁ)_l and would consequently

indicate that {Z(ﬁ)} should be a field. According to the
proposition stated in Lemma 7 a ring Z, is a field only
if n is a prime number = Z;() = tr(Z) and Z must be
generated by the prime numbers g; = %
In the model under consideration, the normalised partition
function Z (B) can be regarded as a character 5 of an Abelian
cyclic energy group E 7.5: G = Zgtotal. Indeed for an Abelian
group G, characters are homomorphisms y : G — C*. In
statistical physics:

EToIal
Z()= > ree PAE AE=1 (4.3)
k=0

where 7y is the multiplicity of energy level k. This is a sum
of characters xi(B) = e Pk cach corresponding to a one-
dimensional representation py : G — C* where:

px(m) = exp (iZREkm ) L oi=vV-1 (4.4)

Total

This model rigorously describes fluctuations, level degeneracy,
and state transitions via abstract algebra including:

» addition operation Z4 + Zp is valid, corresponding to
pa @ pp. Physically: System in state A or B.

» Convolution of sums is distributive: (Z4 + Zp) * Z¢ =

ZA*ZC +ZB*Zc.

Tensor products (interacting systems),

vy

Fourier transforms (fluctuation analysis),

v

Automorphism composition (symmetries).

The set Z forms a commutative algebra linked to representation
theory of G. In our investigation We can extend the definition
of the character of reduced residue classes modulo [m] to all
integers Z:

x(a) = x(b) = a = b(modm)
x(ab) = x(a)x(b)

x(@)=0 if (a,m)>1
x(@)#0 if (a,m)=1

(4.5)
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The definition given above corresponds to the concept of a
Dirichlet character. The function x(a) is defined on Z and
has the following properties:

» Periodicity: x(a +b) = x(a) + x(b) Va,b e Z.

» Complete multiplicativity: x(ab) = x(a)x(b) Va,b €
Z.

» Vanishing: x(n) =0 if (n, m) > 1.

It is evident that the formation of a multiplicative Abelian
group occurs as a consequence, which is analogous to the
group of reduced residue classes modulo m (Z/mZ).



14 Tlocnecnosue. Afterword

1 Tlomck MCTUHBI TEPHUCT

Hapacraroiee oTKpbITOE BOEHHOE IPOTHBOCTOsIHIE Poccun ¢
BaraoM mo3BOIMIO COPOCUTH "PO30BBIe OUKHU'"HE TOJIBKO €
sroHoMuueckux Teopuii ("HeBuMMasn pyka pbiaka" Ajama
Cwmura, 3araiHoe OOIIECTBO COIMAIBHOIO OJIATOACHCTBUS 1
cormasbHoe rocyaapctso Orro don Bucmapka, "opems Heto-
ro desioBeka ' mpocsemars " pKynrm "o Penpapy Kurmnnry
u 2ZKozemy Boppesto u 1.11.), HO 1 11es0r0 psijga Mudos 3a-
[aJIHOI MCKJIIOYUTEILHOCTH, B TOM YHC/Ie B chepax TOUHBIX
HayK, B TEXHUKE 1 BOEHHOM JIeJIe.

JokazarenbcrBo Benukoit Teopembr Pepma, OTHOCHMOTO K
«MaTeMaTUIECKUM YKEeMUIyKUHAM», UMeeT BaXKHOe CHMBOJIU-
JecKoe, ICTOPUIECKOe U Iejlarornieckoe 3nadernne. HeoObr-
yaifHag KpacoTa 1 JJAKOHUYHOCTH (DOPMYIUPOBKH BILIOTH 10
2020r. Bo BCEM MUpPe TOCIIOJICTBOBAJIO IIPeyOexKIeHue, ITO
KPAaTKOTr0 JI0Ka3aTeIbCcTBa Beslnkoit TeopeMbl He CyIIECTBYeT.
Ho oxkazasocn, uro yrBepxkaenue [Ibepa e @Pepma — 310 He
durypa peun, 94To €ro ¢jaoBa ‘0 BOUCTHHY UYyJ/IECHOM JIOKA3a-
TeJILCTBE CJIeyeT MOHUMATH OYKBAJIbHO MKOJLHUKY XXI
BeKa, 3HAaKOMOMY C OCHOBaMH JIOTUKHU, T€OMETPUHU, pa3Mep-
HOCTH, Teopueil MHOKeCTB. MaTeMaTuk BOBCE He «3aJIUBAJI»,
TFOBOPsI O BOBMOZKHOCTHU 3aIMCA OCHOBHBIX UJIEH JJOKa3aTe b=
cTBa Ha nojdax KHuru. /la, mo cocrognuio Ha 1637r. emé He
ObL paspaboTanbl uddepeHIuaIbHOe U THTEIPAJIbHOE
ucyncseHns (OHU B JIOKA3aTeIbCTBA aBTOPA HESIBHO MCIIOJIb-
3YIOTCs), He ObLIO TEOPUU YHCE]I, TEOPUH MHOYKECTB, TOIOJIO-
U -BCE 9TO OBLJIO OTKPBITO MHOT'O T032Ke, HO (PpaHILy3CKuii
MaTeMaTHK CJIeJIaJjl [IepBbIe Maru B CTAaHOBJIEHUU o0JacTeit
9TUX MATEeMATUIECKUX HAYK.

1 Ilonck mcTuHBI TEP-
HUCT . . o o v ov o . 365

2 The pursuit of veracity 366



366

14 Tlocjecnosue. Afterword

[IpuBeieHHOE ABTOPOM JIOKA3aTEHCTBO BIIEPBBIE CIIEJIAHO 1
onybsimkoBano B Poccnn, oHo octaneTcs B cOCTaBe UHTEIIEK-
TyaJILHOT'O TIOTeHIna 1a Haieil crpanbl. [Iybmkaum aBropa
HA PYCCKOM WM QHTJIMIICKOM SI3BIKAX OBLIN MPEIITPUHATHI [T
YKPeIUIEHUsI aBTOPUTETa POCCUICKOI HayKU BO BCEM MUpe,
pazsenvanus Muda o reremonnn CIIIA Bo Bcex HaydHBIX ce-
pax, crepeorutia 0 BropudHocTu Poccuiickoit nayku. [lonck
HNcrunbr — 3TO HEMPEPBIBHBIN TIPOIECC, a He JIOTMa, U 9TOT
IIOMCK He IpeKpallaeTcs jjazKe Iocje pa3Jadl CaMbIX BbICO-
KUX Harpaj. ABTOD BbIparKaeT HAJEXKLy, 9TO IIPUBEJICHHBII
Kelic TI03BOJINT He TOJIBKO ONIyTHUTh KPACOTY TOYHBIX HAYK,
JIoruKu 1 pusiocopunn JoOO3HATETbHBIM IIKOJLHIUKAM, HO U
00paTUT BHUMAaHUE HAYIHOI'O COODOIECTBA, 3aKOHO/IATEIeH 1
OPr'aHOB BJIACTH HA BazKHOCTb HOPMATUBHOI'O PEryJIUpPOBAHUSA
cdepbl 3aIUTH THTEJIEKTYaJIbHO COOCTBEHHOCTU B BUJIE
OTKPBITUI B JIIOOOM CYBEPEHHOM TOCYIapPCTBE.

Bce nepevnciienHble UHTPUTH, IPENSTCTBUS, YIOBKHU - JIUIIb
"' MUMOJIETHBIE sBJIeHUs " 10 CPABHEHUIO C TPOMATHBIMU I1JIAHA-
MU ¥ TPAHINO3HBIMI OTKPBITHAMHA, N300PETEHNSIMI, KOTOPHIE
¢JlesTaeT TojIpacTaroliee OKoJIeHne Halleil crpanbl. ABTOD
yOeK/IEH B OIPOMHOM CKPBITOM TIOTEHITAAJE HAIIIETO0 HAPOJIA.
Vmenno Ha JIEP3KUX MOJIOIBIX JIIOJEH ¢ TBOPUYECKUM MBIIILIE-
HIEM paccuuTana 31a pabora. Cchblika Ha caiflT ¢ HCTOYHUKOM
nyomukarmuu Caitt Coroz CIIM emediator.ru
https://emediator.ru

2 The pursuit of veracity

The pursuit of veracity is beset with challenges. The subsequent
open military confrontation between Russia and the West
permitted the removal of the "rose-colored glasses"from
economic theories, including Adam Smith’s "invisible hand of
the market,"Otto von Bismarck’s Western society for social
welfare and the welfare state. The notion of the "burden
of the white man"to enlighten the "jungle"(as posited by
Rudyard Kipling and Josep Borrell, among others) is just one
example of the many myths surrounding Western exclusivity.
These myths extend to a number of fields, including exact
sciences, technology and military affairs.

The proof of Fermat’s Great Theorem, which is regarded as
a significant contribution to mathematical knowledge, holds
considerable symbolic, historical and pedagogical importance.
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2 The pursuit of veracity

The exceptional eloquence and succinctness of the wording
will remain in place up to 2020. It was widely believed
that there was no concise proof of the theorem. However,
it subsequently became evident that Pierre de Fermat’s
assertion was not a figure of speech. His assertion that a truly
remarkable proof existed should be taken at face value by a
contemporary schoolboy versed in the fundamentals of logic,
geometry, dimensionality and set theory. The mathematician
did not "fill in"at all, merely suggesting the possibility of
recording the essential elements of the proof in the margins of
the book. Indeed, as of 1637, differential and integral calculus
had yet to be developed (they are implicitly utilised in the
author’s proof), number theory, set theory and topology had
not yet been established — all of which were subsequently
discovered at a later date. However, the French mathematician
was the first to lay the foundations for these mathematical
sciences.

The proof presented by the author was initially developed
and published in Russia and will continue to contribute to the
intellectual legacy of our country. The author’s publications
in Russian and English were undertaken with the objective
of enhancing the reputation of Russian science on the global
stage, challenging the notion of US dominance in all scientific
domains, and challenging the perception of Russian science
as a secondary field.

The pursuit of truth is an ongoing endeavour, not a fixed
doctrine, and this pursuit continues even after the conferral of
the highest accolades. The author expresses the hope that the
presented case will not only allow curious schoolchildren to
experience the beauty of exact sciences, logic and philosophy,
but also draw the attention of the scientific community,
legislators and authorities to the importance of regulating
the sphere of intellectual property protection in the form of
discoveries in any sovereign state.

These intrigues, obstacles, and tricks are merely "fleeting

phenomena'in the context of the ambitious plans, groundbreaking
discoveries, and innovative inventions that the younger generation

of our country will undoubtedly make. The author is convinced
of the enormous untapped potential of our people. This work
is designed for the bold and innovative young minds who are
ready to embrace new ideas and challenge the status quo.
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3 Review of Monograph

Review of Monograph "An introduction to number theory from the perspective of
statistical physics. Prime numbers as the metalanguage of the universe’ by M.A. Avdyev’s

In contrast to the prevailing skepticism within Western scientific doctrine, these phenomena
have been demonstrated to be substantiated from the standpoint of statistical physics
and symmetry, grounded in the overarching principles that underpin the universe. The
presentation is accompanied by references to the general education school curriculum,
which facilitate comprehension of the general principles of proof for middle and high school
students.

The topic is of great practical and theoretical interest, since in recent years society has placed
special demands on mathematical education, information technology, the synthesis of exact
sciences and humanities, as well as the issues of reforming school and university education,
responding to the challenges facing modern society. In Chapter 2 of the monograph,
which describes the search for a proof of Fermat’s Great Theorem (VTF), the author
employs knowledge primarily derived from the framework of school curricula in classes
that offer in-depth physical and mathematical training. The author eschews the use of
higher mathematics, focusing instead on a wide readership. For the sake of clarity, the
author has translated the text into English in Chapters 7-9 and 11 of the monograph. The
author employs analogies and three-dimensional modelling, in addition to program code, to
elucidate the axioms of mathematics and the concepts of fundamental physics, progressing
from experimentation to fundamental generalisations. In addressing the set pedagogical task,
the author also explores other school subjects, including physics, architecture and drawing,
earth science, history and fine arts, to elucidate significant concepts that have become
obscured within the purview of Western science, which has become increasingly focused on
competence-based and narrowly sectoral approaches. Consequently, the reader is able to
accompany the author on a challenging journey of scientific research and observe familiar
concepts from an unconventional vantage point. This approach facilitates comprehension
of the inherent conflict of form and content in the VTF, as posited by the author. The
ABC hypothesis, expounded in Chapter 5 in Russian and Chapter 9 in English, is intended
for a more prepared reader, namely students of two or three technical university courses
or school teachers of physics and mathematics subjects. However, the "key idea'"of the
proof is presented at the commencement of each of the chapters of the monograph. This
idea consists of considering the formulation of the ABC hypothesis from the standpoint
of experiment and random errors inevitable in each dimension, which are based on the
uncertainty principle from quantum mechanics.



Furthermore, the author differentiates between significant concepts pertaining to communication
and interaction, isolation, and the division of a shared resource. In this context, prime
numbers are conceptualised as a construct of phase space. Additionally, the author employs
a statistical matrix and entropy, providing a comprehensive account of their calculation
through matrix logarithm and averaging in accordance with established mathematical
statistical principles. These principles are utilised by both schoolchildren and students
engaged in laboratory research when assessing measurement error. This leads the author
to an unconventional conclusion: that the indicator of the "quality of the three"used in
the formulation of the ABC conjecture is, in fact, a "defect"and the result of fluctuation —
deviation of a random variable from its mathematical expectation. In general, the indicator
of the "quality of the three"does not exceed one, and deviations are limited from above
by a random function with a normal distribution in accordance with the Law of Large
Numbers. This is the author’s main conclusion, which provides support for the ABC
conjecture through detailed calculations, numerical estimates, and software simulation. In
order to interpret the found proof of the ABC conjecture, the author also refers to the I
and II principles of thermodynamics, the adiabatic equation and the constancy of entropy
in the operation of an the classical Carnot heat engine. The author’s synthesis of school
knowledge of thermodynamics, the basics of statistical physics and mathematical statistics,
and the algebra of matrices and linear operators, widely used in quantum mechanics,
facilitates comprehension of the material by a wide readership and enables the elucidation
of fundamental concepts to high school students. The distinctive feature of the author’s
approach is not only the presentation of intricate mathematical concepts in straightforward
language (which may occasionally compromise mathematical rigour), but also the consistent
reference to fundamental physical concepts. The author highlights the intrinsic link between
the experiment and "pure mathematics underscoring its pivotal role in fundamental scientific
inquiry. This distinguishes the monograph from the "dry"mathematical proofs that are
strictly formulated but often inaccessible to a wide audience. For example, the work cited
by the author, Shinichi Mochizuki, a mathematician from Kyoto University, dedicated
to the search for a proof of the ABC conjecture, has five hundred pages and, apart from
special testing programs based on artificial intelligence, has been read by only ten narrow
specialists. In Chapters 10 and 11 of the monograph, the author presents a number of
illustrative examples of biases in science, the prevalence of erroneous scientific theories
during specific historical periods, and elucidates the distinctions between the definitions of
"generally recognized"and "true". The author demonstrates that general recognition is not
a criterion of truth by presenting a case study on the protection of intellectual property
rights. This case study reveals legal gaps in the current regulatory system and indicates
the negative practice of ex-territorial application of US law, which is guided by unspoken
rules. The author highlights the necessity for further normative work, taking into account
the positive experience of the USSR in the context of the imposed existential conflict of
our country with the elites of the countries of the United West, which is a perspective
that is difficult to refute. In the same chapters of the monograph, philosophical questions
about the place of prime numbers in the universe are considered, and the potential for
further research at the intersection of mathematics, physics, and epistemology is identified.
The monograph is well structured, with the material and references to the literature used



conveniently formatted. The most difficult to understand questions of quantum mechanics
and statistical physics are placed in appendices, and a logical connection between the
chapters of the monograph and appendices is clearly delineated. The electronic version
includes hyperlinks to figures, tables, formulas, and applications, which are particularly
useful. The author employs general scientific terminology throughout. The monograph
comprises an introduction, seven sections, two appendices, an afterword, and a list of
approximately nine dozen relevant literature sources. It is recommended for publication in
the Scientific Electronic Library eLibrary and printing as part of scientific publications.

/ K

The reviewer: Alfred 1. Kreyk, PhD, Associate Professor (academic title, full name,
signature) September 23, 2024
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